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PREFACE. 


The  first  thirteen  sections  of  the  following 
work  were  written  immediately  after  I  ob- 
tained my  degree.  Sensible  how  imperfectly 
qualified  I  must  have  then  been  for  the 
execution  of  a  work  of  such  extent,  I  laid 
aside  the  manuscript,  in  expectation  that 
some  one^of  more  years,  experience,  and  talent, 
would  supply  what  was,  and  has  continued 
to  be,  a  desideratum  in  science — a  complete 
and  uniform  system  of  Algebraic  Geometry. 
After  the  lapse  of  several  years,  no  work  of 
this  description  having  been  announced,  I 
again  resumed  my  labours  with  increased  ex* 
perience  and  knowledge,  and  therefore  with 
increased  confidence. 

The  part  of  the  work  now  published  has 
been  submitted  to  the  best  test  by  which  an 
elementary  treatise  can  be  estimated,  the  pur- 
poses of  instruction.  Such  alterations  have 
been  made  as  were  suggested,  and  it  is  hoped 
that  the  treatise,  as  it  now  stands,  will  be 
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found  properly  adapted  to  initiate  students 
in  the  elements  of  the  science. 

Such  principles  of  algebra  as  are  assumed 
in  the  text,  and  not  to  be  found  in  the  com- 
mon elementary  treatises  in  our  language, 
have  been  explained  and  proved  in  the  notes. 
In  these  the  student  will  also  find  a  con- 
siderable portion  of  historical  information  re- 
specting the  invention  and  progressive  im-- 
provement  of  the  different  parts  of  geometry 
which  fall  under  his  consideration  throughout 
the  work,  and  other  matter  which^  if  intro- 
duced into  the  text,  would  have  broken  its 
uiiformity. 

Those  who  are  acquainted  with  foreign 
ivorks  on  this  subject  will  easily  estimate  the 
extent  of  my  claims  on  the  score  of  originality. 
Much  new  matter  is  not  to  be  looked  for  at 
this  period  in  any  elementary  work,  and  there- 
fore one  may  justly  assume  a  double  portion 
of  credit  for  whatever  may  be  found.  Ccm-« 
uderable  improvement  will  be  perceived  in 
the  method  and  arrangement.  The  formulae 
which  have  been  given  by  other  writers  are 
rendered  more  general,  and  therefore  more 
proli&  in  results,  and  more  symmetrical  in 
form.    A  very  considerable  portion  of  the  ex- 
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amples  and  illustratioiiSy  both  geometrical  and 
physdeal^  will,  I  believe^  be  found  to  be  ork 
ginaL  The  transformation  of  coordinates 
which  is  in  general  so  operoa^  and  which  is 
the  mean  ordinarily  used  for  discovering  the 
properties  of  curves,  is  very  sparingly  mtro^ 
ducedy  most  of  the  properties  being  dis« 
covered  without  it  with  more  deamess  and 
facility. 

I  have  been  very  attenti^  in.  supplying  a 
defect  which  exists  in  e^  y  treatise  on  th* 
subject  which  I  have  ever  seen,  a  total  want 
of  examples  illustrative  of  the  application 
of  the  abstract  rules  and  principles  of  the 
science.  This  deficiency  prevails,  without  a 
aiMle».eptio».  in  dl  the  ^ntmeatd  writen. 
Some  will,  perhaps,  be  of  opinion  that  I  have 
fidlen  into  the  opposite  extreme,  and  given 
too  much  illustration.  To  this  I  have  only 
to  answer,  that  in  this  science  the  illustrations 
and  examples  are  not  confined  in  their  effect 
merely  to  the  practice  they  afibrd  in  the 
analytic  art,  but  that  they  also  store  the  mind 
with  independent  geometrical  and  physical 
knowledge.  Besides,  it  should  be  considered, 
that  the  only  effectual  method  of  impressing 
abstract  formulee  and  rules  upon  the  memory. 
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and,  indeed,  of  making  them  fiiUy  and  clearly 
apprehended  by  the  understandings  is  by  ex- 
amples of  their  practical  application.  The 
quantity  of  examples  necessary  to  make  the 
mind  grasp  any  general  principle  is  different 
according  to  the  various  degrees  of  talent  A 
sufficiency,  at  least,  should  be  given  for  stu- 
dents of  very  moderate  capacity.  It  wiU  be 
much  more  easy  for  those  of  superior  parts  to 
omit  what  they  shall  feel  superfluous,  than 
for  those^  whose  talents  are  of  a  lower  stand* 
ard,  to  supply  what  they  might  find  deficient 

The  title  "  Algebraic  Geometry"  has  been 
preferred  to  either  of  the  titles,  "  Analytic 
Geometry**  or  *•  the  Application  of  Algebra 
to  Greometry,"  because  the  one  is  equivocal, 
and  the  other  circumlocutory.  The  use  of  the 
transcendental  analysis  has  been  brought  as 
an  objection  to  the  present  title.  I  do  not, 
however,  think  this  a  sufficient  reason  for 
rejecting  it 

It  is  but  justice  to  myself  to  state  a  cir* 
cumstance  which,  though  it  cannot  affi^t  the 
intrinsic  exceUence  of  this  work,  if  it  have  any, 
yet  must  materially  influence  the  estimation 
in  which  its  author  will  be  held  by  the  reader. 
During  most  of  the  period  in  which  I  have 
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been  employed  upon  the  present  treatise, 
from  eight  to  ten  hours  daily  of  my  time  were 
occupied  in  the  labours  of  instruction :  so 
that  this  work  may  truly  be  said  to  be  the 
result  of  a  few  spare  hours,  and  these  always 
hours  of  fatigue  both  of  body  and  mind.  This 
I  hope  will  plead  my  apology  for  any  over- 
sights which  may  be  found  throughout  the 
work,  of  which  probably  there  are  not  a  few. 
The  typographical  errors  have  been  very 
carefully  collected  in  the  errata.  Their  number 
has  been  principally  caused  by  the  circum- 
stance of  my  residence  in  a  different  country, 
and  nearly  four  hundred  miles  from  London, 
where  I  have  found  it  expedient  to  publish 
the  work.  The  difficulties  of  transmitting 
the  proof  sheets  for  correction  with  sufficient 
punctuality  and  despatch  were  very  great. 
These  difficulties  would  have  been  nearly  in- 
surmountable, owing  to  the  enormous  charges 
of  the  post-office,  were  it  not  for  the  kindness 
and  attention  of  some  members  of  parliament, 
through  whom  the  necessary  correspondence 
with  the  publishers  in  London  was  conducted. 
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Geometry,  in  its  most  extensive  sense,  is  the 
science  whose  object  is  the  investigation  of  the 
properties  of  figure.  Figure  *  is  the  mutual  re- 
lation of  the  limits  of  space  among  each  other.  It 
is  therefore  an  affection  of  lines  and  surfaces;  lines 
being  the  limits  of  superficial,  and  surfaces  those 
of  solid  space*  The  ideas  expressed  by  the  terms 
line  and  surface  admit  no  definition,  and  for 
the  same  cause  require  nonef^    They  are  con- 

*  •<  Figure  is  the  reUttion  which  the  parts  of  the  tenninatioii  of 
extension^  or  drcumscribed  space^  have  amongst  theiiiselvc8.*'«— • 
Locke. 

f  Although  the  abstract  terms  line,  and  surface^  admit  no 
definition,  yet  their  species,  with  the  exception  of  right  lines 
and  plane  surfiuses^  do ;  these,  being  simple  ideas,  are  un^ 
definable* 

'*  The  seyeral  terms  of  a  definition,  signifying  several  idea8# 
they  can  altogether  by  no  means  represent  an  idea,  which 
has  no  composition  at  all ;  and  therefore  a  definition,  which  is 
properly  nothing  but  the  showing  the  meaning  of  one  word  by 
several  others,  not  signifying  each  the  same  thing,  can,  in  the 
names  of  simple  ideas,  have  no  placer"-— Locke. 

D'Alembert  entertains  a  different  opinion  on  the  necessity  of 
defining  those  terms,  and  yet,  at  the  same  time,  seems  to  admit 
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ceptions  so  simple  and  obvious,  that  any  necessity 
of  explaining  them  is  superseded  by  an  appeal 
to  the  senses.  It  is  only  necessary  to  observe, 
that  the  term,  solid  is  used  without  any  reference 
to  body,  merely  to  signify  the  space  which  a  solid 
body  might  occupy.  Lines  and  surfaces  are  sub- 
divided into  numerous  classes,  marked  by  various 
characteristic  properties. 
/  The  first  division  of  lines  is  into  straight  lines 
[,  and  curves,  and  of  surfaces  into  plane  and  curved. 
Straight  lines  and  plane  surfaces  admit  no  further 
subdivision,  for  they  are  without  any  variety. 
One  indefinite  straight  line  is  so  applicable  to  any 

its  impossibility.    He^  however^  thinks  a  bad  definition  better 
than  none. 

**  Nous  ne  pretendons  pas  pour  cela  qu'on  doive  supprimer  des 
elemens  de  geometrie  les  definitions  de  la  surface  plane  et  de 
la  ligne  droite.  Ces  definitions  sont  necessaires;  car  on  ne 
sauroit  connoftre  les  propri^tes  des  lignes  droites  et  des  surfaces 
planes  sans  parler  de  quelque  propriety  simple  des  ces  lignes  et 
des  ces  surfaces  qui  puisse  etre  apper^ue  k  la  premiere  vue  de 
Tesprit,  et  par  consequent  ^tre  prise  pour  leur  definition.  Ainsi 
on  definit  la  ligne  droite^  la  ligne  la  plus  courte  qu'on  puisse 
mener  d*un  point  a  un  autre ;  et  la  surface  plane^  celle  a  la- 
quelle  une  ligne  droite  se  pent  appliquer  en  tout  sens.  Mais  ces 
deux  definitions,  quoique  peut-etre  preferable  k  toutes  celles 
qu*on  pourroit  imaginer^  ne  renferment  pas  I'id^e  primitive 
que  nous  nous  formons  de  la  ligne  droite  et  de  la  surface  plane^ 
rid^e  si  simple  et  pour  ainsi  dire>  si  indivisibie  et  si  une^  qu*une 
definition  ne  peut  la  rendre  plus  claire,  soit  par  la  nature 
de  ccttc  idee  mciuc^  soit  par  rimpcrfection  ilu  langagc."— 
D'Alembeut. 
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Other  as  perfectly  to  coincide  with  it,  so  that,  in 
effect,  the  two  lines  will  become  one.  Straight 
lines,  then,  can  differ  one  from  another  only  in 
magnitude  and  position ;  but  the  figure  of  all 
straight  lines  must  be  the  same,  and  they  must 
therefore  possess  the  same  properties.  Similar 
observations  apply  with  equal  force  to  plane  sur- 
faces. This,  however,  is  not  the  case  with  curves 
and  curved  surfaces.  Each  of  these  classes  con- 
tains an  endless  variety  of  species,  the  investiga- 
tion of  the  properties  of  which  is  the  business 
of  the  geometer.  A  more  particular  subdivision 
will,  however,  be  necessary  before  proceeding  to 
the  discovery  of  these  properties. 

Lines  may  always  be  conceived  to  be  described 
upon  surfaces.  Under  this  point  of  view,  curves  re- 
solve themselves  into  two  classes.  The  first  em- 
braces those  whose  points,  all  situate  in  the  same 
plane,  may  be  conceived  to  be  described  upon  a 
plane  surface ;  and  the  second,  those  whose  points 
not  lying  in  the  same  plane,  can  only  be  conceived 
to  be  described  upon  a  curved  surface.  The  former 
are  called  plane  curves,  and  the  latter  curves  of 
double  curvature.  The  investigation  of  curved 
surfaces  involves  necessarily  the  nature  and  pro- 
perties of  curves  of  double  curvature,  and  there- 
fore the  whole  range  of  geometry  may  be  divided 
into  two  principal  parts : 

The  Geometry  of  Plane  Curves,  and 
The  Geometry  of  Curved  Surfaces. 
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In  conformity  with  this,  the  following  treatise  is 
divided  into  two  parts,  under  these  denominations. 

The  first  part  might  naturally  be  called  plane 
geometry.  Names,  however,  are  invented,  not 
after  knowledge  has  reached  its  full  extent,  but  in 
its  progress  to  that  state. '  After  the  limijts  of  a 
science  have  been  extended  by  the  gradual  ac- 
cession of  discoveries,  terms  are  always  to  be 
found  which  are  used  in  a  much  more  confined 
sense  than  they  might  admit  of;  because  their  in- 
ventors, unacquainted  with  the  extent  which  lay 
undiscovered,  only  applied  them  to  the  parts  then 
linown;  and  the  difficulty  and  inccmvenience 
which  always  attend  the  alteration  of  received 
names  induced  their  successors  to  invent  new 
terms  rather  than  disturb  the  accepted  sense  of 
the  old  ones.  To  this  cause  the  very  limited 
sense  of  the  term,  plane  geometry,  must  be  at* 
tributed. 

In  the  earliest  infancy  of  the  science,  its  limits 
werQ  confined  to  the  properties  of  rectilinear 
figures,  or  rather  to  the  properties  of  triangles, 
into  which  all  rectilinear  figures  may  be  resolved. 
The  circle  probably  served  at  first  as  a  mere  in* 
strament  in  the  construction  of  rectilinear  pro- 
blems.  The  prc^rties  of  this  curve,  however, 
soon  became  the  object  of  investigatiiHi,  and  were 
discovered  in  a  very  early  atage  of  the  science* 
The  right  line  and  circle  terminated  the  inquiries 
of  the  first  geometers  with  respect  to  lines.    They 
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next  turned  their  views  to  surfaces,  and  in  these 
they  confined  themselves  to  those  generated  by 
the  revolution  of  an  angle  round  the  line  which 
bisects  it»  a  rectangle  round  one  of  its  sides,  and 
a  circle  round  one  of  its  diameters*  They  thus 
acquired  the  notions  and  investigated  the  pro« 
perties  of  cones,  cylinders,  and  spheres.  They 
accordingly  divided  their  geometry  into  two  parts, 
called  plane  and  solid  geometry. 

The  term  plane  geometry  is  still  used  in  the 
same  sense,  and  is  so  much  of  the  geometry  of 
plane  curves  as  includes  the  right  line  and  circle* 
In  plane  geometry,  treated  according  to  the  an- 
cient method,  nothing  is  permitted  to  be  done 
but  what  may  he  effected  by  a  rule  and  compass, 
and  nothing  is  allowed  to  be  true  without  proof, 
except  a  few  simple  and  general  propositions 
called  axioms,  and  prefixed  by  Euclid  to  his  Ele- 
ments. On  these  axioms,  and  on  the  definitions, 
the  whole  structure  of  plane  geometry  rests. 

The  science  continued  within  these  limits  until 
the  time  of  Plato,  about  four  hundred  years  before 
the  Christian  era.  The  institution  of  the  Pla* 
tonic  School  forms  a  most  striking  epoch  in  the 
progress  of  geometry.  In  it  originated  the 
conic  sections,  the  geometrical  analysis,  geo- 
metric loci,  and  the  discussion  of  the  celebrated 
problems  of  the  duplication  of  the  cube,  and  the 
trisection  of  an  angle.  The  geometers  of  this 
sdiod,  finding  that  the  ingenmty  of  their  pre- 
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decessors  had  nearly  exhausted  plane  and  solid 
geometry  as  they  had  descended  to  them,  con- 
trived, by  the  combination  of  these  sciences,  to 
produce  new  subjects  for  speculation.  They  con- 
ceived a  conical  surface  intersected  by  a  plane, 
and  a  line  traced  upon  the  plane  by  the  points 
common  to  it,  and  the  surface  of  the  cone.  Hence 
arose  the  conic  sections,  the  properties  of  which 
have  employed  the  talents  of  geometers  from  that 
time  to  the  present,  and  which  have  been  since 
discovered  to  be  the  lines  traced  by  the  planets 
and  comets  in  their  revolutions  round  the  sun, 
their  common  centre  of  attraction.  These  are  the 
first  curves  to  which  the  attention  of  the  student  is 
directed  in  the  following  work,  though  defined  in 
a  different  manner,  and  conformably  to  the  ge- 
neral system  which  has  been  adopted. 

The  invention  of  the  geometric  analysis,  besides 
its  intrinsic  excellence,  has  the  additional  interest 
arising  from  our  knowledge  that  it  is  the  invention 
of  Plato  himself.  The  other  discoveries  are  known 
to  have  originated  in  the  Platonic  school,  but  we 
have  no  authentic  record  to  prove  their  particular 
inventors.  It  does  not  appear  that  Plato  wrote 
any  work  purely  mathematical.  The  authority 
of  Proclus,  however,  proves  him  the  inventor 
of  the  geometrical  analysis.  Any  geometrical 
question,  whether  problem  or  theorem,  being 
submitted  to  analysis,  is  assumed  as  solved  if  it 
be  a  problem,  and  as  true  if  a  theorem.    From 
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this  assumption  a  chain  of  consequences  is  drawn, 
which,  by  the  ingenuity  of  the  geometer,  is  con- 
tinued until  he  arrives  at  some  proposition  known 
to  be  true  or  false,  if  the  question  be  a  theorem  j 
possible  or  impossible  if  it  be  a  problem.  The 
final  consequence  points  out  whether  the  question 
be  true  or  possible,  and,  by  retracing  the  steps,  a  / 
synthetical  proof  or  solution  may  be  found. 

Geometric  loci  in  the  Platonic  school  were 
conceived  to  be  produced  by  indeterminate  geo- 
metrical problems  in  the  manner  explained  in  the 
commencement  of  the  following  treatise.  The 
principal  use  to  which  they  were  applied  by  the 
ancients  was  the  solution  of  determinate  problems, 
by  the  intersection  of  two  loci  determined  by  in- 
determinate problems.  To  give  a  very  simple 
instance ;  if  the  problem  to  be  solved  be  the  de- 
termination of  a  triangle,  whose  base,  area,  and 
ratio  of  sides  are  given,  the  problem  is  resolved 
by  the  intersection  of  a  right  line  and  circle  j  the 
former  the  locus  of  the  vertex,  where  the  base 
and  area  are  given,  and  the  latter  its  locus  when 
the  base  and  ratio  of  sides  are  given. 

The  celebrated  problem  of  the  duplication  of 
the  cube  was  solved  mechanically  by  Plato.  Me- 
nechme,  a  pupil  of  his,  solved  the  same  problem 
by  the  intersection  of  two  parabolas  *,  and  by  the 

*  See  art.  585. 
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intersection  of  a  parabola  and  hyperbola.  This 
was  one  of  the  first  applications  of  geometric  looi 
to  the  solution  of  determinate  problems. 

Greometers  next  began  to  extend  their  in«. 
vestigations  to  the  discovery  of  the  lengths  of 
curves,  and  the  areas  contained  by  them.  This 
gave  birth  to  the  Method  of  Exhaustions,  the  most 
refined  and  subtle  invention  of  the  ancients.  In 
this  method,  which  was  employed  with  such  ad- 
mirable ingenuity  and  address  by  Archimedes, 
and  by  the  use  of  which  he  efiected  most  of  his 
discoveries  in  geometry,  we  may,  by  minute  at- 
tention, observe  the  germ  of  the  differential  and 
integral  calculus.  This,  however,  must  only  be 
understood  of  the  metaphysical  principle  of  that 
wonderful  science;  for  in  their  application  to 
geometry,  to  say  nothing  of  the  physical  and  al* 
gebraical  sciences,  the  powers  of  the  calculus  are 
far  beyond  those  of  the  ancient  method. 

By  the  Method  of  Exhaustions,  the  lengths 
and  areas  of  curves  were  compared,  by  comparing 
those  of  inscribed  and  circumscribed  rectilinear 
figures.  As  the  number  of  sides  are  increased, 
the  difierences  between  the  figures,  and  therefore, 
a  fortiori,  between  each  of  them  and  the  curve,  are 
continually  diminished.  It  is  always  possible  so 
to  multiply  the  number  of  sides,  that  these  dif- 
ferences  shall  be  made  less  than  any  assignable 
magnitude.    Under  these  circumstances,  any  pro- 
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perty  of  the  rectilinear  figures  which  is  inde- 
pendent of  the  number  of  their  sides  will  be 
also  a  property  of  the  curves.  This  would  ap- 
pear to  a  modem  geometer  sufficiently  evident, 
but  the  ancients  were  more  fastidious,  and  to 
remove  all  possibility  of  objection,  they  con- 
firmed the  proof  in  every  particular  instance,  by 
an  argument  ex  ahsurdo. 

Although  the  ancients  passed  the  limits  of 
plane  geometry,  yet,  from  the  nature  of  the 
method  of  exhaustions,  all  their  demonstrations 
were  tedious  and  elaborate.  When  we  enter  upon 
the  investigation  of  any  curve  beyond  the  circle, 
by  this  method,  we  are  perpetually  embarrassed, 
not  with  the  difficulties  o£  the  subject,  but  with 
the  inadequacy  of  the  method,  the  insufficiency  of 
which  is  supplied  at  the  expense  of  an  immense 
quantity  of  valuable  time  and  talent. 

From  the   time   of  Archimedes,   ApoUonius, 

Conon,  Nicomedes,  and  Diodes,  who  lived  about 

three  centuries  before  the  Christian  era,  until  the 

seventeenth  century,  an  interval  of  two  thousand 

years,  geometry  made  no  considerable  progress.  In 

the  year  1637  Descartes  published  his  Geometrie. 

This  work  disclosed  to  the  world  his  discovery  of 

the  application  of  algebra  to  geometry,  which 

vanquished  a  great  number  of  the  difficulties 

which  had  so  long  impeded  the  progress  of  that 

science.     In  assigning  to  Descartes  the  entire 

b2 
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honour  of  the  invention  of  Algebraic  Geometry, 
it  is  not  meant  that  no  mathematician  before  him 
had  applied  algebra  to  the  resolution  of  geome- 
trical questions.  On  the  contrary,  we  find  many 
such  applications  in  the  algebra  of  Bombelli,  an 
algebraist,  nearly  contemporary  with  Cardan,  and 
also  in  the  works  of  Tartaglia,  a  mathematician  of 
the  early  part  of  the  sixteenth  century,  and  even 
so  far  back  as  the  time  of  Regiomontanus  ^  but 
more  particularly  in  the  works  of  Vieta.  The 
general  method  of  representing  curves  by  equa- 
tions between  two  unknown  quantities,  and  thence 
deducing  their  various  properties  by  algebraic 
operations  performed  upon  these  equations,  was, 
however,  unquestionably  the  invention  of  Des- 
cartes. 

This  discovery  suggested  itself  to  Descartes  in 
the  investigation  of  the  following  problem,  which 
had  been  attempted  without  success  by  several 
ancient  geometers;  among  others  by  Euclid, 
ApoUonius,  and  Pappus.  "  To  determine  a  point 
upon  a  given  plane,  from  which,  if  a  number  of 
right  lines  be  drawn,  inclined  at  given  angles,  to  as 
many  right  lines  given  in  position,  the  continued 
product  of  half  the  number  of  lines  so  drawn,  shall 
bear  a  given  ratio  to  the  continued  product  of  the 
remaining  lines,  if  their  number  be  even,  and  so 
that  the  continued  product  of  half  their  number 
diminished  by  one,  shall  bear  a  given  ratio  to  the 
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continued  product  of  the  remaining  lines,  if  their 
number  be  odd.     Thus,  if  n  be  the  number  of 

mm 

lines  so  drawn,  the  continued  product  of  y  of 

these  shall  bear  a  given  ratio  to  the  product  of 
the  remaining  lines,  if  n  be  even,  and  so  that  the 

continued  product  of  -^  of  them  shall  bear  a 

given  ratio  to  the  continued  product  of  the  re- 
maining lines,  if  n  be  odd/*  Descartes  observed 
that  the  problem  was  indeterminate,  and  that  an 
infinite  number  of  such  points  might  be  found ; 
in  other  words,  that  the  solution  of  the  problem 
was  not  effected  by  a  point,  but  by  a  curve  which 
might  be  considered  as  the  locus  of  the  sought 
point.  He  also  found  that  all  these  points  were 
related  to  the  lines  given  in  position,  and  to  the 
given  angles  by  one  common  relation,  which  he 
expressed  by  an  equation  composed  of  constant 
quantities,  representing  the  several  data  of  the  pro- 
posed problem,  and  which  therefore  are  supposed 
to  remain  the  same,  however  the  sought  point 
may  vary  its  position,  and  two  variable  quantities 
representing  lines,  the  magnitudes  of  which  de- 
pending on  the  position  of  the  sought  point, 
change  as  it  changes.  The  sought  point  passing 
through  its  various  positions  being  supposed  to 
describe  the  locus,  he  assumed  this  equation  to 
represent  the  curve;   for,   any  value  being  as- 
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signed  to  one  of  the  variables,  the  equation  solved 
for  the  other  determines  a  point  of  the  locus.  It 
is  not  difficult  to  conceive  one  of  the  variables 
uniformly  and  continually  to  change  its  mag- 
nitude, and  the  other  at  the  same  time  to  undergo 
such  a  continuous  change  of  magnitude,  that  the 
condition  of  the  equation  will  always  continue  to 
be  satisfied  ;^  the  generating  point  will  thus,  by 
continued  motion,  trace  out  the  locus. 

Descartes  perceiving  the  importance  and  power 
of  the  principle  which  he  used  in  this  solution, 
immediately  conceived  the  notion  of  founding 
upon  it  the  whole  geometry  of  curve  lines.  By 
this  felicitous  application  of  equations  of  two  un- 
known quantities,  the  science  of  geometry  was 
utterly  revolutionised.  Every  curve  described  by 
any  given  law  being  expressed  by  an  jequation 
between  two  variables  deducible  from  that  law, 
was  thus  brought  under  the  dominion  of  algebra. 
This  equation,  including  the  essence  of  the  curve, 
its  various  properties  flowed  from  it ;  its  different 
branches,  the  limits  of  its  course ;  its  asymptotes, 
diameters,  centres ;  inflections,  cusps,  and,  in  a 
word,  all  its  affections  he  found  to  be  algebraically 
deducible  from  its  equation.  Thus  the  equation 
may  be  considered  as  a  short  formula  in  which  all 
the  properties  of  the  curve  are  embodied,  and 
from  which  the  analyst  is  always  able  to  deduce 
them  by  fixed  and  general  rules,  which  are  not 
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peculiar  to  the  equation  of  any  particular  curve, 
but  indifferently  i^pUcable  to  those  of  all  curves. 
The  immediate  consequence  of  this  memorable 
discovery  was,  that  geometry  at  once  oversprang 
the  narrow  limits  which  had  circumscribed  it  for 
ages,  and  took  a  range,  the  extent  of  which  is 
literally  infinite.  Instead  of  a  few  simple  and 
particular  curves,  which  had  hitherto  constituted 
the  only  objects  of  the  science,  the  geometer  dis- 
cussed the  properties  of  whole  classes  of  curves, 
distinguished  and  arranged  according  to  the  de* 
grees  of  the  equations  which  represent  them. 
The  variety  of  curves  thus  became  as  infinite  as 
that  of  equations.  The  ancient  geometry  pro* 
ceeded  upon  no  general  methods.  It  consisted 
of  scattered  propositions  arbitrarily  put  together, 
connected  by  no  necessary  tie  or  general  law. 
The  discovery  of  each  particular  property  there- 
fore cost  the  geometer  a  distinct  effort  of  in- 
vention, and  demanded  a  separate  expenditure  of 
intellectual  energy;  and,  even  when  successful, 
he  was  as  often  indebted  to  chance  as  to  his  own 
sagacity.  Thus,  for  example,  their  method  of 
drawing  a  tangent  to  one  curve  furnished  no  clue 
which  could  lead  to  the  solution  of  the  same  pro- 
blem with  another  curve,  and  therefore  the  geo- 
meter was  beset  with  the  same  difficulties  every 
new  curve  he  approached.  The  application  of 
algebra  at  once  removed  these  defects.  It  de- 
termined uniform  and  general  rules  for  the  in- 
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vestigation  of  the  properties  of  every  curve  what- 
ever. Nay,  it  did  not  alone  assist  the  operation 
of  the  reasoning  faculty,  but  actually  supplied  the 
place  of  invention  by  furnishing  means  of  dis- 
covering curves  in  infinite  variety.  No  equation 
between  two  unknown  quantities  can  be  proposed 
but  a  corresponding  curve  is  immediately  dis- 
coverable,  whose  nature  and  properties  afford 
matter  for  geometrical  speculation. 

To  algebra  we  are  indebted  for  the  classification 
of  curves  in  different  orders,  forming,  says  Cramer, 
a  sort  of  geometrical  arsenal,  where  the  imple- 
ments of  the  science  are  so  arranged,  that,  with- 
out hesitation,  we  can  choose  whichever  may  be 
best  adapted  to  the  resolution  of  any  proposed 
problem. 

Notwithstanding  the  extent  and  importance  of 
the  invention  of  Descartes,  something  still  re- 
mained to  be  done  before  geometry  could  be  con- 
sidered to  have  reached  that  perfection  of  which 
it  seemed  susceptible.  No  method  had  been 
given  by  Descartes  for  the  discovery  of  the 
lengths  and  areas  of  curves  j  problems,  known  by 
the  names  rectification  and  quadrature.  Rectifica- 
tion had  even  been  by  some  geometers  considered 
impossible.  Quadrature  had  been  effected  only 
in  a  very  few  instances.  Archimedes  had  effected 
that  of  the  parabola,  and  given  an  approximation 
to  that  of  the  circle.  Besides  these  deficiencies, 
the  method  of  drawing  tangents,  given  by  Des- 
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cartes,  although  general,  was,  in  many  cases,  at- 
tended with  considerable  difficulties,  and  required 
frequently  the  resolution  of  equations  of  the  higher 
orders.  A  very  short  period,  however,  gave  to 
the  world  a  science  which  removed  these  dif- 
ficulties, and  may  justly  be  considered  to  have 
brought  geometry  to  a  state  little  short  of  positive 
perfection. 

The  investigations  which  had  arisen  from  the 
invention  of  Descartes,  directed  the  attention  of 
all  the  great  geometers  of  the  world  to  the  dis- 
covery of  a  general  method  of  drawing  tangents 
to  curves,  which  should  be  free  from  the  objections 
to  which  both  the  methods  *  which  Descartes  had 
delivered  were  liable.  Fermat,  Roberval,  Barrow, 
Sluze,  and  others,  severally  attempted  the, general 
solution  of  this  problem  without  complete  suc- 
cess. Their  methods  were  operose,  frequently 
impracticable,  and  never  applicable  to  transcen- 
dental curves  in  general.  Although  the  essays  of 
these  geometers  did  not  subdue  the  difficulties  of 
the  problem,  yet  every  new  attempt  shed  ad- 
ditional light  upon  the  subject,  and  gradually 
facilitated  the  solution.  At  length  attentive  con- 
sideration of  the  subject  conducted  two  great 
geometers  to  the  discovery  of  the  true  and  ge- 
neral principles  upon  which  all  such  problems  de- 
pended. 

Newton  and  Leibnitz  each  claim  the  honour  of 

*  See  note  on  art.  132. 
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the  discovery  of  the  Fluxionary  or  Differential 
Calculus,  which  at  once  presented  easy  and  ge- 
neral methods  for  the  solution  of  all  problems  of 
tangents,  rectification,  and  quadrature.  The  in- 
vention of  this  science,  unquestionably  the  most 
splendid  conception  the  human  mind  ever  enter- 
tained, whether  we  regard  the  nature  of  the 
science  itself,  or  the  extent,  variety,  and  im- 
portance of  its  applications,  was  too  grand  an 
achievement  of  genius  not  to  rouse  the  ambition 
even  of  the  greatest  men  to  claim  the  credit  of  it. 
The  mathematicians  of  the  continent,  on  the  part ' 
of  Leibnitz,  and  those  of  England,  on  the  part  of 
Newton,  each  advanced  their  claitns,  and  hence 
arose  the  greatest  and  most  protracted  contest 
which  ever  agitated  the  philosophical  world.  With 
the  exception  of  Newton  himself,  the  parties  dis- 
played on  both  sides  a  degree  of  asperity  and  per- 
sonal acrimony  very  inconsistent  with  the  dignity 
of  the  prize  for  which  they  contended. 

Without  entering  into  any  detail  of  the  par- 
ticulars of  this  memorable  scientific  war,  we  shall 
merely  observe,  that  in  its  commencement,  Leib- 
nitz appealed  to  the  Royal  Society  for  justice  for 
the  injuries  done  to  his  fame  by  the  British  ma- 
thematicians i  upon  which  the  Society  appointed 
a  committee  to  examine  into  and  report  upon  the 
rights  of  the  illustrious  candidates  for  the  in- 
vention of  the  Calculus.  Their  report  was  pub- 
lished in  171s,  under  the  title  **  Commercium 
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£pistolicum  D.  Johannis  Collins  et  aliorum  de  Ana- 
\ym,  promote"  The  principal  part  of  this  pub* 
lication  consists  of  extracts  from  a  correspondence 
between  Newton,  Barrow,  Gregory,  Wallis,  Keil, 
Collinsy  Leibnitz,  Oldenburg,  Sluze,  and  others. 
Upon  this  correspondence,  the  committee  re- 
ported as  follows : — 

I.  ^^  That  Mr.  Leibnitz  was  in  London  in  the 
beginning  of  the  year  1673 ;  and  went  thence  in 
or  about  March  to  Paris,  where  he  kept  a  corre- 
spondence with  Mr.  Collins,  by  means  of  Mr.  Ol- 
denburg, till  about  September,  I676,  and  thence 
returned  by  London  and  Amsterdam  to  Hanover : 
and  that  Mr.  Collins  was  very  free  in  communi- 
cating to  able  mathematicians  what  he  had  re- 
ceived from  Mr.  Newton  and  Mr.  Gregory. 

II.  ^^  That  when  Mr.  Leibnitz  was  the  first  time 
in  London,  he  contended  for  the  invention  of  an- 
other differential  method,  properly  so  called ;  and, 
notwithstanding  that  he  was  shown  by  Dr.  Pell 
that  it  was  Mouton's  method,  persisted  in  main- 
taining it  to  be  his  own  invention,  by  reason  th^t 
he  had  found  it  by  himself  without  knowing  what 
Mouton  had  done  before,  and  had  much  improved 
it.  And  we  find  no  mention  of  his  having  any 
other  differential  method  than  Mouton's  before 
his  letter  of  the  21st  of  June,  l677i  which  was  a 
year  after  a  copy  of  Mr.  Newton^s  letter  of  the 
10th  of  December,  1672,  had  been  sent  to  Paris 
to  be  communicated  to  him,  and  above  four  years 
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after  Mr.  Collins  began  to  communicate  that  letter 
to  his  correspondents ;  in  which  letter  the  method 
of  Fluxions  was  suflSciently  described  to  any  in- 
telligent person. 

III.  "  That  by  Mr.  Newton's  letter  of  the  13th 
of  June,  1676,  it  appears  that  he  had  the  method 
of  Fluxions  above  five  years  before  the  writing  of 
tliat  letter.  And  by  his  Aiialysis  per  equationes 
numero  temunorum  infinitaSy  communicated  by  Dr. 
Barrow  to  Mr.  Collins  in  July,  1669,  we  find  that 
he  had  invented  the  method  before  that  time. 

IV.  "  That  the  differential  method  is  one  and 
the  same  with  the  method  of  Fluxions,  excepting 
the  name  and  mode  of  notation ;  Mr.  Leibnitz 
calling  those  quantities  differences,  which  Mr. 
Newton  calls  Moments  or  Fluxions,  and  marking 
them  with  the  letter  rf,  a  mark  not  used  by  Mr. 
Newton.  And  therefore  we  take  the  proper 
question  to  be,  not  who  invented  this  or  that 
method,  but  who  was  the  first  inventor  of  the 
method.  And  we  believe  that  those  who  have 
reputed  Mr.  Leibnitz  the  first  inventor  knew 
little  or  nothing  of  his  correspondence  with 
Mr.  Collins  and  Mr.  Oldenburg  long  before ;  nor 
of  Mr.  Newton's  having  that  method  above  fifteen 
years  before  Mr.  Leibnitz-  began  to  publish  it  in 
the  Acta  Encditorum  of  Leipsic. 

"  For  which  reason  we  reckon  Mr.  Newton  the 
first  inventor ;  and  are  of  opinion  that  Mr.  Kiel, 
in  asserting  the  same,  has  been  no  ways  injurious 
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to  Mr.  Leibnitz.  And  we  submit  to  the  judgment 
of  the  Society,  whether  the  extract  and  papers 
now  presented  to  you,  together  with  what  is  ex- 
tant  to  the  same  purpose  in  Dr.  Wallis's  third 
volume,  may  not  deserve  to  be  made  public." 

The  foreign  mathematicians,  as  might  be  ex- 
pected, were  by  no  means  satisfied  of  the  justice 
of  this  decision,  in  which  it  was  more  than  in- 
sinuated that  Leibnitz  was  guilty  of  a  disgraceful 
theft.  Even  to  the  present  day  a  difference  of 
opinion  on  the  subject  exists,  and  the  fire  of  party 
zeal  is  far  from  being  extinct.  The  foreign 
writers  generally  contend  that  Leibnitz  has  the 
merit  of  the  invention,  though  some  of  them,  at 
the  same  time,  allow  that  Newton  was  acquainted 
with  its  principles  first,  although  he  did  not 
disclose  them  to  the  world.  Bossut  insinuates 
that  Newton,  being  president  of  the  Royal  Society, 
must  necessarily  have  had  a  strong  influence  on 
this  report ;  also,  that  it  was  made  e«r  parte^  and 
that  its  publication  was  hastened  to  avoid  intro- 
ducing a  defence  which  Leibnitz  had  in  pre- 
paration. The  foreign  writers,  in  general,  stroiigly 
deny  the  fact,  that  the  principles  of  Newton's 
method,  or  any  hints  which  could  lead  to  them, 
are  contained  in  the  letters  and  papers  alluded  to  in 
the  report,  and  published  with  it.  Montucla,  one 
of  the  most  candid  of  the  French  writers  on  the 
subject,  says,  "  On  ne  pent  douter  que  Newton 
ne  soit  le  premier  inventeur  des  calculs  dont  il 
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s'agit.  Les  preuves  en  sont  plus  claires  que 
le  jour ;  mais  Leibnitz  est-il  coupable  d'avoir 
publi6  comme  sienne  une  decouverte  qu'il 
auroit  puisne  dans  les  Merits  m^me  de  Newton/' 
At  the  same  time  he  insists  upon  the  injustice  of 
Newton  to  Leibnitz,  in  suppressing  in  the  edition 
of  the  Principia,  published  in  17^6,  a  scholium 
which  appeared  in  the  former  edition,  in  which 
Newton  is  alleged  to  have  allowed  Leibnitz  the 
merit  of  the  invention.  He  also  accuses  Newton 
of  having  been  secretly  the  author  of  the  notes 
which  accompany  the  Commercium  Epistolicum. 

One  of  the  latest  attempts  to  keep  the  discord 
of  the  scientiiic  world  alive  upon  this  subject,  is 
the  preface  to  the  last  edition  of  Lacroix's  TraitS 
du  Caktd  Differentiel  et  Integral,  repeating  again 
all  the  former  arguments  on  the  subject,  except 
those  on  which  the  claims  of  Newton  are  founded. 
He  observes,  **  L'expos6  fidele  que  je  viens  de  faire 
de  la  naissance  du  Calcul  Differentiel,  d'apres  le 
Commercium  Epistolicum,  imprim6  par  ordre  de 
la  Soci6t6  Royale  de  Londres,  ne  pent  laisser 
aucune  doute  sur  les  droits  incontestable  de  Leib- 
nitz k  la  decouverte  de  ce  calcul ;  et  comme  il  est 
le  premier  qui  I'ait  rendu  e  publique,  tandis  que 
Newton,  preferant  son  repos  k  sa  gloire  et  k  Tin- 
ter^t  de  ses  contemporains,  semblait  avoir  oublie 
sa  methode,  n'est-il  pas  aussi  celui  qu'on  doit 
nommer  le  premier  dans  cette  decouverte  ?'* 

Although  there  certainly  still  exists  a  difference 
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of  opinion  as  to  the  proportion  of  the  merit  of  the 
discovery  to  be  allotted  to  each  of  these  illustrious 
daimants,  yet,  it  seems  to  be  generally  agreed,  that 
a  proportion  is  due  to  each.  It  is  generally  acknow- 
ledged that,  although  Newton  did  not  promulge 
the  method  of  Fluxions,  yet  that  he  has  the 
priority  as  to  the  invention.  Even  some  of  the 
partisans  of  Leibnitz  do  not  dispute  this;  On  the 
other  hand,  Leibnitz  first  gave  formal  publication 
to  the  calculus.  His  notation  also  is  very  superior 
to  that  of  fluxions — so  much  so,  that  even  in  these 
countries  it  has  nearly  superseded  it. 

The  first  subject  on  which  this  surprising  science 
began  to  work  its  wonders  was  geometry.  Pro- 
blems, which  solved  by  the  ancient  methods,  or 
even  by  those  of  Descartes,  were  tedious  and  emr 
barrassing,  were  solved  by  the  dash  of  a  pen. 
Problems  which  had  foiled  the  talents  of  Archi- 
medes, eluded  the  sagacity  of  ApoUonius,  and 
under  which,  even  the  method  of  Descartes  sunk 
powerless,  yielded  with  the  utmost  facility  to  the 
new  calculus.  By  the  imiformity  and  generality 
of  its  processes,  it  rendered  geometry  at  once  an 
imposing  and  magnificent  edifice,  raised  upon  a 
solid  foundation,  displaying  an  unity  of  design,  a 
justness  of  proportion,  and  a  stability  of  structure, 
which  would  strike  an  ancient  geometer  with 
astonishment  and  admiration^  were  he  to  rise 
from  the  tomb  to  behold  it  *. 

*  Si  les  deux  plus  grands  g^omdCres  de  I'antiqinC^,  Archi- 
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From  the  date  of  its  discovery  to  the  present 
day,  the  calculus  has  been  rapidly  advancing  to- 
wards perfection  under  the  hands  of  the  great 
mathematicians  of  Europe,  who  have  devoted 
their  talents  to  its  improvement.  Every  impulse 
given  to  the  advancement  of  this  science  has  pro- 
duced a  corresponding  impression  upon  the  other 
parts  of  mathematics  and  physics,  but  on  none 
more  perceptibly  than  Geometry.  This  branch 
of  mathematics  is  largely  indebted  to  the  calculus. 
It  owes  to  the  integral  calculus  all  solutions  relative 
to  rectification  and  quadrature,  and  to  the  dif- 
ferential calculus,  the  general  method  of  tangents, 
the  general  principles  of  contact  and  osculation, 
the  methods  of  detecting  singular  points,  and  its 
entire  power  over  transcendental  curves. 

One  of  the  most  remarkable  circumstances  at- 
tending the  progress  of  Geometry  is  the  different 
routes  pursued  by  the  British  and  foreign  geo- 
meters since  the  time  of  Newton.  That  great 
man  entertained  a  strong  predilection  in  favour  of 
the  ancient  geometrical  methods.  A  stronger 
proof  of  this  cannot  be  offered  than  his  having 
discovered,  by  the  aid  of  the  modern  analytic 
and  fluxionary  calculus,  most  of  those  wonderful 

m^es  et  ApoIIonius,  pouvaient  rcvivre^  ils  seraient  eux-meiues 
frapp^s  d*etonnement  et  de  I'admiration,  en  contemplant  les 
progr(^  que  les  sciences  exactcs  ont  faits  dcpuis  leur  temps 
jusq  au  notre  a  travers  des  siecles  barbarcs  qui  ont  tant  dc  fois 
interronipu  la  marchc  du  genie. — Bossut.   . 
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truths  communicated  to  the  world  in  his  Prin- 
ciPiA ;  and  yet  presented  them  in  all  the  repelling 
^      tediousness  and  circuitous  complexity  of  the  an- 
cient geometry. 

The  method  followed  throughout  this  stupendous 
work  is  such,  as  to  induce  foreign  mathematicians 
to  ascribe  the  adoption  of  it  to  motives  which  could 
never  have  influenced  a  mind  like  Newton's.  "  La 
clef  des  plus  difficiles  problemes/*  says  Bossut, 
"  qui  y  sont  resolus  est  la  methode  des  fluxions  ou 
Panalyse  infinitesimale,  mais  presentee  sous  un 
forme  moins  simple  qui  rendait  I'ouvrage  penible  h 
siiivre.  Aussi  n'eut  il  d'abord  tout  les  succes  quMl 
meritait;  on  y  trouva  de  Tobscurit^  des  demon- 
strations puisnes  dans  des  sources  trop  detourndes, 
un  usage  trop  affect^  de  la  methode  synthetique 
des  anciens  tandis  que  I'analyse  aurait  beaucoup 
mieux  fait  connaitre  Pesprit  et  le  progres  de  in- 
vention. L'extreme  concision  de  quelques  en- 
droits  fit  penser  ou  que  Newton  dou6  d'un  sa- 
gacity extraordinaire  avoit  un  peu  trop  presum6 
de  la  penetration  de  ses  lecteurs  i  ou  que  par  une 
faiblesse  dont  les  plus  grandes  hommes  ne  sont 
pas  toujours  exempts  il  avoit  cherche  k  surprendre 
un  admiration  qui  le  vulgaire  accord  facilement 
aux  choses  qui  passent  ou  fatiguent  son  intel- 
ligence." Alluding  to  the  superiority  of  the  mo- 
dem analysis  over  the  ancient  methods,  D'Alem- 
bert  says,  "  Pent  6tre  serons  nous  contredits  ici 
par  les  Anglois  grands  partisans  de  la  Geometric 
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Ancienne  sur  la  foi  de  Newton  qui  la  louoit  et 
qui  s*en  servoit  pour  cacher  sa  route  en  employant 
I'analyse  pour  se  conduire  lui  m6me/*  Though 
no  one  knowing  the  character  of  Newton  can, 
for  a  moment,  assent  to  these  imputations ;  yet, 
it  is  much  to  be  regretted,  that  through  an  ill- 
founded  prejudice,  he  should  ever  have  given  oc- 
casion to  them. 

In  the  hands  of  Newton  the  powers  of  the 
ancient  geometry  were  extended  to  their  extreme 
limit.  Supplying  their  inadequacy  by  his  own 
sagacity,  Archimedes  had  previously  astonished 
the  scientific  world  by  what  he  made  them  effect. 
But  even  Archimedes  would  shrink  from  the  com- 
petition, if  he  beheld  the  miracles  wrought  by  the 
more  than  human  genius  of  Newton,  with  the 
same  feeble  instruments,  very  little  improved. 
Deeply  impressed  with  the  wonders  they  thus 
beheld  effected  and  guided  by  his  avowed  judg- 
ment, the  English  schools  of  science,  until  a  few 
years  since,  have  uniformly  pursued  the  ancient 
geometrical  methods.  The  consequence  has  been, 
that  the  progress  of  mathematical  science  has  be6n 
much  slower  in  Great  Britain  than  elsewhere* 
At  the  death  of  Newton,  Geometry  had  done  all 
that  geometry  could  do,  and  the  highest  efforts 
of  human  talent  could  stretch  its  powers  no 
farther.  The  students  at  our  universities  have 
traversed  the  same  ground  in  every  direction 
again  and  again.     Ingenuity  has  been  exhausted 
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in  suppljring  them  with  employment  by  the  in- 
vention  of  collections  of  contemptible  geometrical 
quibbles  for  their  solution,  which  possess  no  other 
excellence  than  their  difficulty.  Instead  of  ex- 
panding the  mind  and  invigorating  the  intellect, 
presenting  enlarged  views,  extended  and  general 
theories,  and  storing  the  memory  with  useful  and 
elevating  knowledge,  they  confer  very  little  benefit 
but  what  may  justly  be  called  geometrical  trick. 

While  the  schools  of  Great  Britain  were  thus 
wasting  the  splendid  abilities  by  which  they  have 
ever  been  distinguished,  on  objects  so  unworthy 
of  them,  and  throwing  away  the  golden  oppor- 
tunities of  honour  which  the  progressive  improve- 
ment cff  analysis  each  year  presented,  far  different 
were  the  objects  which  exercised  the  rest  of  the 
learned  world.  The  Algebraic  and  Transcendental 
Analysis  were  embraced  with  eagerness,  and  pro- 
moted with  rapidity.  Every  year  witnessed  new 
accessions  to  these  sciences,  and  consequent  ad- 
vancements in  geometrical  and  physical  know- 
ledge. Impelled  by  these  powerful  engines,  the 
Newtonian  philosophy,  which  at  home  stood  nearly 
where  its  illustrious  founder  had  left  it,  abroad 
advanced  with  the  speed  of  light,  and  we  find  the 
result  of  the  various  improvements  it  has  received, 
up  to  the  present  day  in  the  great  work  of  Laplace. 

The  immense  advantage  thus  gained  upon  us 
by  the  philosophers  of  Europe  in  mathematical 
and  physical  science  became  at  length  too  ap- 
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parent  to  be  longer  overlooked.  The  university 
of  Cambridge  was  the  first  to  begin  the  reformat 
tion.  The  works  of  Euler,  and  the  French  ma- 
thematicians Laplace,  Lagrange,  Lacroix,  and 
numerous  others,  were  introduced  and  studied 
with  activity.  The  notation  of  fluxions  and  fluents 
was  superseded  by  the  more  elegant  and  powerful 
algorithm  of  the  Difierential  and  Integral  Calculus. 
Students,  who  hitherto  seldom  had  courage  to 
labour  through  more  than  a  few  sections  of  the 
Principle,  were  now  becoming  familiar  with  the 
pages  of  Laplace  and  Lagrange.  That  the  change 
effected  in  this  great  national  institution  is  deep, 
radical,  and  permanent,  we  have  public  proofs 
in  the  works  of  Herschell,  Woodhouse,  Babbage,! 
Peacock,  and  Whewell. 

The  university  of  Dublin,  though  later  in  adopt- 
ing these  measures  of  improvement,  has  not  been 
less  vigorous  in  their  prosecution,  and  will  soon  ac- 
company her  British  sister  passibus  cequis.  There  is 
something  worthy  of  notice  in  the  circumstances, 
attending  the  introduction  of  what  is  called  the 
**  new  science'*  into  this  university.  Great  changes 
in  the  literary  and  scientific  arrangements  of  an 
extensive  institution  are  generally  slowly  effected,, 
and  produced  by  a  combination  of  the  industry 
and  talents  of  a  number  of  individuals  co-operating 
for  the  attainment  of  the  same  end.  In  this  in- 
stance, however,  the  revolution  was  great,  rapid, 
and  the  work  of  one  man.    About  the  year  18 1 1, 
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Dr.  Bartholomew  Lloyd,  then  a  junior  fellow,  was 
elected  to  the  professorship  of  mathematics.  The 
state  in  which  he  found  the  knowledge  of  that 
science  amongst  the  students,  and,  indeed,  the 
state  in  which  it  had  remained  for  a  century,  was 
nearly  as  follows. 

Students  in  Dublin  must  be  four  years  in  the 
university  before  they  become  candidates  for  the 
degree  of  bachelor.  Of  this  time,  ten  months 
were  spent  in  the  acquisition  of  the  first,  second, 
third,  and  sfxth  books  of  Euclid.  These  con- 
stituted the  entire  mathematical  knowledge  ex- 
pected even  from  the  candidates  for  the  highest 
academical  honours.  A  short  selection  of  me- 
chanics, taken  from  an  old  treatise  by  Helsham, 
accompanied  by  a  popular  introductory  pamphlet 
to  Natural  Philosophy  (both  replete  with  errors), 
a  very  few  of  the  first  elementary  principles  of 
optics,  and  a  selection  from  Keil's  Astronomy, 
gave  the  under  graduate  employment  for  twelve 
months.  The  remainder  of  the  course  (two  years 
and  two  months)  was  divided  between  the  ancient 
and  modern  Logic,  and  the  Ethics  of  Cicero  and 
Burlemaqui.  Such  was  the  state  of  the  under- 
graduate course.  The  mathematical  and  physical 
knowledge  requisite  in  candidates  for  fellowships, 
the  situations  of  highest  honour  and  emolument 
in  the  university,  consisted  of  Newton's  Arith- 
metic, the  properties  of  Conic  Sections  geome- 
trically.  Solid  Geometry,   Keil's  Trigonometry, 
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Newton's  Optics,  and  a  selection  from  the  PniN- 
ciPiA ;  Maclaurin*s  Fluxions  were  touched  upon, 
but  with  reserve.  Such  was  actually  the  state 
of  scientific  knowledge  in  this  national  academy 
about  the  year  1812. 

Such  a  course  of  study  might  have  been  very 
proper  in  the  university  of  Dublin  in  the  year 
1712  i  but  in  the  year  181S,  with  the  accumulated 
discoveries  of  a  century,  the  various  scientific 
establishments  of  Great  Britain  and  the  continent 
all  actively  cultivating  physical  and  mathematical 
science  in  their  most  improved  state,  the  con« 
tinuance  of  such  a  system  must  have  been  con- 
sidered disgraceful.  Deeply  impressed  with  this 
feeling,  Dr.  Lloyd,  singly  and  unassisted,  con* 
ceived  and.  executed  the  most  important  and  rapid 
revolution  ever  effected  in  the  details  of  a  great 
public  institution.  In  order  to  appreciate  the 
benefits  derived  from  his  exertions>  it  will  be  only 
necessary  to  compare  the  state  of  science  already 
described,  with  its  state  in  the  present  year  1822. 
Among  the  under-graduates,  those  who  aow  look 
for  high  academical  honours  read  the  works  of 
Cagnioli  and  Woodhouse  on  Trigonometry,  Brink- 
ley's  Astronomy,  a  course  of  Algebraic  Geometry, 
equivalent  to  the  extent  of  the  first  part  of  the 
present  treatise,  the  Elementary  Treatise  of  La- 
croix  on  the  Differential,  and  part  of  that  on  the 
Int^ral  Calculus ;  with  Peacock's  examples  as  a 
praxis  i  a  selection  from  the  Mecanique  of  Poisson, 
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including  the  Statics,  the  Dynamical  principle  of 
D'Alembert,  with  its  various  applications;  the 
tiieory  of  the  moments  of  inertia,  the  motion  of  a 
body  round  a  fixed  axis,  and  most  of  the  Hydro- 
namics  j  also  the  subject  of  the  first  seventeein 
propositions,  and  the  seventh  section  of  the  Prin- 
ciPiA,  and  the  theory  of  projectiles  in  vacuOf  all 
treated  analytically. 

The  course  of  science  read  by  the  candidates 
for  fellowships  has  also  advanced,  but  not  nearly 
in  the  same  proportion }  and  it  is  to  be  feared,  that, 
until  some  change  takes  place  in  the  manner  of 
conducting  the  examination  for  fellowships,  there 
can  be  little  hope  of  improvement.  This  is  a 
vivd  voce  examination  held  in  the  Latin  language. 
The  object  being  to  ascertain  the  knowledge  which 
the  candidates  have  acquired  in  the  different  de- 
partments of  science  and  literature,  it  would  ap- 
pear that  the  medium  of  communication  between 
the  examiners  and  candidates  ought  to  be  that 
which  would  be  most  readily  and  clearly  appre- 
hended by  both,  and,  therefore,  that  the  English 
language  would  be  much  preferable  to  any  other. 
For  whatever  facility  may  be  acquired  in  speaking 
a  foreign,  not  to  mention  a  dead  language,  no 
one  will  have  the  hardihood  to  assert  that  it  can 
ever  be  spoken  as  freely  and  fluently  as  our 
native  tongue.  Waving,  however,  for  a  moment 
the  objection  to  the  language,  concerning  which 
there  may  possibly  exist  some  difierence  of  opi- 
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nion,  what  reason  can  be  given  for  the  exclusion 
of  writing?  Will  it  be  credited  abroad,  that  in 
the  university  of  Dublin,  at  the  election  of  fel- 
lows, there  is  actually  held  an  oral  examination 
in  physics  and  mathematics,  without  any  use 
whatever  of  writing?  The  development  of  a 
function  by  the  theorems  of  Taylor  or  Lagrange, 
or  the  integration  of  a  differential  equation  eifected 
vivA  vocCf  and  in  Latin,  are  probably  phenomena 
new  to  the  learned  world !  It  is  unnecessary  to 
extend  our  observations  on  this  subject  further,  as 
its  absurdity  is  so  very  apparent,  that  the  strongest 
exposure  which  can  be  given  to  it  is  a  simple 
statement  of  the  fact. 

It  has  been  attempted  here  to  present  to  the 
student  a  very  brief  sketch  of  the  history  of  geo- 
metry to  the  present  day.  That  the  analytical 
methods  have  been  almost  universally  adopted  by 
'  the  moderns  in  all  questions  which  pass  the  mere 
elements  of  geometry  is  undeniable.  At  the  same 
time,  however,  it  is  fair  to  state,  that  in  Great 
Britain  the  ancient  geometry  is  not  altogether 
without  some  remaining  partisans,  who,  in  spite  of 
the  many  proofs  of  its  ineflSciency,and  in  opposition 
to  the  judgment  of  the  great  mass  of  scientific 
talent  of  Europe,  wish  to  found  upon  its  principles 
the  whole  theory  of  curve  lines.  To  show  how 
vain  such  an  attempt  must  prove,  it  is  only  ne- 
cessary to  examine  how  far  it  has  succeeded,  even 
when  seconded  by  talents  of  the  first  order.     Pro- 
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fessor  ^Leslie  has  lately  published  a  work  upon  the 
Geometry  of  Curve  Lines,  which  runs  in  some 
measure  parallel  with  the  present,  and  in  which 
he  avows  himself  the  champion  of  "  a  juster  taste 
in  the  cultivation  of  mathematical  science.**  In 
plainer  terms,  the  object  is  to  produce  a  counter 
revolution  in  geometrical  science  in  Great  Britain, 
and  to  restore  it  to  the  state  it  had  been  in  before 
the  introduction  of  the  modern  analysis. 

This  work  presents  the  most  conclusive  proofs 
how  inadequate  the  method  adopted  in  it  is  to 
elucidate  most  of  the  subjects  to  which  it  is  ap- 
plied.  Its  failure  has  betrayed  the  author  in  many 
instances  into  the  use  of  a  phraseology  very  un- 
suitable to  a  mathematical  work.     Whenever  it 
becomes  necessary  to  explain  those  properties  of 
curves  which  demand  the  higher  instruments  of 
analysis,  the  Professor  uses  sometimes  language 
which  really  admits  no  meaning  whatever,  and 
sometimes  endeavours  to  remedy  the  weakness  of 
the  method  by  the  use  of  an  highly  metaphorical 
and  figurative  style.     He  states  that  "  the  oscu- 
lating circle  may  be  derived  either  from  the  con- 
sideration of  three  approximating  points,  or  from 
that  of  a  tangent  and  a  point  merging  the  same 
contact.'*     He   describes   "  points   shooting  into 
extreme  remoteness,  and  vanishing  in  the  distance,**^ 
"lines  thrown  off  to  indeiSnite  distances,**  "points 
vanishing  towards  one  another,*'  "  points  absorbing 
one  another,**  "  curves  migrating  into   one   an- 
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other/*  "  tangents  melting  into  the  curve,"  &c.  &c. 
If  the  author  had  used  Taylor's  theorem  in  the 
investigation  of  the  singular  points,  and  in  the 
determination  of  the  tangents,  he  would  never 
have  been  driven  to  the  humiliating  necessity  of 
invoking  the  aid  of  poetry  to  establish  the  theo- 
rems of  geometry.  Had  he  effected  rectification 
by  the  use  of  the  integral  calculus,  his  work 
would  never  have  been  encumbered  with  such  a 
sentence  as  the  following :  "  The  gradual  ag- 
gregation  of  increments  constitute  the  line  tp 
which  the  cumulative  amount  of  the  elementary 
arcs  which  compose  the  curve  is  equal/'  But 
these  absurdities  are  not  the  worst  consequences 
which  the  imbecility  of  the  geometrical  metho4 
has  produced  in  this  treatise.  The  Professor 
has  been  in  many  instances  led  into  positive  error. 
The  investigation  of  the  osculating  circle  of  the 
logarithmic,  and  its  point  of  greatest  curvature, 
presents  a  remarkable  example  both  of  absurdity 
of  style  and  fallacy  of  conclusion.  After  va- 
rious compositions,  conversions,  and  divisions  of 
ratios,  and  comparisons  of  minute  lines  and  seg- 
ments, he  concludes,  that  "  th^  radius  of  a  circle 
osculating  at  any  point  of  the  logarithmic  curve  is 
a  fourth  proportional  to  the  corresponding  or- 
dinate and  tangent ;''  this  is  immediately  followed 
up  by  a  corollary  to  discover  the  point  of  greatest 
*•  incurvation,*'  as  the  Professor  calls  it.  After 
spending  more  than  a  page  in  describing  the 
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radius  of  curvature  as  **  occupying  a  stationary 
limit,"  and  **  suffering  a  decrement  at  one  end 
and  an  equal  increment  at  the  other,"  in  the  course 
of  a  slight  mutation,  he  concludes,  that  the  point 
so  found  is  the  point  of  greatest  incurvation, 
because  the  line  which  represents  the  radius  of 
curvature  is  placed  in  the  limit  where  it  has,  on 
the  whole,  nether  increase  nor  diminution,  and 
has  therefore  contracted  into  its  minimum.  The 
radius  of  the  osculating  circle  is,  however,  not 
what  he  professes  to  prove  it,  neither  is  the  point 
assigned  by  him  the  point  of  greatest  curvature* 

Numerous  other  objections  might  be  brought 
against  this  work,  and,  indeed,  against  any  other 
proceeding  upon  the  same  principles,  such  as  that 
by  the  method  of  marking  the  order  of  a  curve  by 
the  number  of  its  intersections  with  a  right  line, 
many  curves  of  the  fourth  order  would  be  reduced 
to  the  second,  and  therefore  classed  among  the 
conic  sections,  though  having  no  properties  in 
common  with  those  curves.  It  may  be  also  ob- 
served that  there  are  many  singular  points,  the 
existence  of  which  are  not  even  recognised  j  such 
are  conjugate  points,  points  of  undulation,  &c. 
Neither  is  any  method  given  for  determining  the 
different  degrees  of  contact  and  osculation,  nor 
for  finding  in  general  the  evolutes  and  involutes 
of  curves.  Even  those  of  the  lines  of  the  second 
degree  are  omitted  with  the  exceptidn  of  that  rtf 
the  parabola,  whiqh  is  casu^y  thrown  amoog 
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the  properties  of  the  setnicubtcal  parabola,  which 
the  Professor  calls  the  Paraboloid.  It  is  un- 
necessary, however,  to  pursue  these  obsecvations 
farther  •. 

Professor  Leslie  is  most  justly  esteemed  a  man 
of  the  highest  talents ;  his  works  in  other  depart- 
ments of  science  are  sufficient  to  establish  his 
fame,  and  are  so  many  unanswerable  proofs  how 
much  the  failure  of  his  work  on  Geometrt  is  to 
be  ascribed  to  the  method,  and  how  little  to  the 
author.  The  Professor  engaged  in  an  enterprise 
which  could  not  have  been  attended  with  success 
had  it  been  supported  even  by  the  genius  of 
Newton. 

That  the  preceding  observations  may  not  be 
misconstrued^  nor  wrested  to  a  sense  never  con- 

*  It  is  a  strange  circumstance,  that  in  the  preface  to  this 
work  the  author  states,  that  '*  the  differential  and  integral  cal- 
culus** really  derives  its  main  advantage  from  its  algorithm,  or 
that  clear  and  compact  form  of  notation  invented  by  Leibnitz, 
and  improved  on  the  continent  by  his  followers,  the  Bemouillis, 
Euler,  and  Lagrange,  and  yet  at  the  «une  time  states,  that 
where  he  has  found  it  necessary  to  depart  from  the  ai^pient 
method,  he  has  substantially  applied  the  principles  of  the  cal- 
culus without  its  algorithm^  which  amounts  just  to  this,  that 
finding  the  ancient  methods,  of  which  he  is  so  enthusiastic  an 
ttdtnirer.  fail  in  carrying  him  even  to  the  limited  extent  to  which 
he  Im.  penetrated  into  the  geometry  of  curves,  he  has  been 
I  r.vcrn  to  tlie  disagreeable  necessity  of  having  recourse  to  the 
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templatcd,  the  student  is  not  to  suppose  that  the 
following  treatise  is  meant  to  supersede  or  replace 
the  ancient  geometry.  That  science  must  always 
be  viewed  with  admiration  by  every  person  ca- 
pable of  appreciating  the  clearness,  elegance,  and 
variety,  which,  by  the  mere  exercise  of  reason, 
may  be  drawn  from  one  of  the  simplest  of  our 
ideas.  But  that  admiration  can  only  be  co-ex- 
tensive with  the  perspicuity  and  facility  it  confers 
on  the  investigation  of  the  properties  of  %ure,. 
This  science  then,  confined  within  proper  bounds, 
must  always  continue  to  be  cultivated  and  taught; 
but  they  are  really  its  greatest  enemies  who  at- 
tempt, by  straining  its  powers  beyond  their  natural 
limit,  to  apply  them  to  subjects  which  they  can 
involve  in  obscurity  and  difficulty. 

As  far  then  as  the  elements  of  geometry  ex- 
tend, the  ancient  methods  are  used  with  con- 
siderable advantage.  Not  requiring  that  abs- 
traction which  the  more  powerful  analysis  of  the 
moderns  demands,  and  directly  addressing  the 
senses  as  well  as  the  understanding,  they  are 
adapted  with  peculiar  fitness  for  the  initiation  of 
a  student  into  the  science.  But,  beyond  this 
point,  the  young  geometer  will  require  engines  of 
greater  efficacy ;  and  even  though  the  requisite 
expertness  in  the  use  of  those  should  cost  him 
some  labour,  the  acquisition  of  the  powers  with 
which  they  will  invest  him  will  amply  repay  hiip. 
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The  clearness,  rigour,  and  exactitude  of  the 
ancient  geometry  have  been  much  and  deservedly 
extolled,  and  it  is  not  to  be  denied  that,  by  great 
efforts  of  ingenuity,  it  may  be  and  has  been  car- 
ried beyond  the  limits  which  have  been  assigned 
it.  The  modern  methods  have  been  stated  to  be 
inferior  to  them  in  two  respects ;  in  giving  less 
occasion  for  the  exercise  of  the  reasoning  faculty, 
and  less  rigour  to  the  demonstrations.  It  may 
very  fairly  be  answered,  that  the  extent  of  the 
knowledge  to  be  acquired  is  so  great,  the  space 
allotted  by  Providence  to  the  life  of  man  so  small, 
and  the  limits  of  his  intellectual  powers  so  con- 
fined, that  it  is  perfect  folly  to  create  difficulties 
for  the  mere  purpose  of  vanquishing  them.  Surely 
the  natural  obstacles  which  every  where  present 
themselves  in  the  prosecution  of  scientific  spe- 
culations are  sufficient  to  exercise  our  faculties 
without  raising  up  artificial  difficulties.  When 
two  methods  of  arriving  at  the  same  truths  pre- 
sent themselves,  to  select  the  most  intricate  and 
difficult,  purely  for  the  glory  of  the  conquest,  is 
little  short  of  wilful  sacrifice  of  time  and  ability. 

As  to  the  second  objection,  that  the  modern 
ainalytical  investigations  are  inferior  in  rigour  to 
those  conducted  upon  the  principles  of  the  ancient 
methods,  it  is  absolutely  unfounded.  The  truth 
is,  the  objectors  here  confound  the  terms  clear- 
ness and  rigour,  or  probably  have   not  a  very 
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distinct  notion  of  the  true  nature  of  their  own 
objection.  Without  taking  advantage  of  the  ob* 
scurity  of  their  ideas,  we  will  first  explain  the  real 
nature  of  the  objection,  and  then  refute  it.  Locke 
very  justly  observes,  that  demonstrative  truths  are 
less  clear,  but  not  less  certain  than  intuitive,  and 
he  illustrates  his  observation  by  the  very  ap- 
propriate simile  of  a  face  seen  after  many  re- 
flections. Owing  to  the  aptitude  of  the  mirrors 
to  absorb  part  of  the  light,  the  brilliancy  of  the 
image  is  deteriorated  by  every  reflection  it  suffers^ 
but  the  features  continue  the  same  faithful  copy 
of  the  original.  So  it  is  with  the  certainty  of  the 
conclusions  to  which  we  are  led  by  the  demon- 
strative process.  That  certainly  admits  of  no 
degrees,  although  the  clearness  of  our  perception 
of  it  does.  As  the  number  of  intervening  proofs 
requisite  to  establish  any  proposed  truth  increases, 
so  in  proportion  does  it  lose  in  clearness ;  but  it 
certainly  is  in  nowise  impaired.  That  equal  quan- 
tities increased  or  diminished  by  equal  increments 
or  decrements  continue  still  equal,  and  that  the 
squares  of  the  lines  containing  a  right  angle  are 
together  equal  to  the  square  of  the  line  joining 
their  extreme  points,  are  propositions  equally  cer- 
tain, but  by  no  means  equally  clear.  The  reason 
of  this  is,  that  the  former  is  immediately  per- 
ceived without  the  intervention  of  any  proof 
whatever ;  it  carries  its  own  evidence  with  it,  so 
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that  it  never  presents  itself  before  the  mind  with- 
out being  accoirtpanied  by  the  reason  of  its  truth  ; 
but  with  the  latter  it  is  quite  otherwise.  Its  cer- 
tainty depends  upon  a  long  series  of  truths  an- 
tecedently established,  which  have  been  re- 
gistered in  the  memory,  and  which  themselves 
must  be  ultimately  capable  of  a  resolution  into 
self-evident  elements.  Now,  if  the  mind  of  man 
were  so  capacious  as  to  contemplate  simulta- 
neously all  these,  then  the  clearness  of  the  one 
proposition  would  be  equal  to  that  of  the  other. 
But  this  is  not  so.  The  human  mind,  circum- 
scribed ia  its  powers  of  contemplation,  can  en- 
tertain  ideas  only  in  succession,  and  must  there- 
fore arrive  at  demonstrative  truths  by  a  succession 
of  proofs.  The  number  and  nature  of  these  proofs 
regulate  the  clearness  of  our  perception  of  a  truth, 
but  do  not  affect  its  certainty. 

To  apply  these  reflections  to  the  point  in  ques- 
tion ;  if  the  partisans  of  the  ancient  geometry  in 
asserting  its  superior  rigour,  mean  that  it  imparts 
to  its  demonstrations  an  higher  degree  of  cer- 
tainty, they  speak  illogically,  and  use  terms  with- 
out any  distinct  import ;  certainty  does  not  admit 
degrees.  If  they  mean  that  the  conclusions  to  which 
the  modern  analytic  method  conducts  are  short  of 
certainty,  and  must  therefore  be  considered  as 
only  probable ;  the  charge  can  be  easily  refuted. 
This  method  reposes  upon  the  same  principles  as 
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the  ancient  geometry.  Nothing  is  assumed  in  it 
without  proof,  but  what  is  also  assumed  in  that 
science.  It  is  true  that  much  in  it  is  mechanical, 
and  it  is  in  this  very  circumstance  that  one  of  its 
perfections  consists.  Regulated  by  certain  rules 
previously  established  by  proof,  the  pen  of  the 
analyst  relieves  his  mind  from  many  painful 
details  in  the  demonstrative  process,  without 
shaking  the  validity  of  his  conclusions,  and  leaves 
him  free  and  unwearied  to  pursue  new  truths.  If 
it  be  desired,  he  can  always  give  his  demonstra- 
tions all  that  pretended  rigour  which  they  are  sup- 
posed to  want  by  translating  the  algebraic  opera- 
tions into  ordinary  language,  and  which  is  pre- 
cisely what  Newton  has  done  in  his  Principia  *.  But 
most  probably  what  is  meant  to  be  imputed  to  the 
modern  methods  is  a  deficiency  in  that  clearness 
and  perspicuousness  with  which  the  use  of  the 
ancient  method  is  attended.  To  this  it  may  be 
answered,  that  in  elementary  questions  the  ex- 
cellence  of  the  ancient  method  is  not  denied,  and 
that  in  all  geometrical  investigations  beyond  these, 
this  boasted  clearness  is  not  to  be  found;  biit  on  the 
contrary,  that  the  demonstrations  are  intricate  and 
embarrassed  in  the  extreme,  frequently  indirect, 

^  Mais  il  ne  tiendra  qu'a  I'analyste  de  donner  ensuite  d  sa 
demonstration  ou  u  sa  solution  la  rigueur  pretendue  qu*on  croit 
lui  manquer  il  lui  suffira  pour  ccla  dc  traduirc  cettc  demon  • 
stration  dans  le  langagc  dcs  anciens,  comme  Newton  a  fait  la 
plupart  des  sicnncs.     D*Alembert. 
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always  tedious,  and  requiring  such  a  degree  of 
acuteness,  that  none  but  an  expert  geometer  is 
able  to  follow  the  thread  of  the  proof;  and  all 
this  applied  to  questions  that  are  solved  by  the 
analysis  of  the  moderns  with  perfect  facility.  On 
the  other  hand,  the  want  of  clearness  in  this  ana- 
lysis arises  not  from  any  fault  in  the  instrument, 
but  from  the  very  abstruse  and  general  nature  of 
the  questions  to  which  it  is  usually  applied; 
questions  which  are  utterly  beyond  the  most  ex- 
tended powers  of  the  ancient  geometry.  Those, 
however,  who  are  skilled  in  the  analytical  method 
feel  too  sensibly  the  extent  of  their  powers  to  un- 
dervalue them ;  and  the  truth  is,  they  are  only 
decried  by  those  who  are  ignorant  of  them,  and 
who,  as  a  learned  writer  observes,  derive  a  species 
of  consolation  from  stigmatizing  as  useless  that 
which  they  do  not  understand. 

The  following  treatise  is  designed  to  embrace 
Geometry  in  its  full  extent.  It  is  conducted  by  the 
modern  Analytical  Method  in  its  most  improved 
state.  It  is  divided  into  two  parts;  the  first  contain- 
ing the  Geometry  of  Plane  Curves,  and  the  second 
theGEOMETRYorCuRVEDSuRFACEs.  The  processes 
throughout  the  work  have  been  rendered  as  ele- 
mentary as  the  extensivencss  of  its  object  would 
admit.  It  is  desirable  that  students  who  have 
passed  the  first  elements  of  plane  geometry  and 
the  rudiments  of  algebra  should  be  qualified  to 
commence  algebraic  geometry.     With  this  view 
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the  differential  and  integral  calculus  is  not  intro- 
duced into  the  first  part  until  after  a  very  detailed 
investigation  of  the  properties  of  lines  of  the  se- 
cond degree,  and  an  extensive  collection  of  ques- 
tions, adapted  for  exercise,  as  well  in  these  pro- 
perties as  in  the  general  principles  of  algebraic 
investigations.  As  far  as  this  point  the  student 
may  proceed  without  the  aid  of  the  calculus,  and 
this  part  may  precede  the  study  of  that  science 
with  considerable  advantage,  as  it  familiarises  him 
with  the  species  of  investigations  which  first  led 
to  its  invention.  Previously  to  advancing  further,  it 
will  be  necessary  to  acquire  a  knowledge  of  the  first 
principles  of  the  calculus.  The  elementary  work 
of  Lacroix,  as  far  as  the  section  on  maxima  and 
minima,  with  the  ordinary  methods  of  integrating 
algebraic  and  trancendental  functions  of  one  va- 
riable will  be  sufficient  for  the  remainder  of  the 
first  part.  In  this  part  the  simplest  and  most 
elementary  principles  of  integration  are  uniformly 
adopted.  Those  who  are  more  expert  in  the  use 
of  the  calculus  will  probably,  in  many  instances, 
find  methods  more  expeditious  or  elegant  than 
those  which  have  been  used.  These  have  in  ge- 
neral been  chosen,  as  better  suited  to  the  limited 
knowledge  of  a  junior  student,  and  possibly  in  some 
instances  from  oversight.  The  general  method 
of  drawing  rectilinear  tangents,  rectification  and 
quadrature,  the  theory  of  evolutes,  the  general 
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principles  of  contact  and  osculation,  and  the 
manner  of  discovering  singular  points,  are  ex- 
plained by  the  calculus,  and  these  principles  ap- 
plied to  lines  of  the  second  degree.  Passing  to 
transcendental  curves  and  algebraic  curves  ex- 
ceeding the  second  degree,  the  properties  of  all 
these,  which  offer  any  interest  to  the  geometer, 
whether  arising  from  their  intrinsic  beauty,  or 
from  their  utility  in  physical  applications,  are  very 
fully  discussed.  These,  besides  possessing  the 
student  with  a  large  portion  of  interesting  and 
various  geometrical  knowledge,  serve  for  exercise 
in  the  manner  of  investigating  algebraically  curves 
in  general. 

The  geometry  of  plane  curves  is  next  applied 
to  the  illustration  of  a  variety  of  important  theo- 
rems relating  to  the  roots  of  algebraic  equations^ 
and  the  method  of  determining  these  roots  by 
the  intersection  of  curves  is  explained,  and  ex- 
amples of  its  application  given.  The  general 
properties  of  algebraic  curves  are  developed  as 
far  as  they  appear  to  possess  any  particular  in- 
terest. To  enter  further  into  the  discussion  of 
them  would  have  swelled  the  bulk  of  the  volume 
without  any  adequate  advantage  to  the  student. 
Those  who  may  be  desirous  of  further  information 
on  this  subject  are  referred  to  Cramer's /w/rorfwcfcon 
a  r Analyse  des  Lignes  Courbes,  Euler's  Analysis 
Tnfinitoruvi^    Stirling  on   Newton*s   lines   of  the 
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ttiird  order,  and  De  Gua's  work  entitled  F  Usage 
de  r Analyse^  &c.  The  first  part  is  concluded  by 
a  very  copious  collection  of  questions  in  geo* 
metry  and  physics,  for  general  exercise  in  the 
principles  thus  far  explained,  as  well  as  to  point 
out  the  utility  of  this  science.  The  questions  in 
physics  are  adapted  to  the  junior  students ;  this 
part  of  the  work  being  altogether  superfluous  for 
those  who  are  more  advanced. 

The  second  part,  which  will  contain  the  Geo- 
metry OP  Curved  Surfaces,  will  necessarily  re- 
quire a  more  extensive  knowledge  of  the  calculus. 
The  student,  however,  as  he  advances,  will  find 
little  difficulty  in  gradually  extending  his  know- 
ledge of  that  science. 

ExiguuB  nascitur,  sed  opes  acquirit  eundo. 

Hitherto,  no  treatise  whatever  on  Algebraic 
Geometry  has  appeared  in  Great  Britain,  and 
even  in  France  no  complete  treatise  upon  the 
subject  has  ever  been  published.  The  works 
of  the  different  French  mathematicians,  entitled 
"  Geometrie  Analt/tique**  and  "  r Application  de  FAU 
gebre  i  la  Geometrie^**  do  not  in  general  include 
any  curves  beyond  those  of  the  second  degree ; 
and  even  their  discussion  of  the  properties  of  these 
is  very  incomplete.  None  of  them  whatever  ex- 
plain the  application  of  the  calculus  to  the  geo- 
metry of  curves;  this  part  of  the  science  being 
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confined  to  works  upon  the  calculus.  One  com- 
plete system  of  geometry,  proceeding  uniformly 
upon  the  most  improved  algebraic  and  tran- 
scendental analysis,  seemed  a  desideratum  in 
science,  to  supply  which  has  been  attempted  in 
the  following  treatise. 


PART  THE  FIRST. 


THE  GEOMETRY  OF  PLANE  CURVES. 


CORRIQENDA. 
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ALGEBRAIC    GEOMETRY. 


SECTION  I. 

Of  the  connection  between  indeterminate  geometrical  ques- 
tions,  and  algebraical  equations  between  two  variables. 

(1).  The  object  oi  Algebraic  Geometry  \s  the  investiga- 
tion and  analysis  of  the  figures  and  properties  of  geometrical 
magnitudes,  by  means  of  the  symbols  and  operations  of 
Algebra. 

No  necessary  connection  subsists  between  the  notation  of 
Algebra  and  the  ideas  required  to  be  expressed  in  geo- 
metrical investigation.  Some  conventional  connection  must 
therefore  be  established  between  these  sciences  ^  in  order  that 
the  magnitudes  and  figures  contemplated  in  the  one  may 
find  corresponding  expressions  in  the  symbolical  language  of 
the  other. 

Let  several  finite  right  lines, 

A,  B,  c,  D,  be  related  to  any  b 

right  line  v,  in  the  same  man- 
ner as  the  algebraical  symbols, 

a,  by  c,  dy  are  related  to  unity.  ^ 

The  symbols,  a,  6,  c,  d,  are  then 

said  to  express  the  right  lines  y 

A,  B,  c,  D. 

The  square  of  the  right  line  v,  bears  to  the  rectangle 

B 
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under,  b  and  c,  the  same  relation  as  unity  bears  to  the  pro- 
duct be. 

The  rectangle  under  two  lines  is  therefore  expressed  by 
the  product  of  the  symbols  which  express  those  lines. 

In  like  manner,  the  square  of  any  symbol  represents  the 
square  of  that  line  which  the  symbol  expresses. 

If  A  :  B  : :  c  :  D,  and  that  a,  b,  and  c  be  expressed  by 

o,  6,  c,  then  d  will  be  expressed  by 

a 

In  like  manner,  all  geometrical  relations  find  repre- 
sentatives in  algebraical  symbols. 

When  the  expression  a  =:  a  or  b  =  6  is  used,  the  mean- 
ing is  that  a  or  6  is  the  algebraical  expression  for  the  line  a 
or  B. 

(2.)  Having  thus  established  a  connection  between  the 
language  of  algebra  and  the  magnitudes,  which  are  con- 
templated in  geometry,  either  may  be  conceived  to  represent 
the  other.  That  is,  a  geometrical  question  can  be  expressed 
algebraically,  by  translating  its  conditions  into  algebraical 
notation,  and,  vice  versd^  an  algebraical  question  may  be 
expressed  geometrically,  by  using  geometrical  magnitudes 
as  representatives  of  the  algebraical  symbols. 

An  example  will  illustrate  this. 

J  geometrical  problem  reduced  to  an  algebraical  question, 

Q  To  cut  a  line  (ab),  so  that 

A 1 B     the  rectangle  under  the  whole 

line  (a]i),  and  one  part  (bc),  shall  equal  the  square  of  the 
other  part  (ac). 

Let  AB  =  tf ,  AC  =  a?,  and  *.•  ab  —  ac  -=  a. —  a\ 
By  the  conditions  of  the  question,  a{a  —  «r)=d!''-.* 
0?'  +  ax  =  «* ;  thus  the  question  becomes  an  algebraical 
one,  8ciL  to  find  the  roots  of  xi^  +  oa*  —  a*  =  0. 
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An  algebraical  question  reduced  to  a  geometrical  problem. 

To  find  the  roots  of  the  equation  x^  -\-  ax  sz  a\ 

By  transposition  a(a  —  or)  =  x-.  Let  a  =  ab,  and 
AC  =  JT  *.'  BC  =  a  —  07  *.*  rectangle  under  ab  and  bc  must 
be  equal  to  the  square  of  AC.  Hence  the  question  is  re- 
duced to  the  geometrical  pioblem,  to  cut  a  line  ao  thai  the 
rectangle  under  the  whole  line,  and  one  party  shall  equal  Hie 
square  of  the  other. 

(3.)  It  is  therefore  apparent,  that  geometrical  problems, 
which  relate  to  mere  magnitude,  without  involving  the  ideas 
qS  Jigurc  or  position,  may  with  great  facility  be  expressed 
by  the  notation  of  algebra.  And  that,  on  the  other  hand, 
algebraical  questions  can  with  equal  facility  be  represented 
by  geometrical  quantities,  in  which  nothing  is  considered  but 
mere  magnitude.  But  in  order  to  institute  a  connexion  be- 
tween those  sciences,  and  to  bring  each  under  the  dominion 
of  the  other,  much  more  is  necessary.  Figure  and  position 
are  affections  of  magnitude,  in  which  the  geometer  finds 
objects  of  investigation  much  more  extensive  and  interesting 
than  magnitude,  considered  merely  with  respect  to  quantity, 
could  supply.  It  is,  therefore,  expedient  to  establish  some 
principles  by  vtMiAiJigure  and  position,  as  well  as  magnitude, 
can  be  expressed  algebraically. 

(4.)  A  method  of  representing  the  figure  of  a  line  by 
an  equation  is  furnished  by  a  striking  analogy,  which  sub- 
sists between  indeterminate  geometrical  problems  and  equa- 
tions in  which  there  are  two  unknown  quantities. 

In  a  geometrical  problem,  whose  data  are  insuflicient  for 
its  solution,  the  point  which  is  sought  cannot  bc  deter- 
mined, but  yet  its  position  may  be  considerably  restricted ; 
for  the  conditions  which  are  not  sufficient  to  fix  the  exact 
place  of  the  point,  may  yet  bc  sufficient  to  confine  it,  as  to 
position,  within  certain  limits.     That  is  to  say,  though  an 

b2 


4  ALGEBBAIC    GEOMETRY. 

indefinite  number  of  positions  may  be  assigned  to  the  sought 
point,  which  will  all  equally  fulfil  the  conditions  proposed, 
yet  positions  might  be  assigned  which  would  not  fulfil  those 
conditions.     The  space  on  which  those  points  are  placed, 
which  fulfil  the  conditions  of  the  question,  is  called  the  locus 
of  the  sought  point.    If  the  conditions  require  the  sought 
point  to  be  always  in  a  given  planer  tlie  locus  is  usually  some 
line  on  that  plane,  the  figure  and  properties  of  which  de- 
pend on  the  conditions  of  the  question.     K  the  point  be  not 
restricted  to  a  given  plane,  the  locus  is  commonly  a  surfiace. 
A  very  familiar  example  will  illustrate  this.    Let  it  be  re- 
quired. To  find  a  point  in  a  given  planCy  whose  distance 
Jrom  a  given  point  is  given.    An  indefinite  number  of 
points  will  equally  fulfil  the  conditions  of  the  problem,  but 
yet  all  points  will  not     The  first  condition  excludes  every 
point  of  space  except  those  situate  on  the  given  plane*    The 
second  excludes  all  points  on  the  plane,  except  those  sittiaie 
at  the  intersection  qftheplanCf  icitlh  a  spliere^  whose  radius 
equals  tfie  given  distancCj  and  whose  centre  is  at  the  given 
point.    If  the  first  condition  were  removed,  and  the  second 
jnetained,  the  locus  would  be  the  surface  of  the  sphere ;  and 
if  the  second  were  removed,  and  the  first  retained,  the  locus 
would  be  the  given  plane. 

Every  line  described  upon  a  plane  may  be  conadered  as 
the  locus  of  a  point,  restricted  by  certain  conditions  which 
have  a  necessary  connexion  with  the  nature  of  the  line. 

(5.)  Analogous  to  this,  in  an  equation  containing  two 
unknown  quantities,  neither  can  be  absolutely  determined. 
A  great  diversity  of  values  can  be  assigned  to  the  symbols 
representmg  them,  which  will  all  fulfil  the  conditions  of  the 
equation.  The  symbols,  expressive  of  the  unknown  quan* 
tities,  thus  capable  of  receiving  different  values,  are  thence 
called  variables,  in  opposition  to  the  other  symbols  involved 
in  the  equation,  which  ore  called  constanis^  because  their 
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values  are  supposed  to  remain  the  same  through  all  the 
changes  which  the  variables  undergo.  Any  value  being 
assigned  to  either  variable,  a  corresponding  value  of  the 
other  will  necessarily  result,  and  thus  each  variable  is  sus- 
ceptible of  such  a  series  of  values  as  render  the  correspond- 
ing values  of  the  other  possible.  Therefore,  though  each 
variable  cannot  be  absolutely  determined,  yet  certain  limits 
and  restrictions  may  be  assigned  to  its  variation,  and  those 
are  dedudble  from  the  conditions  expressed  in  the  equation, 
just  in  the  same  manner  as  in  an  indeterminate  geometrical 
problem  the  position  of  the  sought  point  restricted,  though 
\  not  absolutely  fixed,  is  deducible  from  the  conditions  pro- 
posed in  the  problem. 

Thus,  for  example,  in  the  equation  y  =  oar,  y  and  x,  the 
variables  are  susceptible  of  an  infinite  series  of  values. 
Their  variation  is  restricted,  however,  by  the  condition  that 
X  shall  vary  as  y»  'Again,  in  the  equation  y«  +  a?*  =  a", 
from  which  results 


y  =  >v/a*  '-  X*  X  =  A/a«  -  y*. 

The  first  shows  that  x  is  susceptible  of  all  values  not  ex- 
ceeding that  of  a ;  for  any  value  of  x  exceeding  a  would 
render  y  impossible.  The  second  equation  shows  that  the 
values  of  y  are  subject  to  the  same  restriction. 

(6.)  The  analogy  just  pointed  out  originates  in  this  cir- 
cumstance :  sciL  if  an  indeterminate  geometrical  problem  be 
expressed  by  an  algebraical  equation,  that  equation  will  con- 
tain two  unknown  quantities ;  and,  vice  versd,  if  an  equa- 
tion of  two  variables  be  represented  geometrically,  the  result 
will  be  an  indeterminate  problem  which  will  generate  a 
locus. 

An  indeterminate  problem  reduced  to  an  equation. 

Given  the  base  (ab),  and  the  sum  of  the  sides  (ac  and  bc) 
of  a  triangle,  to  find  the  vertex  (c). 
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Let  AB  =  A,  AC  =  y^  CB  s  «, 
and  let  the  excess  of  the  sum  of  the 
sides  above  the  base  be  J. 

Any  values  of  y  and  a;,  which  fulfil  the  conditions  of  this 
equation,  represent  the  sides  of  a  triangle,  whose  vertex 
solves  the  problem. 

An  equation  represented  by  an  indeterminate  geometrical 

problem. 

In  j(  +  .r  =  a  +  e/,  to  express  the  values  of  y  and  x 
geometrically.  Let  a  =  ab,  ac  +  cb  =  a  +  d^  *•*  AC  and  « 
CD  represent  y  and  x.  That  is,  describe  the  locus  of  the 
vertex  of  a  triangle,  whose  base  ab  =  a,  and  the  sum  of 
whose  sides  ac  +  cd  =  a  +  (^  and  then  the  mdes  of  any 
triangle  on  the  ^ven  base,  and  whose  vertex  is  placed  on 
the  locus  described,  will  be  representatives  of  ^  and  x  in  the 
equation  y  -{-  x  ■=  a  +  d. 

Since  an  equation  of  two  variables  can  be  represented  by 
an  indeterminate  problem,  from  which  a  locus  may  be  dcy 
duced,  the  figure  of  which  depends  on  the  conditions  oi*  the 
problem  proposed,  and  therefore  on  the  equation  from  which 
the  problem  results,  an  ecjuation  may,  therefore,  be  con- 
ceived to  represent  the  figure  of  a  line,  that  is,  the  figure  or 
species  of  tlie  line  is  deducible  from  the  equation.  By  tliis 
means^i^^r^,  as  well  as  magnitude^  is  expressed  algebraically. 
The  equation  from  which  the  species  of  any  line  is  deduced 
is  said  to  be  the  equation  of  that  line,  and  tlie  line  is  said  to 
be  the  locus  of  the  equation. 

(7.)  In  both  the  preceding  examples  the  process  is  partly 
arbitrary,  and  at  the  discretion  of  the  analyst.  In  the  firsts 
the  sides  of  the  triangle  were  represented  by  the  variables. 
These  might,  however,  have  been  made  the  representative's 
of  other  lincs^  a.s  the  perpendicular  und   cither  .segment. 


ALGEBRAIC  GKOMETRr.  7 

either  side,  and  the  ooone  of  the  angle  it  forms  with  the  base, 
or  any  trigonometrical  function  of  that  angle,  or  trigono- 
metrical functions  of  the  angles  at  the  base,  or,  in  fine,  any 
two  quantities,  either  of  which  being  given  would,  with  the^ 
data  of  the  problem,  determine  the  vertex.  Hence,  ijy^ife^ 
presenting  an  indeterminate  problem  by  an  equation^  **  any 
quantity,  which,  being  given,  would  have  rendered' the  pro- 
blem determinate,  may  be  represented  by  a  variable."  Sub- 
ject to  this  restriction,  the  choice  of  quantities^  to  be  repre- 
sented by  variables  is  arbitrary. 

(8.)  The  form  of  tlie  equation  of  a  ^ven  locus  depends 
on  the  quantities  selected  as  variables.  If,  in  the  example 
^ven,  the  variables  represented  tVic  perpendicular  and  cither 
s^ment,  the  equation  would  have  been  of  the  second  de- 
gree ;  if  one  of  the  ades  and  cosine  of  the  angle,  at  which  it 
is  inclined  to  the  base,  had  been  selected,  the  equation  would 
also  have  been  of  the  second  degree,  but  still  different  from 
the  last 

From  these  observations  it  appears  that, 
1st,  **  Any  line,  being  considered  as  the  locus  of  a  point, 
restricted  in  its  position  with  respect  to  some  fixed  points  or 
lines  by  given  conditions,  may  be  expressed  by  an  equation.^' 
2d,  "  The  form  of  the  equation,  expressing  any  given 
line,  depends  on  the  quantities  represented  by  the  variables.** 
(9«)  In  the  second  example,  the  geometrical  quantities, 
selected  to  represent  the  algebraical  symbols,  of  which  the 
equation  is  composed,  are  arbitrary.      Thus,   instead  of 
b^ng  represented  by  the  sides  of  the  trian^e,  they  might 
have  been  represented  by  the  perpendicular  and  segment,  or 
in  any  other  manner  whatever.     But  on  the  manner  of  re- 
presenting them  depends  the  nature  of  the  line  which  the 
equation  generates.    Thus,  had  they  been  represented  by 
the  perpendicular  and  segment,  the  locus  would  have  been 
a  right  line.    Hence  it  appears, 
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positive  and  n^ative  values  of  the  variables,  they  are 
measured  from  the  point  (a)  of  intersection  of  the  axes  in 
opposite  directions.  Thus^  if  the  positive  values  be  taken 
towards  t  and  x,  the  negative  are  taken  towards  y'  and  x'. 

Any  system  of  values  of  the  variables  are  called  the  co- 
ordinates of  that  point  whose  position  they  determine. 

The  point  of  intersection  (a)  of  the  axes  qf  eo^ordhiates 
is  called  the  origin  qfco-ordiiuites. 

Suppose  the  positive  values  o(  y  measured  from  a  towards 
Y;  and  those  of  x  from  a  towards  x,  then. 


+y. 

+  X  characterises  a  point  in  the  angle  xay 

+  y> 

—  X      " 

-  x'ay 

-y> 

—  X     - 

-  x'ay* 

-y> 

-^x     - 

-                .                -  xay' 

y  =  o, 

+  a;     - 

on  the  line     ax 

y  =  o. 

—   X      ' 

.     ax' 

+  y^ 

X  =  0     - 

r                           -                           -         AY 

—  y,   j:  =  0-  -  -  -AY* 

y=:0,    ar=0-  -  -  the  origin       a 

Pardcular  values  of  the  variables  y,  x,  are  distinguished 
usually  by  tr^ts,  thus,  y^/,  y'x",  &c.  and  the  points  di- 
stinguished by  tliose  values  arc  denominated  the  points 
yV,  yx'',  &c.  A  point  on  yy'  is  expressed  t/o,  and  on 
xx',  a/o. 

(11.)  Another  method  of  re- 
presenting equations  geometrically 
is  also  occasionally  used.     In  the 

preceding  method,  let  the  origin      x 

(a)  and  one  only  (xx')  of  the  axes 

be    ^ven    in  position.     Let  the  / 

other  axis  (zz')  be  inclined  to  it  at  i/ 

a  variable  angle.     Let  each  system  of  values  of  the  variables 

be  thus  represented:  let  one  of  the  variables  {x)  be  ex- 
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pressed  by  flny  trigonometrical  function  of  the  angle  (car) 
at  which  the  axes  of  co-ordinates  are  inclined^  and  the  other 
(^)  as  before,  by  a  portion  (a/?)  measured  along  the  axis 
(zz'),  whose  position  is  variable.  The  extremity  (p)  of  this 
portion  (Ap)  is  tlie  corresponding  point  of  the  locus. 

The  value  of  that  variable  which  is  represented  by  the 
distance  of  tlie  point  in  the  locus  from  the  ori^n,  is  called 
the  radius  vector.  The  ori^n  is  called  the  pole  qfihe  equa- 
tion. 

An  equation  represented  thus  is  called  a  polar  eguaiion ; 
and  for  distinction  the  variables  represented  by  the  radius 
vector  is  called  z,  and  the  variable  angle  by  w.  The  equa- 
tion is  tlius  expressed,  z  =  r{w). 

Fardcular  values  of  z  and  eu  are  in  this  case  also  usually 
distinguished  by  traits,  thus,  a/ci/,  s^a/',  &c.,  and  thus  cha- 
racterised  are  called  the  points  sfoJy  s^ul',  &c. 

(12.)  As  the  angles  which  the  axes  of  co-ordinates  form 
with  each  other,  and  with  lines  which  intersect  them,  and 
also  tlie  angles  which  lines  in  general  form  with  each  other, 
bdcome  frequently  objects  of  investigation,  it  is  expedient  to 
adopt  a  concise  and  clear  notation  to  express  them. 

The  angle  of  ordination  is  expressed  thus,         -      yx 

The  angle  under  radius  vector  and  fixed  axis     -        to 

The  angle  under  any  line  and  an  axis  of  co-or- 
dinates -  -  -  'IXyljf 

The  angle  under  two  lines       -  -  -  II 

Thus,  sin.^x  is  sine  of  ordination. 

Sin.  U  =  sin.  of  the  angle  under  the  lines  thus  denominated. 

All  angles  arc  supposed  to  be  measured  in  the  same 
direction. 

(13.)  Equations  are  classed  according  to  their  degrees. 
The  degree  of  an  equation  is  estimated  by  the  number  ex- 
pressing the  highest  dimension  of  the  variables  which  enter 
it.     Thus  an  equation,  in  which  single  dimensions  only 
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occur,  is  called  an  equation  of  Xhejirit  degree,  Onci  in 
which  the  variables  enter  in  dimensions  not  exceeding  two^ 
is  called  an  equation  of  the  second  degree,  &c. 

A  general  equation  of  any  degree  is  one  which  embraces 
within  its  extension  every  particular  equation  of  the  same 
degree.  Such  a  formula  must  necessarily  consist  of  a  series 
of  terms,  including  every  dimension  and  combination  of  the 
variables  not  exceeding  the  proposed  degree,  and  an  ab- 
solute term,  which  for  symmetry  might  be  conceived  to  be 
involved  with  dimensions  of  the  variables,  whose  index  is 
cypher.  In  this  formula  each  term  must  include  a  Uteral 
coefficient,  expressive,  in  general,  of  any  value,  >  0,  <  0, 
or  =  0.     Thus,  the  general  equation  of  \\\q  first  degree  is, 

Ay  +  bo:  4-  c  =  0. 
That  of  the  second  degree^ 

Aj/'  4-  Bxy  +  CJT®  +  ny  +  EX  -f  F  =  0,  &c.  &c. 
And  in  all  such  formulse  the  symbols  a,  b,  c,  &c.  arc  each 
imdcrstood  to  represent  quantities,  >  0,    <  0,  or  =  0,  as 
the  case  may  be  in  particular  instances. 

The  loci  of  equations  are  investigated  according  to  tlieir 
degrees,  beginning  from  the  first. 

The  discussion  of  a  general  equation  is  the  investigation 
of  its  Ukus,  and  the  effects  produced  on  the  locus  by  the 
various  values  and  signs  which  its  constant  quantities  may 
have  in  particular  cases. 


SECTION  III. 

Discussio7i  qfOie  general  eqiuUioti  of  Oie  first  degree. 

(14.)  Let  the  fixed  axes  yy'  and  xx'  be  assumed. 

In  the  general  equation,  Ay  +  bo.*  +  c  =  0,  the  coefficient 
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of  one  or  other  of  the  variables  must  be  finite ;  for  if  a  =  0, 
and  B  =  0,  %*  also  c  =  0,  and  the  equation  would  cease  to 
exist. 

LfCt  A  represent  the  finite  coefficient,  and  putting  the  equa- 
tion under  this  form, 


c 


X 


B 
A 


Let  Ap  and  ap  be  any  system  of 
values  of  y  and  x  resulting  from 

this  equation.     Let  ab  =  — ,  •.• 


Bp  =y  -f 


BV             B         _ 
•••  —  = .     Let 


A  AP  A 

the  parallels  pm  and  pu  be  drawn, 

J     •  B/}  B 

and  smce  ap  =  om  •.'  — ^  =  —  — 

^         pM  a 

%*  B/7 :  pu  is  a  constant  ratio ;  and  since  b  is  a  fixed  point, 

the  locus  of  M  must  be  a  right  line,  l'l. 

(15.)  This  right  line  being  designated  by  tlic  symbol,  l^ 

an.  Ix      Bp  B    __  ,,  .       .       , .  ,       b   . 

-T r-  =  -^  =  —  — .  Hence  all  equations  m  which is 

sin.  a/      pM  A  ^  A 

the  same,  represent  parallel  lines. 

(16.)  If  B  =  0,  •.•  sin.  Ix  =  0,  •••  the  line  ll'  is  parallel 
to  xx',  i.  e.  in  general,  **  If  the  coefficient  of  either  variable 
=-.  0,  the  equation  is  that  of  a  right  line  parallel  to  the  axis 
on  which  the  values  of  that  variable  would  be  measured," 
*•*  A^  -f  c  =  0  is  the  equation  of  a  parallel  to  the  axis  xx, 
and  bo:  +  c  =  0  a  parallel  to  yy'.  In  these  cases,  if  c  =0, 
the  first,  by  dividing  by  a,  gives  ^  =  0,  and  the  latter,  by 
dividing  by  b,  gives  x  =  0 :  these  are  the  equations  of  the 
axes  themselves. 

(17.)  If  neither  of  the  coefficients  (a,  b)  =  0,  the  right 
line,  being  parallel  to  neither  axis,  meets  both.    To  find  the 
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IS 


points  where  it  meets  yV,  let  ^  =  0  in  the  general  equation, 

c 
•.•y  = ,  the  distance  of  b  from  the  ori^n  (a).    To  find 

A. 

c. 
where  it  meets  xx',  let  j/  =  0  •/  a:  = ,  the  distance  ac. 

(18.)  If  c  =  0^  the  points  c  and  b  coincide  with  a,  *.* 
A^  +  bj:  =  0  is  the  equation  of  a  right  line  through  the 
origin. 


(19.)  If  A  and  b   have   the 
same  sign  witli  c,  •.• and 

—J  are  both  negative,  •.•  the 

B 

right  line  intersects  both  axes  of 
co-ordinates  at  die  negative  side 
of  A. 


(20.)  If  A  and  b  have  a  sign 
different  from  c,  •/ and 

'  A 

are  positive,  •/  the  right 

line  meets  both  axes  at  the  ix>- 
utive  side  of  the  origin. 


(21.)  If  A   and   c  have  a 
different  sign  from  b,  •.'  —  — 


c 


is  negative,  and is  posi- 
tive, •/  the  right  line  meets 
yy'  at  the  negative  and  xx'  at 
the  positive  side  of  the  origin. 


14  ALGEBRAIC    GEOMETBV. 

(22.)  If  B  and  c  have  a  sign 

c 
different  from  a,  '.• is  po- 

sitive,  and is  negative,  ••■ 

B 

the  right  line  meets  yy'  at  the 
posiUve,  and  xx'  at  the  negative  side  of  the  origin. 


SECTION  IV. 

Of  the  equations  of  right  lines  restricted  by  certain  con- 

dition^, 

PROP.  I. 

(23.)  To  find  Hie  co-ordiiuUes  of  the  point  of  intersection  tf 
two  right  lines,  whose  equations  are  giveti. 
Let  the  given  equations  be 

A^  4-  ar  +  c  =  0, 

a!i/  -\-  b'x  -j-  d  =  0. 

The  point  of  intersection  being  that  point  whose  co-ordinates 

must  fulfil  the  equations  of  both  right  lines ;  let  the  variables 

in  these  equations  express  them,  and  the  resulting  values  are, 

Bc'  —  b'c        _      Ac'— a'c 
•^  ""      ba'  —  b'a'       ~~      ab'  —  a'b' 
(24.)  If  the  numerators  of  these  formulae  be  finite,  and 
ab'  —  a'b  =  0,  the  lines  are  parallel^  the  point  of  intersection 
being  supposed  infinitely  distant.     This  condition  of  paral- 
lelism was  offered  before,  where  it  was  established  tliat  lines 

n  a 

are  parallel  if  —  =  — j ,  i.  e.  ba'  —  b'a  =  0. 

A  A 

But  if  at  the  same  time  that  ab'  —  a'b  =  0,  also  ac* — a'c = 0, 
and  •••  Bc'  —  b'c  =  0,  the  two  lines  coincide,  for  then  their 
equations  being  put  under  the  forms, 


i 
f 

i 


ALOEBKAIC    GEOMKTKY.  15 


y  +  —«  +  —  =  0, 


b'  C*         „ 

y  +  TT^  +  TT  =  0' 

B  b'  C  c' 

are  identical*  since  —  =  —7,  and  —  =  — 7 

A  a"  a  a' 


PROP.  II. 

(S5).  To  investigate  tlie  condition  on  which  three  rigid  lines 
loill  have  a  common  point  of  intersection. 
Let  the  equations  of  the  lines  be 

Ay  +  bo:  +  c  =  0, 
A'y  -h  b'o:  -h  c'  =  0, 
A^y  +  B^x  4-  c"  =  0. 
By  equating  either  of  the  co-ordinates  of  the  point  of  in- 
tersection of  the  first  and  second,  with  the  corresponding 
co-ordinate  of  the  intersection  of  the  second  and  third,  there 
will  result,  afler  reduction,  the  equation, 

aIbV  -  b'c^  +  a'Cbc"  -  B^c)  +  a»(b'c  —  «cO  c=  0, 
expressing  the  required  condition. 

If  any  of  the  lines  be  parallel  to  either  axis  of  oo-<»xlinatcs, 
the  formula  must  be  determined  by  that  variable  which  b 
common  to  the  three  equations. 

PROP.    III. 

(26).  To  find  the  equation  qfa  right  line  2>assing  through 

a  given  point. 
Let  the  point  be  j/x'y  and  the  sought  equation 

Aj/  +  bj:  +  c  =  0. 
Since  j/jf  is   on    the   right  line,    •.•  a^  +  bo/  +  c  =  0, 
*.*  by  subtraction 

Ay  +  Ba:  —  (Ay  +  Bx*)  =  0,  or 
A(y -.!/)  + B(;r  -  a:^  =0. 
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This  formula  might  also  be  demonstrntcd  thus:  the 
equation  must  be  such  as  that  when  j/a!  are  substituted 
in  it  for  yx^  the  whole  shall  be  equal  to  cypher ;  hence 
c  =  -  (aj/  +  8^). 

PROP.  IV. 

(270     ^^  express  the  eqiuUion  qf  a  riglU  line  passing 

ihrovgh  two  given  points. 

Let  the  co-ordinates  of  the  points  be  y^,  j/^sP.  By  (26) 
the  equation  of  a  line  through  jfa:P  is 

aO^-/)  +  b(j:-x")  =  0. 
But  since  this  line  also  passes  through  j/af^  the  ecjuation 
must  hold  good  after  substituting  yx'  {oTyx\  *.' 

A(y  -  y)  +  B(a?'  -  a:")  =  0. 
From  this  and  the  former,  the  result  is 

{of  -  af^y  -  (y  — y)r  -h  j/jif*  — y^  =  0 ; 

or, (x' -  a;^)  Cy  -y)  -  (y  -30  (^  -  ^"^  =  0. 

PROP.  V. 

(28.)     To  ucpress  the  equation  qfa  right  line  making  given 
angles  with  tfie  axes  qfco-ordinates* 
Let  the  given  angles  be  Ix^  ly.    Let  the  genei-al  equation 
of  the  right  line  be  divided  by  a,  and  it  becomes 

B       .     c 

•^  A  A 

B  sm*  Ix  c 

Let  —  =  — .  '     ,  and  —  un.  /v  =  C  i  *•*   ^^c   sought 
A  sin.  1.1/  K  ^  *^ 

equation  is 

sin.  ly  •y  —  sin.  tx  .  x  f  c'  =  0. 

PROP.  VI. 

(29.)     To  express  Hie  equation  qf  a  right  line  passing 
ihrougfh  a  given  pointy  and  making  given  angles  xciih 
the  axes  of  co-ordinates. 
The  given  point  being  f/x\  and  the  given  angles  ly  and 
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tx  it  follows  from  (26)  and  (15)  that  the  sought  equation  is 
sin.  fy .  (y  —  y)  —  sin.  Ix  {x  —  x')  =  0. 


PROP.  VII, 

(80.)  To  express  tlhc  angle  under  two  lines  as  a  Junction  of 
their  eqiuitions,  and  of  the  angle  of  ordination. 

Let  the  equations  be 

A^  +  B*^   +  c  =  0, 
A'y  +  b'jt  +  c'  =  0 ; 
sin.  Ix  B  sin.  Px         b' 

sin.  ly         A  '  sm.  /'y""      a'* 

But,  fj/  =  y^  —  l^i  Py  =  ^^  -"  /'•*' ; 

sin.  io:  b  sin.  tx  b' 


sin.  {yx  —  /x) ""      a  '     sin.  (yx  ^/x) ""      a'  * 
By  expanding  the  denominators^  and  dividing  both  numera- 
tor and  denominator  of  the  first  by  cos.  Ix,  and  of  the  second 
by  COS.  fx,  the  results  solved  for  tan.  Ix  and  tan.  tx  are 

_  Bsih.^o:  „  s'sin.v^ 

tan.  Ix  = -— — ,    tan./'a:=  —. :. 

Bcos.^a:  — A  B'cos.yx— a' 

Let  the  angle  under  the  lines  be  Ify 

W  =z  (1x-Vx)% 

"  \-\-XBXi.lxtJBLH,fx' 

Substituting  in  this  formula  the  values  found  above, 

(ab'— A'B)sin.^i: 

tan.  W  =  — r- — ^T'T — T"; — r  v       — i 
A  a'  +  bb' — (  ab' + ab)  co^yx 

which  expresses  the  angle  IP  as  a,  function  of  the  two  equa- 
tions, and  the  angle  of  ordination. 

(31.)  Cor.  1.     If  the  angle  of  ordination  be  right, 

cos.  yx  =  0  *.• 

,,,      ab'-a'b 

tan.  IP  =  — r- J. 

aa'+bb' 
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(82.)  Cor.  2.  If  the  angle  under  the  lines  be  right,  Un.  // 
is  infinite,  *•' 

aa'+bb'— (ab'  +  a'b)cos.  yo?  =  0. 
(33.)  Cbr.  8.     ItlP^yx, 

aa'  +  bb'— 2AB'cX)S.J^a7  =  0. 

(84.)  Car.  4.    If  It  ^  yx  ^  90°, 

aV  +  bb'  =  0. 

(85.)  Cot.  5.     If /'coincide  with  the  axis  of  or,  IP^Ijc^ 

and  tf  =  0,  (16.) 

,  Bsin.v^ 

tan.  IX  = . 

Bcos.yj?— a 

(36.)  Cor.  6.     In  like  manner,  if  P  coincide  with  the  axis 

ofjfjt-  Iff;-.' 

tan.  lu  = — . 

*^      Aoos.yx  —  B 

PROP.  VIII. 

(  37.)  Tojind  the  equation  qfa  right  line  inclined  at  a  given 

angle  to  a  given  right  line. 

Let  the  given  angle  be  //',  the  given  right  line 
Ay  +  Ba?  -f  c  =  0,  and  the  sought  line  Aly  +  b'x  -f  c'  =  0. 
In  the  formula 

_  (  ab'  ""  ^^)  sin.  yx 

^^'      ""  aa' + bb' — ( ab'  4-  a'b)  cos.  yx'* 
found  in  (80),  by  dividing  numerator  and  denominator  by 

b' 
aa',  and  solving  for  — r,  the  result  is,  after  reduction, 

A 

b'  _  B  sin.  (yx — W)  +  a  sin.  II 
-a'  ""  Asin.  (yx+B')  — Bsin.  S'* 

therefore  ttie  sought  equation  is 

{Asin.(ya:+B')— Bsin.fl'|y+{Bsin.(yx— //')^-Asin.//'}Jr+ 
c''  =  0, 

where  c"  is  indeterminate. 


«:.«■  .^ 
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(38.)    Cor.   1.      If  the  angle  of  ordination  be   rights 
sin.  {yx  ±lf)  =^  cos.  //' ;  *.*  in  this  case  the  formula  becomes 
(a  cos.  II "^b sin. ll')y  +  (b cos.  W  ■\-  a  sin.  It) x  +  c"  =  0. 

(39.)   Cor.  2.     To  find  the  equation  of  a  Ivtie  perpendicular 

to  a  given  line. 

In  the  general  fonnula  (37)  ^1/7=90°,  '.•  sin.  (yx±lP)= 
±  COS.  yx ;  '.*  the  equation  sought  is 

(a  cos.^a;  — •  B)y  —  (b  cos.,yx  —  a)  a?  +  c/'  =  0. 
(40.)  In  this  case,  if  the  angle  of  ordination  be  right,  the 
equation  is 

By  —  AX  —  c"  =  0, 
which  is  the  equation  of  a  right  line  perpendicular  to  a  given 
line,  and  referred  to  rectangular  co-ordinates. 

(41.)  Cor.  8.  To  find  the  equation  of  a  right  line  inclined 
to  a  given  right  line  at  an  angle  equal  to  the  angle  of 
ordination. 

I^eiyx  =  //',  •••  sin.  {yx  —  IP)  =  0,  and  sm.(yx  -\-  It)  zz 
sin.  S^yx  zz  2  sin.yx  cos.yx ;  *.*  the  sought  equation  is 
(2a  co8.yx  —  b)^  -h  a^  +  c''  r=  0. 
(42.)  The  formulae  established  in  the  preceding  questions 
may  be  further  modified  by  subjecting  the  right  lines  sought 
to  pass  through  a  given  point ;  the  general  formula  (37)  will, 
in  this  case,  by  (26)  become 

{ A  sui.  (yx  +  if)''B  sin.  It]  {y  —  j/) 
+  { B  sin.  (yx  ^  IP)  -{-  a  sin.  C }  (ar  —  a/)  =  0. 
(43.)  The  formula  in  (40)  becomes 

B(y-y)  -  a(^-  j:')  =  0. 


c  2 
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It  18  clear  that  (29)  is  a  particular  case  of  (37),  and  can  be 
deduced  from  it 

PROP.   IX. 

(44.)  To  express  the  length  of  a  line  Joining  ttco  points. 
Let  the  points  be  yxj  %fa}^  and  l  the  sought  length  ; 

L=  V(y  — j/)*  +  (p^ — ^')*  H-  2(y  — y )  [x — a/)  COS. yx. 
If  the  co-ordinates  be  rectangular, 

L  =  >v/(y -i^)*  +  (a:-^)«. 
These  formulae  are  derivable  from  the  common  principles  of 
geometry.. 

PROP.  X. 

(45.)  To  express  (lie  intercept  of  a  given  right  line  between 

two  points  situate  on  it. 

Let  the  right  line  be  A|y  +  b'x  +  c'  =  0,  and  the  points 
vx,  andyj:'.    By  (26)  ^^— A=  -^-y »  *•'  ^"^^ 


_  ^k     ■v^a"  +  B »— 2a'b'.cos.  yF 

.    L  —  ^.l?  ""^       /  •  f  • 


PROP.  XI. 


(46.)  To  express  the  distance  between  any  point  on  a  given 
line  and  the  point  where  it  intersects  anotlier  given  line. 

Let  the  lines  be  A'y  +  lix  -I-  c'=0,  and  a^  -f  b^  -f-  c  s=  0, 
and  let  the  point  given  on  the  first  be  t/x*.     In  the  formula 
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in  (45),  substituting  for  a:  its  value  for  the  point  of  inter- 
section found  in  (23),  the  result  expresses  the  sought 
distance, 

L  =  -•^—, j^  v^a'^  +  b'^— SVb'cos.  yx' 


PROP.  XII. 


(47.)  To  express  the  length  of  a  line  draxonfrovi  a  ffivcn 
point  to  meet  a  given  right  line,  and  inclined  to  it  in  a 
given  angle. 


'■c 


In  the  formula  of  (46)  substitute  for  a'  and  b'  the  values 
for  them  in  the  formula  found  in  (37),  and  the  result  will 
be  the  formula  sought ;  but  for  brevity,  let  the  substitution 
be  only  made  in  the  terms  of  the  denominator,  retaining  the 
symbols  a',  b'  under  the  radical,  signifying,  however,  the 
values  in  (37),  the  result  is 


_       A?/ +  bj:'  \  c      a/a'-  +  b'-— 2a'b'  cos.  lyx 
'  ~  sin.  //'       *      A-+B^ — 2ab  COS.  yj;  ' 

(48.)  Cor,  1.     If  the  co-ordinates  be   rectangular,   the 
formula  is 

Ay-f-Bor'+c 
Sin.  IC  v/A*  -h  B« 
for  COS.  yx  =  0,  and  by  the  values  in  (38),  a'-  H-b'«= a=  +  b«. 


(49.)  Cor,  2.     To  express  the  length  of  a  perpetidicular 
drwwnfrom  a  given  point  to  a  given  right  line. 

In  (47)  let  sin.  W  =  1,  '.• 


^  V A  «  +  b'^  -  2a'b'  COS.  /At- 

^  -^  A'H-b-  — »ab  cos.  yx 


•k^ 


OQ 
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(50.)  Cor.  3.     If  the  co-ordinates  be  rectangular,  also 

Ai/H-B.r'+o 

a/A^  +  D'^ 


(51.)  Cor.  4.  To  express  the  length  of  a  Vine  drawn  from 
a  given  ])oint  to  meet  a  given  line,  and  inclined  to  it  at  an 
angle  equal  to  the  angle  of  ordination. 

In  (47)  let  //'  =  i/Xj  and  let  a'  and  b'  have  the  values 
in  (37)  restricted  by  the  condition  of  If  =  yx^ 

Al/  -{-BX^  +  C 


a/a-  -h  B^  —  JiAB  cos.^ya' 


SECTION  V. 

Propositions  calculated^  for  exercise  in  the  application  of  the 

equations  qftficjirst  degree. 


PROP.  XIII. 


(52.)  To  investigate  the  intersection  of  the  three  perpenr 
dkularsjrom  the  angles  of  a  triangle  on  the  opposite 
sides. 

Let  the  base,  ac,  of  the 
triangle  be  taken  as  axis 
of  Xy  and  a  perpendicular 
OY  through  it  as  axis  of 
y ;  let  the  co  ordinates  of 
■y^  6  be  .ry,  those  of  c,  af*^ 
y  =  0.  Let  aa\  bV,  cd, 
be  the  three  perpendiculars.  The  equations  of  the  three 
sides  result  from  the  formula  of  (27).     Uencc, 
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The  equation  of  ab  is  -  afy  —  t/x  =  0. 

The  equation  of  ac  is  -  -  ^  =  0. 

The  equation  of  he  is  {of  —  cd^y  —  ^{oc  —  a:")  =  0. 
Hence,  those  of  the  three  perpendiculars  result  from  the 
formula  (43): 

The  equation  of  ad  is  yji/  —  (.r''  —  af)x  =  0. 

The  equation  otbV  \s         -  or  —  j:'  =  0. 

The  equation  of  cd  is   j/y  +  a^{x  —  jr")  =  0. 
Eliminating  y  from  the  first  and  third,  the  value  of  x  for 
the  point  of  intersection  is  afj  and  this  value  being  sub- 
stituted in  either,  we  find  the  co-ordinates  of  the  point,  0,  of 
intersection  of  ad  and  cd^ 

Y  =  .i J X  =  Xf. 

y 

(53.)  Cor.  Hence,  it  follows  that  the  three  perpen- 
diculars intersect  in  the  same  point;  for  since  the  values  of  x 
for  the  points  h  and  0  arc  the  same,  the  same  perpendicular, 
bV,  must  pass  through  both. 

PROF.  xiv. 

(54.)  To  investigate  the  point  of  intersection  of  the  bisectors 
of  the  Hu'ce  sides  of  a  triangle  drawn  through  Hie  several 
vertices. 

The  axes  of  co-ordinates  .  ,    7 

being  as  before,  and  ad^  bVy 

cd^  being  the  bisectors,  and 

the  point  b  being  ^j/,  and 

c,  x'^O ; 

y      :d^+x^ 
The  co-ordinates  of  point  d  are  -7^,    — - — . 

The  co-ordinates  of  point  tf  are  0,   -3-. 

The  co-ordinates  of  point  d  arc  ^^   -7,-. 
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Hence,  by  formula  (Ji7), 

The  equation  of  aci  is  {a^  +  ^'')y  —  i/x  =  0. 

The  equation  of  bU  is  (2a:'  -  aP)y  —  y(2x  -  x'O  =  0. 

The  equation  of  cd  \s  (of  —  9j^)y  —  i/{x  —  ar")  =  0. 
The  values  for  y  and  x  found  from  first  and  second  are  ; 


x'  = 


af+a^ 


3'         "  3     • 

The  same  values  being  found  from  the  second  and  third, 
proves  that  the  three  bisectors  meet  in  this  point. 

It  is  obvious  from  the  proportion  of  y'  to  y,  that  each 
bisector  is  divided  at  their  common  point  of  intersection  in 
the  ratio  of  1  :  2. 

(^55,)  Cor,  From  the  principles  of  MecJuinics^  it  is  ob- 
vious that  this  point  is  the  centre  (yfgravMy  of  the  triangle. 


PROP.   XV. 


(56.)  To  ifivesli^-ate  the  point  of  intersection  of  perpen-' 
diculars  to  the  three  sides  of  a  triangle,  drawn  through 
tlieir  several  jxnnts  of  bisection. 

Tlie  axes  of  coordinates  being 
as  before,  the  equations  of  the 
three  perpendiculars  result  from 
the  equations  of  the  sides  ex- 
^'  pressed  in  (52),  and  of  the  co- 
ordinates of  the  points  a\  b\  c\  in  (54),  by  the  formula 
(43).     Hence, 

The  equation  of  c'o  is  y(// o)  +  ^'(^^ rr)  =  0. 

The  equation  of  o'o  is 

The  equation  of  i/o  is  a;  —  ~-  =  0. 


f 

4 


'  .J 


ALGEBRAIC  GEOMETRY.  25 

By  the  first  and  second  equations  we  find  the  co-ordinates 
of  the  point  of  intersection  of  do  and  do  to  be, 

Hence,  since  the  same  values  result  from  the  second  and 
third,  it  appears  that  the  three  perpendiculars  meet  in  this 
point. 

(57.)  Cor.  The  distance  r  of  the  point  o  from  each  of  the 
angles  of  the  triangle  may  be  hence  found, 

R«  =  y"«  +  x"«  =  ^^-^ 7-j--^ — ^ . 

Let  ab  =  c,  be  =  dj  and  ac  =  c".   Hence,  y*  ^-  x'^  =  c^, 

y'  =  c",  also,  c«  +  (Z'*  =  (/*  +  ScTx',  •.•  j:'  =  ,  .. . 

By  substituting  fory*  -f  a/*,  its  value,  and  changing  a/'  into 
c",  we  have 

And  since  2c^^  =  c*-  +  c''*  —  cf\  •.•  c«  -{/'a:'  = jz 

Also,  y«  =  c«  -  ^'«  =  c^  -  ^^ 7-,7^ ^.     Making  these 

substitutions,    and    observing   that    (c*   +   cf^  —  c''^y  — 
(c9  4-  £:^2  —  c'«)«  =  4c«(c'«  -  c''«),  we  find  that 

^  ""  4y*'  '•'  ^  ""  %^  "■  ^' 

Let  the  area  of  triangle  be  a,  •••  y'c'^  =  2a,  hence 

cc'c" 

» 

This  expression  being  symmetrical  with  respect  to  the 
three  sides,  must  be  the  same  for  each  of  the  three  vertices, 
and  therefore  the  distances  of  the  point  o  from  the  three 
angles  are  equal.  Hence  it  appears  also,  that  the  point  o 
is  the  centre  of  the  circumscribed  circle,  and  tlie  value  of  r 
is  its  radius,  expressed  as  a  function  of  the  three  sides. 


-t 
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cd 
The  equation  r  =  3-p,  which  gives  ^Ry*  =  caf,  proves 

that  the  rectangle,  under  any  two  sides  of  a  triangle,  is  equal 
to  the  rectangle  under  the  perpendicular  on  the  third  side, 
and  the  diameter  of  the  circumscribed  circle. 

If  y"  =  0,  c2  =  c'V,  and  hence  (^  +  d^  z=  cP%  •.-,  there- 
fore, the  angle  is  a  right  angle ;  hence  the  angle  in  a  semi- 
circle is  right. 

If  y"  >  0,  (^  >  d'x',  •••  d^  +  d^  >  c^«,  •/  the  angle  b  is 
acute,  and  *.*  the  angle  in  a  segment  greater  than  a  semicircle 
is  acute. 

If  y"  <  0,  c«  <  c/V,  •.•  c«  +  (/*  <  d%  •••  the  angle  b  is 
obtuse ;  and,  therefore,  the  angle  in  a  segment  less  than  a 
semicircle  is  obtuse. 

PROP.  XVI. 

(58.)  The  three  points  qfintersectiouy  P,  of  the  perpendicfi- 
larsfrom  the  angles  of  a  triangle  on  the  opposite  sides  ; 
2%  of  the  bisectors  of  the  sides;  3%  qf  the  perpendictilars 
drawn  through  the  points  of  bisection  of  the  sideSy  wiU  be 
in  the  same  right  line. 

The  equation  of  a  right  line  through  the  points  yx  and 
y'x'  is, 

{y  -  y')  (x  -  x')  -  (Y  -  Y^)  (x  -  x')  =  0. 
Substituting,  in  this  form,  the  values  already  found,  it  be- 
comes, after  reduction, 

y^(3y  _  y')  [2jf  -  x'O  -  { 3(0:^  -  J7  V  -y  2 }  (3a:  -  j/  -  a/')  =:  0. 
The  values  for  y''  and  x"  being  substituted  fory  and  x  in  this 
equation,  will  fulfil  the  conditions,  and  therefore  the  right 
line  joining  the  points  yx  and  y'x'  must  pass  through  y'^x''. 
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PROP.    XVII. 

(59.)  To  investigate  the  intersection  of  the  bisectors  of  the 

three  angles  of  a  triangle. 

The  axes  of  co-ordinates  being 
placed  as  before,  let  aa^  and  cd  bi- 
sect the  angle  a  and  c  respec- 
tively. 

The  equation  of  aa'  is, 
y  —  tang.  4  a  .  a*  =  0. 

The  equation  of  cd  is,  y  +  tang.  ~c.{x  --  (T)  =  0. 

-_      .  sin.  a  -  sin.  c 

Butainoetang.i  =^-j-^-,  and  tang.  ^c=^-^-^-, 

J   .  1/  a/      .  1/  d^  —  a} 

andsm.  a  =  ^^,  cos.  a  =  — ,  sm.  c  =  --r,cos.c=  — -j — > 

c  c  C  cr 

the  equations,  by  these  substitutions^  become, 

(c  +  x^j  -  ya;  =  0, 

(c'  +  c«  —  ^)y  +y(a:  -  c")  =  0. 

From  the  two  equations,  the  co-ordinates  of  the  point  of  in- 
tersection are, 

^    "c-hc'  +  c"'  "c+c'  +  c"' 

2a 
But  iic^  =2a,  •.•  y'"  =  — — ; — -u .  also 

2cV  =  c«  -f.  c''^  —  c/^  •.•  9^\c  +  x')  =  (c  +  d^y  -  c'2  = 

cJud^^d    c^-d-^-d^ 

The  values  of  x'''  being  symmetrical  with  respect  to  the  sides, 
will  be  the  same,  whichever  side  is  assumed  as  axis  of  x ; 
hence  it  follows,  that  the  three  bisectors  meet  at  the  same 
point,  and  that  the  perpendicular  distances  of  that  point, 
from  the  sides  of  the  triangle,  are  equal.  Hence,  also,  that 
point  is  the  centre  of  the  inscribed  circle ;  and  the  value  of 
y'"  expresses  the  radius  of  that  circle  as  a  function  of  the 
sides  of  the  triangle. 
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PROP.    XVIII. 

(60.)  To  find  the  locus  of  a  jmnt  from  xvhich  hvo  righi  Unes, 
drawn  at  given  angleSy  to  two  lines  given  in  position^ 
slwJl  liave  a  given  ratio. 
Let  the  equations  of  the  two  right  Hnes  given,  in  position 

referred  to  rectangular  co-ordinates,  be, 

Ay  +  BJ*  +  c  =  0,  A[y  4-  b'x  +  c'  =  0. 

The  given  angles  being  0  and  f ',  the  point,  whose  locus  is 

sought,  being  yx ;  let  -^  =  — j-.     But  by  (48) 

Ij  III 

L  = r 


l'  =  - 


Sm.  (p   v^A'^  +  B^ 

A'jy4-B'.r-f  c' 
sin.  oVa'"+b'*' 


•.•  (Ai/  +  Bx  \-  c)  >/a'^  +  b'«  .  m!  sin.  tp'  =  {a'?j  +  b'jc  +  d) 

a/a'^  H-  b-  .  m  sin.  ^w, 
which  being  a  simj)lc  ec|uation,  the  locus  is  a  right  line. 


PROP.    XIX. 


(Gl.)  A  parallel  to  the  base  of' a  triangle  being  drawn,  and 
its  points  of  intersection  being  connected  with  the  ex- 
tremltles  of  the  base^  to  find  the  locus  ofth^  intersection  of 


the  connecting  lines. 


V  .c^^\ 


Let  AC  he  tnc  axis  of  vT,  and 
that  of  1/  perpendicular  to  it ; 
also,  let  the  perpendicular  di- 
stance of  the  points  n  and  e, 
from  the  base,  be  b.  Since  the 
equation  of  ab  is  ^a:'— yar=0, 
and   D   is   a   point  on  it,  the 


value  of  *r  for  the  point  i>  i;s  -j  .    Tiic  equation  of  j»(.  bcin;:; 
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y{a^ — :r'')  — ^'(ar — jr'') = 0,  and  the  poi  nt  e  being  on  the  line,  the 
value  of  X  for  the  point  b  is  -^^ -. — - — .     Hence, 

The  equation  of  ae  is,  y  = 


The  equation  of  cd  is,  y  =       ,       ,  j,(x  —  a:''). 

Eliminating  b  from  these  etjuations,  we  find  the  equation  of 
the  locus  of  the  point  of  intersection, 

i/(2x'  -  x')  —  Sj/'x  +  i/x'  =  0,  or 


a:"  .  .  or" 


^  which  by  (27)  is  the  equation  of  a  right  line  passing  through 


x'' 


the  points  y^:',  and  -^j  0:  hence,  the  locus  sought  is  a  right 
line,  bisecting  the  base,  and  passing  through  the  vertex. 


PRor.  XX. 


(62.)  Aparalkl  being  drawn^  as  before^  to  find  the  locus  of 
the  intersection  of' perpendicuiars  to  tlic  sides  thro7igh  its 
extremities. 
The  co-ordinates  of  the  points  d  and  e,  being  expressed 

as  above,  and  the   equations  of  the  sides,  as  in  (52)  the 

equation  of  the  perpendicular  through  d  is, 

bx^ 

!/{y  -  6)  +  A^'  "  y)  =  ^- 

The  equation  of  perpendicular  through  £  is, 

f^y  -b)  +  (x' - ^0  (^  -  ' if~^^ 

Eliminating  b  from  these  equations,  the  result  is, 

{ify\xx)\jJ^Hx'^3?f\^{jfy^(x'-x'^){x-xX{^^^^ 

But, 
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A  expressing  the  area.  Making  these  substitutions,  the  equa- 
tion, after  reduction,  becomes, 

4Ay(c'«— c«)+x{c^(c''+0-(c'~0' }  +c"c«(c--(y'2_^i)=:0i 
which,  being  an  equation  of  the  first  degree,  shows  the  locus 
sought  to  be  a  right  line. 

PKOP.    XXI. 

(63.)  Tojind  the  locu^  of  a  point  from  which  the  sum  of  the 
])erpetidiculnrSf  draxcn  to  several  right  lines  ffiven  in  po^ 
sitioHy  may  have  a  given  magnitude.  ^SH 

Let  the  equations  of  the  right  lines  given  in  position  be. 

Ay  +  Ba:  +  c  =  0, 

a'j/  +V.r  +  (y=:0, 

A^t/-\-  Ji!x  +  c"=0. 


A'")y  +  b'"U'  +  c'"J  =  0. 
The  co-ordinates  of  the  point,  whose  locus  is  sought,  being 
expressed  by  the  general  symbols  yxy  the  perpendiculars  re- 
spectively are, 

A7/+Br-fC 

p  = J 


~    ^/a'H^  ' 

A 


_  A^.y+B^r+c'^ 


«..    9 


a/a''Hb"" 


A<''V+B.r(">+(!<"' 
r  ''=       '^     ' . 

the  conditions  of  the  question  give  the  equation, 
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r      A  a'  a<">       ^ 


'  !.:«) 


{B  B'  B"'  1 
— JL. »•«  ^  t   j7    _1_ 
^/A2  +  B«      \/a'^+b'*             ^/A'"«-}-B*"'«J 


C' 


+        ---=:  +  •'•  =  M, 


a/a2  +  b*     -x/V^+b'« 
which   being  a  simple  cquadon^  shows  the  locus  to  be  a 
right  line. 


PROP.    XXIT. 

(64.)  To  express  the  area  of  a  polygon  as  a  function  of  the 
equations  of  Hie  sides,  (znd  the  co-ordinates  of  a  point 
within  it. 

Let  the  equations  of  the  sides  be  expressed  as  in  the  last 
prop.  By  the  formula  (27)  it  appears  that  ?/V,  y^>  being 
the  co-ordinates  of  the  extremities  of  the  first  side,  a = a/ — j:'', 

B=  -  (y— /).  Hence,  \/a«+b«=  v  (^ -3/" )*+(^— ^F=--^» 

c  being  the  first  side  of  the  polygon ;  and  for  the  same  rea^ 

son,  the  several  denominators  of  the  values  of  p,  p',  p'',  &c. 

are  the  successive  sides  c,  d,  d\  e'",  &c. 

Let  the  figure  be  supposed  to  be  resolved  into  triangles, 

by  lines  drawn  from  the  point  within  it  to  the  several  angles, 

a  being  the  area 

2a  =  PC  -f  r'c/  +  pV p'"'c»  .  (1)  •.• 

2a  =  (Aj/'  +  Ba*'  +  c)  +  (Ay  i-  B'a/  +  c/) 

(A<"y  +  B<">^  +  d^%  (2), 

which  is  the  required  function^  j/x^  being  the  co-ordinates  of 
the  point  within  the  polygon.  If  the  figure  be  a  regular 
polygon,  of  which  c  is  the  side,  (by  equat.  1),  we  have 

2a 
p  +  p'  +  p' P^"^  =  — .     This  value  being  inde- 
pendent of  yx'. 
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(65.)  Cor,  It  follows  that,  in  a  regular  polygon,  the  sum 
of  the  perpendiculars  on  the  sides  from  any  point  within  it, 
is  of  a  certain  magnitude.  If,  at  the  same  time,  the  per- 
pendiculars are  equal  to  each  other, 

5>A 


p  =  — 
nc 


which  is  an  expression  for  the  radius  of  the  circle  inscribed 
in  a  polygon,  whose  side  is  e,  and  whose  number  of  sides 
is  n. 

PROP.    XXIII. 

(66.)  7\)  inscribe  in  a  triangle  a  j)(iralUloffrnm<t  rcJioscmL's 

shall  have  a  given  ratio. 
/  Let  ABC  be  any  given  triangle ; 

let  AC  be  assumed  as  axis  of  x, 
and  AY  making  the  angle  yac 
equal  the  angle  of  the  proposed 
parallelogram.  The  co-ordinates 
of  u  being  j/j/,  those  of  c,  x^Oj  the 
equations  of  ab  and  bc  are  ex- 
pressed as  in  (52.)  Let  s  and 
f/  bc  the  sides  of  tlie  proposed 
parallelogram  ;   and  by  the  terms 

of  the  question,  -.-  =  — .       Sub- 
stituting in   the  equation   of  ab 
;    and,    in  like   man- 


A      D  ^      C 

s  for  y,  we  find   Xy  or   ad  = 


y 


ner,  substituting  s  for  y  in  the  equation  of  bc,  we  find 

sx^  —  x^'         „ 
X,  or  AE  = J h  x". 

y 

If  tlie  parallelogram    be    situate    as  in   the  first  figure, 


y  =  AE  —  An  •/  a'  = 


^-^)^' 


f/ 


r 

,  and  this  combined  with  the 
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equation  s'  =  —  pves  s  =  —f -j^.     But  if  the  paral- 
lelogram be  inscribed  as  in  the  second  figure, 

(^-y)j:"       ^     ^      ^  miaP        ^^ 

•/  y= 2 —  and,  therefore,  *  =  — r-^^ — -=.     Hence,  m 

general,  s  =  — j^ — -^,,  according  as  the  side  of  the  paral 

lelogram  parallel  to  the  base  lies  above  or  below  the  vertex. 
Hence,  there  may  be  two  parallelograms  inscribed,  which 
will  equally  fulfil  the  conditions  of  the  question. 

Hf  m  =  n^  and  the  angle  of  the  parallelogram  be  rights 
the  formula  solves  the  question,  to  find  the  side  of  a  square 
inscribed  in  a  triangle.     In  this  case  9/  is  the  altitude, 

2a 

and  i/x'^  =  2a,  •.•  *  =  -r- — „, 

.7  y  ±xr 

Hence  two  squares  may  be  inscribed  on  each  side  of  a 
triangle,  except  when  the  side  and  perpendicular  on  it  are 
equal:  in  that  case,  the  lower  sign  renders  8  infinite;  and 
the  other  value  of  j,  half  the  side  on  which  the  square 
stands. 

(67.)  Cor.  1.  The  sides  of  squares  inscribed  on  the  sides 
of  the  same  triangle,  are  inversely  as  the  sum  of  each  side, 
and  the  perpendicular  on  it. 

(68.)  C(yr.  %.  The  formula  -jTTJfl  poi^^s  out  a  geome- 
trical construction  for  the  inscription  of  a  square,  by  the 
equation  being  expressed  as  a  proportion, 

y  ±  ^''  •  y ''  ixP '  s. 

If  the  upper  sign  be  taken  through  b,  let  bd  be  drawn 
parallel  to  ac,  and  take  c£  =  ad  and  join  de,  and  through 
c  draw  of  parallel  to  ed,  and  through  e  let  a  parallel 


»»"i-MWPW*— *— *Mi»">»i*^i««^^^*^iMtfc^— ^Jtofcfc'aMiillWii 
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to  AC  be  drawn,  and  ci  will 
be  the  side  of  the  inscribed 
square. 
If  the  lower  sign  be  taken, 
(3^    take  ce  upon  ca  and  equal 
to  AD)  and  draw  ed,  and  pa- 
rallel to  it  draw  cf.     The 
parallel  to  ac  through  f  will 
determine  gi,  the  side  of  the 
£  c  square. 

If  y  =  jr'',  ED  coincides  with  ad,  and  s  is  infinite. 

rROP.  XXIV. 

(69«)  To  find  tlie  equation  of  a  right  Itne^  such  that  ttie  pcr^ 

pendicuiars  drawn  from  several,  givefi  points  to  it  sluM 

have  a  given  magnitude  (m.) 

The  points  being  i/af,  jfai^^  %f^o^^  . . .  y(^>x<''>^  let  the 
sought  equation  be  a^  +  Bar  +  c  =  0, 

By  the  formula  (50),  the  condition  of  the  question  is  ex- 
pressed thus : 

Ay  +  B^  +  C        Ay^H-BJ^-f  C  Ay*-'-hBJ?^"Hc  _ 

""      V'A^  +  B*  -v/A«  +  B«  a/A«  +  B«  ""       ' 

or,  -  A  (y  +y  4-  ...yO  —  B  (a;'  +  a;''  -h  . ..  a:<»>)  -« 

WC  -  M  V'A'^  +  B«  =  0. 

By  dividing  by  n,  and  eliminating  c, 

A  (y  -  ^—^ ^—^  +  B   0? ^ ^ )- 

M    

—  -v/A«  +  B«  =  0. 
n 

or  (y  -  - — ^— )  +  iBXi.  Ixix )  — 

^^  n  ^  ^  n 

—  sec.  Ix  =  0. 
n 

As  the  value  of  the  angle  Ix  still  remains  undetermined,  the 
line  sought  cannot  be  absolutely  determined;  hut  its  position 
is  limited ;  for  let  c  be  a  point,  whose  co-ordinates  are 
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A  perpendicular,  drawn  from  this  point  on  the  sought  line, 
will  be  (60)  — .     Hence  it  follows,  that  if  with  this  point  as 

centre,  and  a  radius  =  — ■,  a  circle  be  described,  any  line 

drawn,  touching  this  circle,  will  have  the  required  property. 
If  the  question  required,  that  the  sum  of  all  the  perpen- 
diculars should  be  =  0,  soil,  that  the  sum  of  those  on  each 

side  of  the  sought  line  should  be  equal,  then  —  =  0,  there- 
fore the  circle  vanishes  into  the  point  c,  and  any  right  line 
drawn  through  this  point  would  have  the  required  property. 
(70.)  Car.  The  point  c  is  manifestly  the  centre  of  gravity 
of  a  rectilinear  figure,  formed  by  joining  the  given  pcnnts. 


SECTION  VI. 
Of  the  tramfbrmation  of  co-ordinates. 

• 

(71.)  It  is  frequently  desirable  to  express  the  equation  of 
the  same  locus  referred  to  different  systems  of  co-ordinates. 
This  is  eflRected  by  expressing  the  values  of  the  co-ordinates 
of  any  point  related  to  one  system  of  axes,  in  terms  of  the 
co-ordinates  of  the  same  point  referred  to  the  other  system, 
and  in  functions  of  this  position  of  the  two  systems  of  axes 
with  respect  to  each  other.  The  values  thus  expressed,  being 
substituted  in  the  equation,  related  to  the  one  system,  give 
the  equation  of  the  same  locus  referred  to  the  other  system. 
Let  yx  be,  the  co-ordinates  of  any  point-  related  to  one 
system  of  axes,  and  ^x^  those  of  the  same  point  referred  to 
the  other  system.  Let  m,  n,  p,  q,  a,  ^,  be  quantities  deter- 
mined by  the  mutual  position  of  the  axes.     Suppose,  then, 

d2 
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y  =  mjf  ■\'  nai  -^c  a^  and  x  =  pjf  +  j.r'  +  b.  If  these 
values  diy  and  x  be  substituted  in  the  equation  of  any  locus 
rekted  to  the  axes  oiy  and  x^  an  equation  will  result  be^ 
tween  the  variables  jf  and  xf^  %.  e.  one  of  the  same  locus 
related  to  the  other  system  of  axes.  The  question  will,  there- 
fore, be  resolved  when  it  is  shown  what  functions  6f  the 
portion  of  the  axes  the  quantities  fn,  n,  &c.  are.' 

(72.)  Let  AY,  AX,  and  aV,  a'x', 
be  the  two  systems  of  axes.  Let 
the  co-ordinates  of  the  point  M 
referred  to  these  axes  bey=MP9 
X  =  AP,  y  =  MP',  a^  =  aV. 
Draw  a' a"  and  pV  parallel  to 
AY  and  x'jf,  and  p^  parallel  to 
AX.  Let  aa"  =  x",  a'a"  =  y,  •.•  y  =  y  +  py  +  i^'M,  or 
y  =  y  +  p'l?  +  p'm,  and  x  ^  xf^  +  A^p  +  p^.  Expressing 
the  angles  under  the  respective  axis  by  the  notation  ex- 
plained in  (12.) 


sin.  afx 
vp  =   ._ .  ar, 


A> 


Sin.  yx 
__  sin.^.r' 
""  sin.  yx    * 


sin.v.r      , 


py  = 


sm.yo; 
£\vi,yx 


y. 


Hence, 


j^=y+ 


a:  =  a:^  + 


y  sin.  yj?  +.r'  sin.  x'x 
sin.  ^x  ' 

of  sin.  a/.y  +y  sin.  j/y 


sin.  yj? 
(78.)  If  the  axes  aY,  a'x',  be  parallel  to  ay,  ax, 

(74.)  If  yx  =  90°,  •.•  sin.  yx  =  1,  sin.  afy  =  cos.  :r'ar, 

and  sin.  j/y  =  cos.  ^x,  '.' 

y  =  y  -j-y  sin.  y^:  +0:'  sin.  x'xy 

X  =  x^^  +  x'  COS.  o/o:  +  y  cos.  y^r. 
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(75.)  If  y^  =  90«, 

y  =  /  +  ^' : , 

^  ar'sin.yjp'— y  cos.^x' 

«2?  SS  J7    -y-  .  • 

sin.yx 
(76.)  Ifyar=yj?'  =  90% 

y  =  y  H-  ^  sin.  :r'a?  -f  y  cos.  j?'x, 
x  =  J?"  +  o^  COS.  a/o:  —  y  sin.  a/x. 

(77.)  If  the  two  systems  have  the  same  origin,  i/'  =  0, 
and  x^'  =  0. 


SECTION  VII. 

The  discussion  of  the  general  equation  of  the  second  decree. 

(78.)  When  an  equation  is  constructed  in  the  manner 
described  in  (10),  its  locus,  if  it  have  any,  is  a  line  in  the 
plane  of  the  axes  of  co-ordinates,  whose  points  are  deter- 
mined by  supposing  each  variable  susceptible  of  an  unlimited 
series  of  values,  positive  and  negative,  and  the  equation 
thereby  furnishing  a  corresponding  unlimited  series  of  values 
of  the  other  variable,  and  thus  determining  the  course  of  the 
locus.  Under  this  view,  it  might  appear  that  the  locus,  of 
every  equation  whatever,  was  (like  that  of  the  first  degree) 
a  line  of  unlimited  extent.  This  would,  in  fact,  take  place 
did  it  not  frequently  happen,  that  certain  values  being  as- 
signed to  either  of  the  variables,  the  equation  furnishes  im- 
possible symbols  for  the  values  of  the  other.  Such  values, 
since  they  have  no  arithmetical,  have  no  geometrical  repre- 
sentatives; or,  in  other  words,  the  locus  has  no  point  corre- 
sponding to  such  values.     In  what  manner  this  circumstance 
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affects  the  figure  of  the  locus,  whether  by  limiting  its  extent 
in  one  or  more  directions,  or  by  completely  circumscribing 
it,  is  cicterininecl  by  certain  relations  between  the  constant 
parts  of  the  equation.  Tlie  values  of  these  affect  some- 
times the  form  and  properties  of  the  line,  and  sometimes 
only  its  (xisition  with  respect  to  the  axes  of  co-ordinates. 
The  general  equation  of  tlie  first,  degree  was  found  to  ge- 
nerate a  right  line,  whatever  tlie  values  of  the  constant 
parts  might  be,  and,  therefore,  in  this  case  they  merely 
affected  the  position  of  the  line ;  but  its  figure  and  properties 
were  independent  of  their  particular  values.  This,  however, 
does  not  happen  in  other  cases.  In  equations  of  the  higher 
degrees,  it  is  found  that  not  only  the  position  of  the  locus, 
but  its  nature,  form;  and  properties,  depend  on  the  relative 
values  of  the  constant  parts ;  and  that  loci  of  different  species, 
that  is,  having  different  forms  and  properties,  will  be  ge- 
nerated by  equations  of  the  same  degree,  according  to  the 
relative  values  of  the  constant  parts. 

(79.)  The  classification  of  the  different  species  of  lines 
included  under  a  general  equation,  and  the  investigation  of 
the  functions  of  the  constant  parts,  which  characterise  each 
of  those  species,  is  called  the  discussion  of  the  general 
equation. 

(80.)  An  equation  of  the  second  degree  is  one  which  in- 
volves the  variables  in  powers  or  products  not  exceeding  two 
dimensions.  Hence,  an  equation  of  the  second  degree,  pre- 
sented under  its  most  general  form,  is, 

A^-  +  Bxy  +  ex-  +  Dy  4-  Ej;  4-  F  =  0  {a). 

Where  a,  b  .  .  .  .  e  represent,  generally,  the  respective 
coefficients  of  the  dimensions  of  the  variables  admissible  into 
an  equation  of  the  second  degree,  and  f  the  sum  of  all  the 
terms  not  involved  with  the  variables. 

The  solution  of  this  equation  for  the  two  variables  gives 
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-^  ±— ^^B*— iAC)j?^  +  2(nD-2AB)x4-(D«-4AF)    (b) 


BX  +  D    .      1       

1         

a:=- -^=:t— ^±--V'(B«— 4AC)y»+2(BB-2cD)y  +  (D«— 4CF)   (c). 


B1/-I-E        1       

2g 


These  solutions  appear  to  exclude  those  equations  of  the 
second  degree  which  do  not  contain  the  squares  of  one  or 
both  variables.  But  it  will  be  shown  in  (86)  that  these  cases 
can  be  brought  under  the  above  solutions.  In  what  im- 
mediately follows  the  values  of  a  and  c  will  be  considered 
finite. 

To  construct  the  equation,  let  any  fixed  lines,  yy'  .  xx', 
be  assumed  as  axes  of  co-ordinates.  Let  the  suffix  of  the 
radical  in  (b)  be  represented  by  r*,  and  tliat  in  (c)  by  r'*. 

The  value  of  y  consists 
of  two  parts  scil. ^ — 

and  -Tz — .    The  first  is  the 
2a 

value  of  ^  in  the  equation 
2At/  +  BJ?  +  D  =  0,  there- 
fore, if  the  line  bd  be 
the  locus  of  this  equation,   and    any   value,    ap,   be    as- 

signed  to  x,  the  corresponding  value  of  — 


B.r+D 
2a 


will  be 


pp'  drawn  through  p  parallel  to  yy*  to  meet  the  right  line 

a/r^ 
BD.     The  other  part  -^ —  is  real,   =  0,  or  impossible,  ac- 

according  as   e^  >  0,    =0,    or    <  0.      If  r*  >  0,   let 

K  B 

p'm  =+5-,  and  p'm'  =  —  ^,  and  the  values  of  y  corre- 
sponding to  j;  =  AP,  are  pm  and  pm',  and,  therefore,  M,  m', 
are  the  points  in  the  locus. 

If  R^  =  0,  there  would  be  but  one  value  of  y,  scil.  pf^, 
and  the  corresponding  point  p'  of  the  locus  would  be  on  the 
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line  BD.  If  R*  <  0,  ^  would  be  impossible,  or,  in  otiicr 
words,  the  locus  would  not  meet  the  parallel  pp'  in  any 
point  whatever. 

In  like  manner  the  value  of  .r  consists  of  two  parts,  scil. 


B7y  +  E       ,    ^/r'* 

-^ —  and  -TT— . 

2c               2c 

Y. 

!> 

7f/     f 

/  f 

II       ' 

<e    ' 

A 

X 

The  first  is  the  value  of 
X  in  the  equation  Sea?  + 
Bj^  +  E  =  0;  there^ 
fore  if  the  right  line, 
EF,  be  the  locus  of  this 
equation,  and  any  value, 
Apy  be  assigned  to  y,  the 
corresponding    value    of 


^ —  will  be  Pj  jy,  a  parallel  to  xx',  drawn  from  p  to 


2c 


a/r'*  . 


meet  the  line  ef.    The  other  part  — —  is  real,  =  0,  or  im- 
possible, according  as  ii''  >  0  =  0,  or  <  0. 


R 


K' 


If  r'*  >  0,  let  j]/m  =  -f  ^ ,  and  jM  =  —  -jr- ,  and pm  and 

j/^w!  are  the  values  of  .r,  corresponding  to  y  =  a/?,  and 
fw,  m',  therefore  the  points  are  the  locus. 

If  r'»  =  0,  there  would  be  but  one  value  of  x^  scil.  /j/, 
and  the  corresponding  {x)int,  z^',  of  the  locus  would  be  on 
the  line  e'f. 

If  r'*  <  0,  the  locus  would  not  meet  the  parallel,  p//,  in 
any  point  whatever. 

Tlie  lines  bd  and  ef  have  the  property  of  bisecting  a 
system  of  parallel  cords  in  the  locus.  Such  lines  are  called 
diameters;  and  the  cords  which  they  bisect  are  called  their 
ordhiates* 

The  course  of  the  locus  of  the  c({uation  of  the  second 
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degree  is  limited  to  that  series  of  values  of  each  variable 
which  give  real  values  of  the  other.  It  appears  that  from 
that  series^  all  values  of  j*,  which  fulfil  the  condition, 
K*  <  0,  and  all  values  of  ^,  which  fulfil  the  condition,  k'®  <  0, 
are  excluded.  It  will  therefore  be  necessary  to  determine 
how  the  sign  of  a*  is  affected  by  the  values  of  j?,  and  how 
that  of  e'*  is  affectctl  by  the  values  of  y.  As  these  circum- 
stances depend  on  the  roots  of  the  equations,  e*  =  0, 
and  e'*  =  0,  it  will  be  convenient  to  consider  the  cases, 
B*  —  4ac  >  0,  B^  —  4ac  =  0,  and  b*  —  4ac  <  0.  (See 
Notes.) 

(81.)  If  B*  -  4ac  >  0,  let  the  roots  of  die  equaUon, 
E«  =  0,  be  x\  a^'. 

If  a/,  j/',  be  real  and  unequal,  all  values  of  x  included 

E« 

between  j/  and  a",  render  — ; — - —   <  0,  and  since  b^  —  4ac 

B^— 4ac 

>0,  •.•  E*<0;  •.'  all  values  of  t/  corresponding  to  such  a 
series  of  values  of  .r  arc  impossible.  All  values  of  a:  >  *'', 
or  <  y,  render  r*  >  0,  and  a:  =  a:',  or  j;  =  or",  render 
E-  =  0 ;  '.•  all  such  ^ve  real  values  of  j^. 

If  .r'*!/'  be  impossible,  all  values  of  a:  give  — — j—   >  0, 

'.•  E*  >  0;  '.'render  all  values  of  //  real. 

If  a:'  =  jt",   all  values   of  x   (except  a?  =  a/)   render 

— : — ; —  >  0,  and  •.•  u^  >  0,  and  x  =  .r',  mves  r^  =  0 ; 
B^  —  4ac  ^  o  » 

•.'  all  such  values  give  real  values  of  ^. 

By  the  same  reasoning,  let  yy  be  the  roots  of  the 
equation  e'^  =  0. 

If  yy  be  real  and  unequal,  all  values  of  y  between  j/ 
and  y  give  impossible  values  of  or,  and  all  otiiers  real  values 

If  yy  be  impossible,  all  values  of  y  give  real  values 
of  jr. 
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If  y  =  y,  all  values  of  ^  give  real  values  of  a:. 

(82.)  If  b2-.4ac  =  0,  •••  ii'^  =  2(bd-2ae>4-(d«-4af). 

If  BD  —  5ae  >  0,  let  a}  be  the  root  of  r^  =  0 ;  all  values 

R« 

of  a;  >  si  give  ^       _  ^^^^  >  0,   •.•    r*  >  0,  and  x  gives 

E*  =  0;  •.•  all  such  values  of  j;  give  real  values  ofy.     All 

R* 

values  oi  X  <  si  rive  -pr. ^ — r  <  0,  *.•  r^  <  0,  •••  rive 

^      2(bd— 2ae)  '       ^ 

impossible  values  for  y. 

If  (bd  —  2ae)   <  0,    •••   all  values  of  j:  >  ^  give 

R* 

' — —^ — L  >  0,  '.'   R-  <  0,  •••  ail  values  of  y  impossible. 

r'^ 
All  values  o{  x  <J  give —  <  0,   •.•    r*  >  0,    and 

BiJ  "~"  ^AE 

X  -=■  si  gives  r"  =  0 ;  all  values  of  y  corresponding  to  such 
values  of  x  are  real. 

If  (bd  —  2af.)  =  0,  •••  R*  =  D*  —  4AF5  •.*  all  values  of 
y  are  real,  if  d*  —  4af  be  not  <  0,  and  im{X)ssible,  if 
(d*  —  4af)  <  0. 

In  like  manner  in  this  case,  let  r'*  =  2(bk  —  2cd)j^  + 
(e*  —  4cf). 

If  BE  —  2cD  >  0,  all  values  of  y  >  y,  or  y  =  y,  give 
real  values  of  j?,  and  y  <  y>  give  im{X)ssible  values  of  x. 

If  BE  —  2cd  <  0,  y  >  y  renders  x  impossible ;  but  all 
other  values  render  x  real. 

If  BE  —  2cD  =  0,  all  values  of  x  are  impossible,  if 
E*  —  4cF  <  0,  real  if  not. 

It  b  observable  that  bd  —  2ae  =  0,  and  be  —  2cd  =  0, 

n 

arc  fulfilled  at  the  same  time,  for  bd  —  2ae  =  —  7r-(BE  — 

2c 

2cd),  on  condition  that  b®  —  4ac  =  0. 

Also,  if  B^  —  4ac  =  0,  and  bd  —  2ae  =  0,  (d*  —  4ae), 
and  (e^—  4cf),  will  have  the  same  sign,  and  be  at  the  same 
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time  =  0,  for  e^  -  4cf  =  7—^  (d^  —  4af). 

(83.)  If  B^  —  4ac  <  0,  as  before,  let  j/r''  be  the  roots  of 
it^  =  0. 

If  a:V  be  real  and  unequal,  all  values  of  x  between  of 

and  oc/^  give  -; — t —  <  0,  %•  R^  >  0,  and  ^r  =  or',  a?  =  o^, 
°      b'— 4ac 

give  e'  =  0;  •.•  all  such  values  of  x  give  real  values  of  y. 
All  values  of  ^r  >  x'\  or  <  af^  give  -5 — 7 —  >  0,  •.'  r*  <  0, 

B  """TfAC 

*.*  all  corresponding  values  ofy  impossible. 

R* 
If  ji^.r"  be  impossible,  all  values  of  x  give    ^^  .       >  0, 

and  •.•  R*  <  0,  •/  all  values  of  y  impossible. 

If  x*  =  a/',  all  values  of  x  (except  x  =  x\  or  x  =  or")  give 

-3 — J—;  >  0,  •/  R*  >  0,  '.•  all  values  of  y  impossible;  but 

B   ~~~  4AC 

X  ^  J  gives  r2  -=  0,  •/  y  real. 

In  like  manner,  if  yy  be  real  and  unequal,  all  values  of 
y  included  between  y  and  y ,  as  well  as  y  =  y,  and  y  =  y, 
give  real  values  of  .r,  and  all  other  impossible  values. 

If  yy  be  impossible,  all  values  of  y  give  impossible  values 
of  or. 

If  y  =  y,  all  values  of  x  ar^  impossible,  except  those 

corresponding  to  j/  =  y,  ^  =  y . 

(84.)  To  determine  the  conditions  by  which  ^or"  and 
i/y"^  are  real,  equal,  or  impossible,  let  the  equations  r"  =x  0 
and  r'^  =  0  be  solved ;  hence  the  roots  are  respectively 

_  —  (bd  —  2ae)  ±  2  >v/ AM 
^'^  b«-4ac  ' 

—  (be  —  2cd)  i:  2  ^/CM 
^^  B«^AC  ' 

where  M  =  ae-  +  cd«  +  b^f  —  bde  —  4acf. 
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AM  >  0. 
CM  >  0. 
M  =  0. 
AM  <  0. 
CM  <  0. 


Since  a  and  c  are  both  supposed  finite : 
If  odaP  be  real  and  unequal 
\irfrf  be  real  and  unequal 
Ifa:'  =  a/',ory  =y       - 
If  sdjp  be  impossible 
\ijf}p  be  impossible 
(85.)  To  investigate  the  course  of  the  locus  under  the 
condition,  b*  —  4ac  >  0. 

1.  Let  3t!oi*  be 

real  and  unequal; 
let  a/  =  ap,  ^c"  = 
AP'^  and  through 
p  and  p'  let  the  in- 
definite parallels, 
y}f  and  yy  to  yy' 
be  dmwn :  No  point 
of  the  locus  lies  be- 
tween these  paral- 
lels  (81);    but  it 

meets  the  line  y\f  at  a  point  v^  such,  that  pi;  = -^ , 

imd  the  line  yy  at  the  point  v\  so  that  pV  = -^ . 

Beyond  the  limits  of  the  parallels,  the  locus  spreads  to  un- 
limited extent  in  two  opposite  branches  (81),  touching  those 

lines  at  v  and  x^. 

%  Let  afx'^  be  impos- 
sible, all  values  of  ^  are 
in  this  case  real  (81), 
Let  AP  be  that  value 
of  x^  which  renders  «r 
the  least  possible  value ; 
draw  pp'  parallel  to  yy' 
to  meet  the  line  bd, 
whose  equation  is  9,Ky 
+  BX  +  D  =  0;  take 
p'm  =  +  r,  and  p'm'  = 
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—  R.  Through  the  points  m,  »r',  let  the  indefinite  parallels 
bdy  VcP  to  BD  be  drawn.  Since  f'm,  v'm!  is  the  least  value 
that  the  radical  in  (b)  can  receive,  the  locus  must  be  ex- 
cluded from  between  those  lines;  but  the  radical  being 
susceptible  of  every  magnitude,  however  great  it  extends  in 
two  opposite  and  unlimited  branches  beyond  tliem,  touching 
them  at  the  points  m,  m'. 


3.  Let  3/  ^  x^  \  in  this  case  r*  =  (a:  —  a?')v/B*  —  4ac, 
and  as  all  values  of  y  are  real,  the  equation  is  that  of  two 
right  lines. 

Similar  inferences  follow  with  respect  to  the  roots  yy. 

I.  If  they  be  real  and  unequal,  the  curve  touches  two 
right  lines  parallel  to  xx',  is  excluded  from  between  them, 
and  extends  indefinitely  beyond  them. 

8.  If  they  be  im]X)ssiblo,  the  curve  touches  two  right 
lines  parallel  to  the  diameter,  whose  equation  is  9,vy  + 
Bjr  +  D  =  0,  is  excluded  from  between  them,  and  extends 
indefinitely  beyond  them. 

3.  If  y  =  y,  the  equation  represents  two  rigid  Vines, 

Hence,  in  order  that  the  locus  of  an  equation,  fulfilling 
the  character,  b^  —  4Ar  >  0,  should  be  a  curve,  it  must 
also  satisfy  tlie  condition,  m>,  or  <  0;  if  not,  it  will 
represent  right  lines. 

Curves  thus  characterised,  are  called  Hyperbolic. 

(86.)  If  the  squares  of  one  or  both  variables  be  not  con- 
tained in  an  equation  which  does  contain  their  product,  it 
comes  within  tlie  character  b-  —  4ac  >  0.  But  the  in- 
ferences which  have  been  just  made  with  respect  to  the  locus 
cannot  be  immediately  applied  to  this  case,  because  they 
were  made  on  the  supposition,  that  the  equation  contained 
the  squares  of  both  variables.  However,  if  the  axes  of  co- 
ordinateSj  to  which  such  an  equation  is  related,  be  trans- 
formed by  the  general  formulae  given  in  Sect.  VI.  (72),  such 
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a  position  may  be  assigned  them,  that  tlic  values  of  the  co- 
efficients of  the  squares  of  the  variables  shalJ  be  finite. 

In  the  equation 

a'/  +  vlxy  +  c'o:*  -;-  D^y  +  E'.r  +  f'  =  0. 

Suppose  a',   or  c',   or  both  =  0,  but  b'  finite,   let  the 
equation  resulting  from  transformation  of  the  axes  be 

Ay*  +  nyx  -f  cj:*  +  Dy  +  E.r  -f  f  =  0. 
Such  values  being  assigned  to  the  quantities  composing  the 
formulae  in  Sect.  VI.  as  will  render  a  and  c  finite. 

From  the  values  of  a,  b,  c,  in  terms  of  a',  b',  c',  and  the 
angles  under  tlie  axes  of  co-ordinates, 

„     ^  ,  .       ^   ,  „  (sin.7/ysin.a-'cr  — sin.»r'/ysin.?/;ry- 

sin.'^y.r 
(sin .  If  if  sin .  acx — sin .  x^jf  sin.ya)* 
bin.^  yx. 

The  quantity  (sin,  iji/  sin.  xx^  —  sin.  ay/  sin.  j/x)y  must  be 
>  0,  for  hem*r  a  complete  square,  it  caimot  be  <  0,  neither 
can  it  be  =0;  for  if  sin.  ////'  sin.  xx  —  sin.  xy  sin.yar=  0, 

_      sin.  v'y      sin.  xy  ,  r  v     . 

and".'-;^ — ^=-; p,  •.•    the  new  axes  ot  co-ordmates 

sin.y.r      sni.  xx 

would  l>e  coincident.     Hence,  since  the  quantities  b'*  and 

sin.'*  yx  are  essentially  positive,  the  quantity  b-  —  4ac  >  0, 

in  which  a  and  c  are  finite,  and  which  is  an  equation  of  the 

same  locus  as  that  in  which  a'  =  0  and  c'  =  0,  all  that  has 

been  proved  of  cun-es  characterised  by  u-  —  4ac  >  0 :  on 

the  suppositicm  that  a  and  c  are  finite  Jilso,  apply  to  the 

cases  where  a  or  c,  or  both,  arc  =  0,  provided  that  b  is 

finite. 

(87.)  To  investigate  the  course  of  the  locus  when 

iv^  —  4a('  =.  0. 

Let  AP  =  x\  Aj)  =  y,  and  let  the  indefinite  parallels  j/y* 
and  xx^  be  drawn. 

If  BD  —  2af.  >  0,  the  locus  touclus  yy,  and  lies  entircijy 
at  the  jxjsitivc  side  of  it.     See  (8f3).  \ 
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If  BD  —  2ae  <  0, 
tlic  locus  touches  yy\ 
and  lies  entirely  at  the 
negative  side  of  it. 

If  BE  -  2cD  >  0, 
the  locus  touches  xai^ 
and  lies  entirely  at  the 
poative  side  of  it 

If  BE  —  2cD  <  0, 
the  locus  touches  xaf^  Y 

and  lies  entirely  at  the  negative  side  of  it. 

If  BD  —  2ae  =  0,  and  •.•  also  be  —  2cd  =  0  (82),  tlic 
equation  is  that  of  rhglit  lines.  If  d-  —  4af  >  0,  or  =  0, 
and  ".•  also  e^  —  4cf  >  0,  or  =  0 ;  but  if  d^  -  4af  <  0, 
and  •/  also  e*  —  4c f  <  0,  there  is  no  locus. 

This  class  of  curves  characterised  by  b*  —  4ac  =  0,  and 
BD  —  2ae  finite,  and  consisting  of  one  unlimited  branch, 
extending  in  one  direction,  arc  called  Parabola*, 

Equations  of  the  second  degree,  in  which  the  square  of 
one  of  the  variables  and  also  their  product  is  wanted,  come 
under  the  character  b-  —  4ac  =  0;  but  for  the  reason 
before  stated,  the  conclusions  preceding  cannot  be  imme- 
diately applied  to  them.  However,  if  a  transformation  of 
axes  be  effected  as  before,  it  will  follow  that  since  b'  =  0, 
and  also  a'  or  d  =  0,  •/  b^  —  4ac  =  0,  for  the  other  factor 
has  been  proved  finite  (86).  Hence,  since  by  the  trans- 
formation, A  and  c  become  finite,  and  at  the  same  time 
b*  —  4ac  =  0 ;  those  loci  come  under  the  class  of  Para^ 
bolcc,  and  the  preceding  references  apply  to  them. 

(88.)  To  investigate  the  course  of  the  locus  when 
b*  -  4ac  >  0. 

To  fulfil  this  condition,  a  and  c  must  have  the  same 
sign. 

1.  If  sfx"^  and  '.*  also  ;/,  jf  be  real  and  unequal,  let 
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AP   =   a^,    AP'  =    QlPf 

\p  =  y,  Ap'  =  y. 

Let  the  indefinite 
porallelsj^y  andyy 
to  yy',  and  0/3}  and 
af^ji^  to  xx'be  drawn. 

Let  pt;  =  — 


pt/  =  — 


2a 

B  V  +  D 

2a     ' 


iff 


B  7y  "4"  F  HfJ    -4-  P" 

-P^"  ^  ■"  2c~'  ^^'^'"  "^  "  c>^  5  from  (83)  it  appears 
that  the  locus  touches  those  parallels  at  v,  t/,  v",  r"',  and  is 
included  between  each  system. 

2.  If  jc^jc'^,   and   •.'   also  y'l/^  be   impossible,   no   locus 
exists  (83). 

3.  If  a:'  =  A*",   and   •.*  also  1/  =  y,   the  variables  have 

,                   11          -1               BJ^+i)  B.r"+E 

each  but  one  real  value,  scil.  //= ^ 


'^=--^ 


•.•  the  locus  is  in  this  case  a  point. 

Hence,  in  order  that  an  equation  characterised  by 
B^  —  4ac  <  0  may  be  that  of  a  curve,  it  nmst  also  fulfil 
the  condition  m  >  0. 

Curves,  thus  characterised,  are  called  Ellipses. 

(89.)  To  recapitulate  the  preceding  results. 
If  B-— 4ac  >  0  and  m  not  =0,  the  ecjuation  represents  loci, 

called  Hyperbola', 
-     -->0         M  =  0  :  -  Right  lines. 

.     .     -       =0         HI)— i^AE  not  -0  -  Parabohc, 

.  -  -  =0  BD— 2ae=0,  1)'—  4ak  not  <  0  Right  lines. 
.  -  -  =0  BD— 2ae=(),  I)'  — 4af<  0  No  loctis. 
---       <0         M>0         -  -  -  Ellipses, 

-    -        <0         M  =  ()         -  -  -  A  point. 

.    -    -        <  0         M  <  0  -  -  No  locus. 
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SECTION  VIII. 

Of  the  diametersy  axes,  and  asymptotes  of  the  lines  of  the 

second  degree. 

(90.)  In  the  discusuon  of  the  general  equation,  it  was 
proved  that  two  right  lines  bisected  systems  of  chords  parallel 
respectively  to  the  axes  of  co-ordinates.  Hence  arose  the 
definition  of  a  diameter.  An  inquiry  naturally  presents  it- 
selfy  whether  every  system  of  parallel  chords  has  not  a  cor- 
responding diameter. 
To  determine  this,  let 
qy  +  &r  +  c  =  Obe 
a  line  meeting  the 
curve  at  c,  c'.  To 
consider  this  as  one 
of  a  system  of  paral- 
lel chords,  let  —  be 

a 

conadered  as  given, 

and  —  as  indeterminate.     By  eUminating  y  by  this  and 

the  general  equation,  the  roots  a;?,  a//  of 

^    2a6c  — Bca— D6a+Ko«         Fa*+Ac«— Dca 
"^  ■*■       A6^-B6a  +  ca«       •  ^"^ hV-^^hait^a^^^' 
which  is  the  resulting  equation,  will  be  the  values  of  x  for 
the  points  c,  c'.     Let  cc'  be  bisected  at  m,  mp  be  drawn 
parallel  to  at> 


•.•  AP 


Ao  +  At/  2a6c— Bca— nia+Ea^ 

2      '  •  '^*^-         2(A6«-BJa  +  ca«)     ' 


By  substituting  for  c  its  value  in  ay  -f  &r  -f  c  =  0,  and 
denominating  ap  by  x^  and  pm  by^,  the  equation  of  the 
locus  of  M  is  found  to  be, 

(Ba  -  ^Kh)y  +  (2ca  —  Bft)  a?  -|-  ea  —  d6  =  0. 
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This  being  an  equation  of  the  first  degree,  the  locus  sought 
is  a  right  line^  and  consequently  a  diameter  to  which  the 
parallel  chords  are  ordinates.     If  the  curve  be  a  parabola,    . 
the  condition  b*  —  4ac  =  0,  gives 

^  2A(Ea  — d6) 

by  eliminating  c.  The  co-efficients  of  the  variables  in  this 
equation  being  constant^  prove  that  all  diameters  of  a  parabola 
are  parallel  ^to  the  linfe  2 At/  -f  bj:  =  0. 

B* 

As  —  =  2 Ay  the  equation  may  also  be  expressed 

PEOP.  XXV. 

(9l»)  .Given  a  diameter ^  to  determine  its  ordinates. 
1®.  If  B*  —  4ac  be  not  =  0,  let  the  given  diameter  be 
a^y  +  Vx  +  c'  =  0,  and  its  ordinates  ay  J^bx  ^  c  =-  0. 

U       2ca  — b6  b       2ca'—Bbi 

a!       Ba— ^a6'     *      a  "Brf  — Sa^  . 
Which  equations  determine  either  the  diameter  or  its  or- 
dinates when  the  other  is  given. 

2°.  If  b'  —  4ac  =  0,  let  the  diameter  be  2a^  +  bo;  +  c'  =  0, 
2A(Ea— d6)  b        ^AE— BC' 


d  = 


Ba— 2a6  '     '       a       2a(d  — c'V 


PEOP.    XXVI. 

(92.)  To  Jind  the  equation  of  a  diameter  through  a  given 

point. 
The  equation  of  any  line  through  the  given  point  y.r'  is 
aly  +  ^o:  -  (ali/  +  Vaf)  =  0. 
This  being  a  diameter^  let  its  ordinates  be  a^  +  6x  +  c  =  0, 
•.•  cl=Ba  —  2a6,  hi  =  2ca  —  b6,  alj/  -f  6V  =  d6  —  Ea. 
V  __       (flg  -  4Ac)y  -f  (be  — 2cd) 
d  ""       (b*  — 4ac)j?'+(bd— 2ae)' 
Therefore  the  equation  of  the  diameter  is 
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{(B«  -  4Acy  +  (bd-2ae)|  (y-i/)- 
{(b2  -  4Ac)y  +-  (be--2cd)}(x  -  a/)  =  0. 
The  equation  of  its  ordinates  id, 

(2Ay  +  bo:  +  D)j/  +  {9.caf  +  bj/  +  E>r  +  c  =  0, 
where  c  is  indeterminate. 
(93.)  Cor.  1.  If  b^  -  4ac  =  0,  and  therefore 

—  =  —  TT-  = f  the  diameter  becomes  either  of 

BD  —  2ae  2a  b  ' 

2a(3^  -  y)  +  B(^  -  a/)  =  0, 

b(j/  — y)  +  2c(j7  —  a/)  =  0. 

(94.)  Ca/".  ^  If  b'  —  4ac  be  not  =  0,  the  equation  of  the 

diameter  being  divided  by  (b^  —  4ac)  becomes 

,  .      bd-2ae^.         ..     ,  ,     BE— 2cD   ,  ,.       .. 

(^  +  iFrircX^--'^)-^^  +F--iirc>  (-^  -  ^)  =  <>' 

which  is  a  right  line  through  the  point, 

BE— 2cD  „  BD— 2ae 

^  b«~4ac'  b*— 4ac  ' 

therefore  all  diameters  of  an  ellipse j  or  hyperbola^  intersect 
each  other  at  this  point,  and,  vice  versd^  all  right  lines 
passing  through  this  point  are  diameters. 

(95.)  Def.  The  point  j/^af^  is  called  the  centre^  and  the 
ellipse  and  hyperbola  are  thence  called  by  the  common  name 
of  centred  curves.  Since  b^  —  4ac  =  0  renders  the  co- 
ordinates of  this  point  infinite,  the  parahola  may  be  con- 
ceived to  have  a  centre  at  an  infinite  distance. 

PROP.  XXVI 1. 

(96.)  In  central  curves^  if  any  diameter  be  parallel  to  the 
ordinals  qfanotlier  diameter ^  the  latter  will  be  also  pa- 
raUel  to  the  ordinates  of  the  former. 

For,  in  (91),  if  -  determine  the  position  of  a  diameter, 

V  , 

-7  determines  that  of  its  ordinates,  and  vice  versa. 

a 

Def.  Such  diameters  arc  called  coiytdgate  diameters. 
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PROP.  XXVIII. 


(97.)  To  discover  whetJier  any  and  whcU  diameters  intersect 

their  ordinates  perpendicularly. 

1°.  If  B* —  4ac  be  not  =  0,  let  the  sought  diameter  be 

flffy  - /)  +  y  (r^o^O  =  0> 
y  x^  being  the  co-ordinates  of  the  centre ;  and  its  ordinates 

6'      2ca  —  b6 
«y  +  6x  +  c  =  0,  by  (91),  -^  =  ^^^^^y  and  by  (32) 

ad  •\'  bV  ^  (dh  +  aV)  cos.  yx  =  0 ;  hence, 
( B  -  2a  COS. yx)ft'« + 2(a  -  c)yrf  +  (2c  COS.  yjT  -  B)a^« = 0, 

V      c  — a±  a/(c— A)*+B*H-2cos.yx(2ACCos.ya:  — ba— bc), 
d  B— 2a.  COS.  yx 

These  values  of  ^  are  always  real.    For  if  the  quantity  under 

the  radical  be  arranged  by  the  dimensions  of  b,  and  equated 
with  zero,  we  shall  find 

B*  +  2(a  +  c)  COS.  yx.  B  f  4ac  cos.  yx  +  (c— a)« = 0, 
which,  solved  for  b,  gives  after  reduction 

b=(c+a)  cos.yx±(c— a)  sin.  yxv/— 1; 
which  being  imposable,  the  suffix  of  the  radical  in  the 

values  of  -,  is  always  positive.     The  equations  sought  are  •.• 
a 

(b  —  2a cos. y«r)  (y  —  y^)  -f  (c  —  a) 


±  \/  (c  —  a)^  +  B^  H-  2  COS.  yx  (2ac  cos.  ya:  —  ba  —  bc) 

X  (x  -  j;^  =  0. 

2^\  If  B^  —  4ac'  =  0,  let  the  sought  diameter  be 

2A(Ea— d6) 

2av  +  bj?  +  — ^ ^-r^  =  0. 

-^  BO  -  2a6 

Since  it  is  perpendicular  to  the   line  ay  -f  id?  +  c  =  0, 

^  ,       ,^  ,  ,  ^       h       Bcos.  yjr— 2a 

2Aa  +  b6  -  (2a6  -h  Ba)cos.  ya:=0,  *.•  —  = x-^ . 

'       ^         ^      a       B— 2Aco8.yx 

Making  this  substitution 

O^u  M   nr     ,  2a{  BE  H-2aD  -  (bD -f  2aE)  COS.yOT  |  _ 

'^^•^  +  ^  "^  B«--4ABco8.yx+4A« "• 


ALGEBRAIC    GEOMETKY. 


58 


Such  diameters  are  called  axes,  and  it  appears  that  ellipses 
and  hyperbolae  have  two,  and  parabolse  but  one. 

(98.)  The  two  values  of  —  fulfil  the  condition  (82),  there- 
fore the  axes  of  central  curves  are  at  right  angles. 
(99.)  Hence  also  the  axes  are  conjugate  diameters. 


PROP.  XXIX. 

(100.)  To  find  {lis  intersection  of  a  curve  with  its  diameter. 

1°.  If  B^  —  4ac  =  0.  Let  the  equation  of  the  diameter  be 

2Mf  -h  Bx  +  {/  =  0. 
The  elimination  of  y  be- 
tween this  and   the  ge* 
neral  equation  gives 
4AF-fc/^— 2dc^ 
2(bd— 2ae) 
Therefore  every  diameter 
of  a  parabola  meets  the 
curve  in  one,  and  but  one 
point. 

9P.  If  b«  -  4ac  be  not 
=  0,  the  diameter  is  a  (^  —  y')  +  6  (j?  —  j:")  =  0, 
where  t/^aP  is  the  centre.     Eliminating  ^,  we  find 

..      o^^  .   A(a/+6i:'0^ -  Da(a/ +6^)  +Ya^  __ 

The  roots  of  which,  after  expunging  the  terms  which  mutu- 
ally destroy  each  other,  and  dividing  both  terms  of  the  frac- 
tion under  the  radical  by  b*  —  4ac,  are 


^  =  ^'±V^-^ 


a* 


4ac  *  a62  — B6a  +  ca*' 
Where  m  retains  its  signification  in  (84). 

Supposing  these  values  of  x  to  be  real,  let  c  be  the  centre, 
and  v,  v'  the  points  of  intersection.   Since  vp  and  v'p  arc  the 
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two  values  of  the  radical,  they  are  equal  •/  cv  =  cv';  there- 
fore every  diameter  which  meets  an  ellipse  or  hyperbola  is 
bisected  at  the  centre.  It  is  from  this  property  that  the  centre 
has  received  its  name. 

(101.)  Def.  The  points  where  a  diameter  meets -the  curve 
are  called  the  vertices  of  that  diameter. 

(102.)  Def.  The  vertex  of  an  axis  is  called  a  vertex  of  the 
curve. 

(103.)  When  a  diameter  of  central  curves  is  spoken  of  as 
a  finite  line,  that  portion  of  the  diameter  intercepted  between 
its  vertices  is  meant. 

PROP.  XXX. 

(104.)   To  find  what  diameters  of  central  curves  meet  tJiem. 

It  will  be  necessary  to  determine  how  the  values  of  a  and  b 

affect  the  suffix  of  the  radical  in  (100)  negative,  and  what  not. 

a* 
The  sign  of  the  factor    ,^_^    ,      — ^  depends  on  the  re- 
lation of  the  values  of  a  and  b  to  the  roots  of 


b"         i    .  ,^    .         b       B  +  >v/  B«  —  4ac 

A-.-^  -r  +  C'^Oyue.  --  =— = ^- . 

a*         a  a  XA 

Let  these  values  of  —  be  r,  r'.     If  they  be  real  and  un- 
equal, sciL  if  B*  —  4ac  >  0,  all  values  of  —  between  r  and 

a"  ^     ^o^  *         , 

r'  render  —r; 7—; — r  <  0.    It  —  =  r,  or  —  —  r,  •/ 

d^  ...  ,     b 

— r- : 5  is  infinite;  and  if  —  have  any  value  >  r, 

A6*--B6a-|  car  a  -^  ' 

a* 
or  <  r,  -t; t — ; — 5  >  0. 

If  r  and  r'  be  impossible,  scU.  if  b*  —  4ac  <  0,  all  values 

of—  render  -75 7— . — I  >  ^• 

a  Ab^-^Boa+ca^ 
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The  roots  r  and  r'  cannot  be  equal,  for  tlicn  b^— 4ac=0^ 
which  is  contrary  to  the  hypotliesis. 

If  B-  r—  4ac  >  0,  and  m  >  0,  the  factor ; -. —  <  0, 

'  '  li-  —  4ac 

therefore  the  real  values  of  x  ore  those  corresponding  to 

a*  A    .  . 

-r- J -.  <  0,  or  to  those  values  of  —  intermediate 

between  r  and  W,  and  tlie  impossible  values  are  those  which 

correspond  to  values  of  — ,  >  r,  or  <  r'.     Let  the  dixmieter 

be  called  d,  •/ — -^  ,  '      .      Throui^h   the  centre  c,   let 
'        a      sm.  ay 

the  lines  s*  and  sV  be  drawn,  so  that,  calling  s5,  /,  and 


^ ,  sin.  Ix 

sm.  ly 

In  order,  therefore, 

that    a    diameter    d 

should  meet  the  curve, 

sin.  dx  , 

must  be 


r  = 


sin.  Ix 
sin.  Vij 


,  and 


sin.  dy 
sin.  Ix 
sm.  ry 

sin.  Ix  y 

< r-.     1  he  hues 

sm.  ly 

ss  and  sV  extend  ad 

itifiniiuvi      without 

meeting  the  curve. 

sm*  dx      sm  Ix 
Those  diameters  fulfilling  the  condition -7-77^—77,  >\  '  ,-^  or 


sin.  Fx 


sin.  dy     sin.  ly* 

<  """  "":  Jo  not  meet  the  curve.    Hence  the  ancles  scs'  and 
sin.  ny  ^ 

s'c^  include  between  their  sides  all  those  diameters  which 

meet  the  curve,  and  consequently  include  the  curve  itself; 

and  the  angles  s'cs'  and  50^  include  all  those  diameters  which 
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do  not  meet  the  curve,  and  consequently  exclude  the  cunre 
itself. 

(105.)  The  values  of  r,  r ,  being 


b      B±  v/B*  —  4ac 
a  *"  2a 


Since  H^^^lcl^^ -i^.===,  the  values  of  r,  r\ 

2  a  b+v'b*  — 4ac 

may  be  expressed  thus, 


B+  a/b-— 4ac 
r  =  • — 


f^  = 


2a 
2c 


B4-  \/B^— 4ac 
The  equations  of  the  lines  s^  and  sV  are  therefore, 
gA(  j^  -  y^)  +  (B  +  -v/  B«  —  4ac)  (x  -  o:'^  =  0, 

2c(t  -  x")  +  (B  -f-  ^/B*  -  4 AC)  (y  -  y')  =  0. 
Though  these  right  lines  pass  through  the  centre,  yet  they 
are  not  diameters,  for  if  they  wore,  the  equation  of  their 
ordinates  would  be  (92)  respectively, 

Zat/  +  (B-  +v^B*  — 4Ac);r  +  c  =  0, 

^cx  +  (b  +  v/B^  -  4ac)^  +  d  =  0, 
That  is,  the  ordinates  would  be  coincident  with  the  diameters 
themselves,  which  is  contrary  to  the  definition  of  ordinates. 

(106.)  These  lines,  therefore,  are  not  themselves  diameters, 
but  may  be  considered  as  the  limits  of  diameters.  They  se- 
parate those  diameters  which  meet  the  curve,  called  trans'- 
verse  diameters^  from  those  which  do  not  meet  it,  called 
second  diameters.  As  the  diameters,  both  transverse  and 
second,  approach  to  coincidence  with  these  lines,  they  also 
approach  to  coincidence  with  their  ordinates ;  and  the  lines 
M  and  sV  are  the  limits  at  which  that  coincidence  actually 
takes  place :  these  lines  are  called  asymptots. 

(107.)  From  the  posiuon  of  transverse  and  second  dior 
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tneterg,  it  is  plain  thst  the  orciinates  of  tlie  former  intersect 
the  same  branch  of  the  curve,  hut  tliosc  of  the  latter  ojiponte 
hnmclies. 

(108 )  If  b'  —  4ac  >  0,  and  m  <  0,  inferences  »milar 
to  those  already  made  will  follow,  with  this  dilt'ercncc,  that 
tile  angle  ses',  «cy,  will  then  include  the  curve ;  and  the 
diameters  which  meet  It  and  the  angles  sc^,  sea,  include 
the  second  diameters. 

(109.)  If  n-  —  4ac  <  0.     In  this  case,  if  the  equation  re- 
present an  ellipse,  m  >  0,  therefore  — ;; — 7 — ;  >  0 ;  but  the 
values  of  r,  1',  arc  impost^ ble,  and  therefore 
-~r, ; ::  >  0,  hence  the  values  of  x,  m  (9!)),  are  aL 

ways  real  and  uneiiual,  therefore  every  diameter  of  an  ellipse 
intersects  it  in  two  points. 

(110.)  If  the  axes  of  an  ellipse  be  unequal,  the  greater  is 
generally  called  the  transverse,  and  the  lesser  the  conjiigatc 
axis.  In  an  hyperbola,  the  axis  which  niL'cts  tlie  curve  is 
called  the  transverse,  and  the  other  the  conjugate  axis. 


SECTION  IX. 

OfOu;  different Jbrma  ofUte  cijiinlioHS  oflims  of  the  accoitd 
degree,  reltUed  to  diffcn:!t  axes  qfco-ordimitcs. 

(111.)  That  an  e(|uation  of  llio  second  degree  should  in- 
clude under  it  any  or  all  of  the  three  classes  of  curves  which 
have  been  investigated  in  the  discussiur,  it  is  not  necessary 
that  every  (UmeDnon  of  the  variables,  consistent  with  its  ge- 
neral cliaracter,  should  be  found  among  its  terms.  A  term 
wanted  does  not  necessarily  render  the  equation  less  general, 
if  ita  generality  be  estimated  only  by  the  curves  included 
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under  it.  But,  in  another  sense,  the  generality  is  always 
impaired  by  such  deficiency,  which,  though  it  may  not  ex- 
clude from  the  extension  any  of  tliese  classes  of  curves,  yet 
it  may  restrict  the  curve  in  its  position  with  respect  to  the 
axes  of  co-ordinates  by  which  the  equation  is  constructed. 
As  this  circumstance  gives  great  facility  to  the  develop- 
ment of  the  properties  of  lines  of  the  second  degree,  it  will 
be  useful  to  ascertain  the  form  of  the  equation,  (that  is,  the 
terms  of  which  it  consists,)  corresponding  to  certain  par- 
ticular positions  which  the  curve  may  assume  witli  respect 
to  the  axes  of  co-ordinates. 

PROP.  XXXI. 

(112.)  To  Jind  Hie  form  of  the  equatioii  xvlun  iltc  curve 
passes  through  tlie  origin  of  co-ordinates. 
In  order  that  this  should  happen,  the  conditions  ^  =  0 
and  jr  =  0,  should  be  co-existent,  •.*  f  =  0,  •.'  the  form  is 

Ay*  +  TiXy  +  CJT-  +  DTjf  +  Ej;  =  0. 
PROP.    XXXII. 

(113.)  To  find  Oiejbrm  of  the  equation  xchcn  a  diameter 
and  its  ordinates  are  parallel  to  the  axes  of  coordinates. 
The  diameter,  whose  ordinates  are  parallel  to  yy',  is 

2a7/  +  B»r  +  d  =  0. 
In  order  that  this  should  be  parallel  to  xx',  the  condition 
B  =  0  is  necessary ;  therefore  the  form  sought  is 

A^-  +  cz*  +  i>y  •\-  EX  -V  F  =  0. 
In  tliis  case,  also,  provided  tliat  a  and  b  arc  both  finite,  the 
diameter 

2cr  +  B^  +  E  =  0, 
has  its  ordinates  parallel  to  xx',  and  therefore  the  curve  is 
central,  and  the  axes  of  co-ordinates  parallel  to  a  system  of 
conjugate  diameters. 
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PROP.  XXXIII. 


i(114.)  To  find  fliejbrm  of  the  cquatiou  xclun  cither  nxis  of 
coordinates  is  coincident  xcith  a  diameter  ivhme  ordinatca 
arc  parallel  to  the  other. 

In  addition  to  the  condition  b  =  0  in  (11«3)  let  d  =  0, 
tlien  the  diameter  ^2\y  +  B.r  -f-  d  =  0  will  be  coincident 
with  xx',  in  this  case  the  form  is 

Ay*  H-  CJT®  +  Eo:  +  1'  =  0. 
(115.)  But  if  in  addition  to  i\  =  0^  also  e  =  0,  then  the 
diameter  2cr  +  ny  -f  e  =  0  will  be  coincident  with  yy', 
and  the  fonn  will  be 

Ay  +  ci^  +  Dy  +  F  =  0. 
In  this  case,  if  f  =  0,  the  origin  is  at  the  vertex  of  the 
diameter,  and  the  cfjuation  becomes 

hy^  +  cj*  +  ej:  =  0. 
(116.)  If  all  these  conditions,  b  =  0,  e  =  0,  d  =  0,  be 
fulfilled  together,  the  axes  of  co-ordinates  coincide  with  a 
system  of  conjugate  diameters,  and  the  form  is 

Ay*  -f  ex*  +  F  =  0. 
(117.)  In  any  of  these  cases,  if  the  origin  be  on  the  curve, 
the  form  is  had  by  omitting  f. 

(118.)  In  case  b  =  0,  if  the  curve  be  a  parabola,  a  or  c 
must  also  =  0. 

PROP.  XXXIV. 

(119.)  To  find  tlu^fbrm  of  the  egtmtiofi  when  the  centre  of 

the  ctirie  vt  at  the  origin. 

The  co-ordinates  of  the  centre  in  (94)  must  each  =  0,  in 
order  that  the  centre  should  be  at  the  origin ;  *.- 
BD  —  2ae  =  0,         BE  —  2cD  =  0. 

If  D  and  £  were  finite,  these  equations  would  give 
B-  —  4ac  =  0,  which  united  with  either  of  the  above  con- 
ditions, would  render  the  equation  either  jnjix)S;»ibIe,  or  tliat 
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of  right  lines ;  therefore,  in  order  that  the  equation  sliouid 
be  that  of  a  curve,  the  conditions  must  be  satisfied  by  d  =  0 
and  E  =  0,  which  shows  that  when  the  centre  is  on  the 
origin,  the  form  is 

Ay-  +  B:rj/  -f  ca:^  +  F  =  0. 

PROP.  XXXV. 

(120.)  To  find  (he  form  of  the  equation  of  the  hyperbola 
lohcn  the  axes  of  co-ordinates  are,  one  or  both,  paraU 
lei  to  tJie  asymptots. 

In  order  that  s^  (105)  should  be  parallel  to  iV,  A  =  0, 
and  in  order  that  sV  should  be  parallel  to  xx',  c  =  0,  and 
in  order  that  both  should  take  place  together,  a  =  0,  c  =  0; 
hence, 

(121.)  If  an  asymptot  be  parallel  to  xx',  the  form  is 
Bxy  +  cx^  +  Dy  +  ix  -f  »  =  0. 

The  equations  of  the  asymptots  arc  in  this  case 

(j:  -  a:")  =  0,  or  ^  +  —  =  0, 

c(x  -  x'')  +  b(j^  -  /)  =  0. 
(122.)  If  an  asymptot  be  parallel  to  xx',  the  form  is 
Ay-  +  B.ry  4-  i)^  +  ko:  +  f  =  0 ; 
and  the  equations  of  the  asymptots  aie 

E 

3^  +  -    =  0, 

*^  B 

A(y  -  j/")  +  B(.r  -  x!^)  =  0. 
(123.)  If  both  axes  be  parallel  to  the  asymptots,  the 

form  is 

Bxy  +  Dy  +  EX  -{-  V  =  0; 

and  the  equations  of  tlie  asymptots  are 

D  E 

o:  4-  —  =  0,       7/  +  —  =  0. 

B  '         *^  B 

(124!.)  If  an  asymptot  be  coincident  with  yy',  *.•  a  =  0, 
B  =  0 ;  therefore  the  form  is 
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car*  +  ^xy  -f  Eo:  +  f  =  0 ; 
and  the  equations  of  the  asymptots  are 

a:  =  0,     ex  -{-  B(y  —  y'')  =  0. 
(1£5.)  If  one  asymptot  be  coincident  with  xx',  c  =  0, 
B  =  0,  the  form  is 

Ay*  +  Bxif  +  E^  f  D  =  0; 
and  the  equations  of  die  asymptots  are 

y  =  0,     Aj/  +  Ji{x  —  x"^)  =  0. 
(126.)  If  both  asymptots  be  coincident  with  the  axes  of 
co-ordinates, 

A  =  0,  c  =  0,  D  =  0,  E  =  0;  ••• 
Bxy  +  F  =  0. 

PROP,  xxxvr. 

(127.)  To  find  the  form  of  the  equation  of  the  parabola 
xs:hen  one  axis  is  a  diameter  and  the  other  parallel  to  its 
ordinatesy  the  origin  being  at  its  v€7'tex. 

If  the  equation  be  that  of  the  parabola,  c  =  0,  and  the 
origin  being  on  the  curve,  V  =  0,  therefore  the  form  is 

AV*  +  vx  =  0. 

PROP.  XXXVII. 

(128.)  To  express  the  equation  of  a  central  curve  related  to 
a  systevi  of  conjugate  diameters  as  axes  of'  co-or'dinatesj 
and  in  terms  of  those  parts  if  the  diameters  which  are 
intercepted  within  the  curve. 

In  (116)  y  =  0  gives  or'*  =  —  — ,   and    x  =  0   gives 

F  F  F 

V*  = ,  let =  a\  and  —  —  =  b'^.  If  the  curve 

•5^  a'  c  A 

intersects  the  axes  of  co-ordinates,  2a'  and  2b'  will  be  the 

parts  intercepted,  and  the  equation  sought  is 
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a'^  +  B'«ar«  =  a'«B^  ; 

a'"*  being  positive,  or  made  so  by  chan^ng  the  signs^  the 
curve  will  be  an  ellipse,  if  b'*  >  0 ;  an  hyperbola,  if  b'^  <  0, 
for  B«  —  4ac  =  —  4a'«b'«. 

(129.)  If  A«  =  r'«  =  b'2  and  yx  =  90>,  the  equation  is 

y«  +  a:«  =  r'«. 
In  this  case  the  curve  is  a  circle,  since  all  points  are  a  given 
distance  r'  from  the  origin. 

(130.)  To  express  the  equation  of  the  circle  in  its  most 
general  form,  the  origin  and  inclination  of  the  axis  should 
not  be  limited.  A  circle  being  defined  to  be  a  curve,  every 
point  of  which  is  equidistant  from  a  fixed  point  t/af^  its 
equation  must  be  (44) 

(y  -  y)*  +  (^  -  ^y  +  2(3^  -  yO  (^  -  ^  cos.yx  =  r's 

or  J/*  +  2cos.  yx  •  yx  +  x*  —  2(y  ••\- a/  co%.  yx)y  — 

2(^  +  «/cos.yj)x  J^j/^  +  a/^Jt  ^r/x'ca^.yx  -  r^«  =  0. 

Hence  the  general  equation  represents  a  circle,  if  a  =  c 

and  the  axes  of  co-ordinates  are  assumed  at  an  angle,  whose 

.       .     B 
cosme  is  jr-. 

^A 

(131.)  To  express  the  equation, 

hy^  -h  cx^  +  EO?  =  0. 

In  terms  of  the  conjugate  diameters ;  if^=0,  the  value  of 
X  being  2a!, 

if  ;r  =  a',  the  value  of  y  will  be  b',  •.• 


b'«  = 


4ac' 


,  A  a'«  _    _ 

hence  -—  =  —  -j^,  and  the  equation  becomes 

C  B 

A'y  +  b'*^'  -  2a'b'«*  =  0. 
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SECTION  X. 


Cffike  equations  qfiangeniSy  fwrmalSj  subtangeniSj  and 

subnormals. 

Previous  to  an  investigaUon  of  the  properties  of  those 
curves  already  defined,  it  will  be  necessary  to  determine  the 
equations  of  certain,  lines  related  to  the  curve,  and  on  which 
those  properties  depend. 

PROP.  XXXVIII. 

(132.)  To  express  tJie  equation  of  a  line  passing  through  a 
given  point  and  touching  a  curve  of  the  second  degree. 

Let  the  value  of  y  in 
the  equation  a(^  —  y)  + 
4(a:  —  d/)  =  0  of  a  right 
Une  (pm)  pasang  through 
the  point  (p)  t/ai  be  sub- 
stituted in  the  general 
equation  of  the  second 
degree,  and  the  result 
solved  for  x,  ^ves  an 
equation  of  the  form 


m±a  >v/E'«a^--2pa6  -f  e'6« 
^  =  ~  2n  ' 

in  which  E^  and  e'*  represent  the  quantities  under  the 
radicals  in  (80)  (6)  and  (c),  j/J  being  substituted  for  yx^ 
and 

—  p  =  (b2  —  4Ac)ya/+(BD  —  Sae^+Cbs  —  2cD)a/ 

—  (de  —  2bf)  ; 
the  values  of  m  and  n  being  of  no  importance  to  the  present 
inquiry. 

In  like  manner  the  value  of  jt  in  the  equation  of  the  line 
PM  being  substituted  in  tl|e  general  equation,  and  the  result 
solved,  for  y  gives 
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in!  ±  b  VR'«a«  -  2pa*+ b«6« 

y  = ^ . 

The  Ime  is  a  tangent  when  the  points  m  and  m'  unite  as  in 
PIT},  therefore  they  must  have  the  same  co-ordinates ;  hence, 

K'«a«  —  2pa6  +  b*6*  =  0, 
which  gives 

b      p±8v^M? 

and  therefore  —  = 


«      p  +  2-v/mf' 
Where  m  represents  the  formula  (84),  and 

F*  =  Ay*  +  Bo/y  +  cj/*  +  ©y  +  Bj?'+ f; 

hence,  the  equation  sought  is 

»*(y  -  y)  +  (p  ±  *  -v/M?)  (x  —  a/)  ==  0. 

Since  the  radical  is  susceptible  of  two  signs,  there  may  be 
two  right  lines  from  the  same  point  touching  the  curve; 
their  equations  may  separately  be  represented  thus, 

B'Cy  -  y)  +  (I*  +  «  V^  (dP  -  a/)  =  0, 
vJ'ix  -  a/)  +  (p  +  8  ^/M?)(y-y)  =  0. 
(133.)  If  the  point  yo/  be  on  the  curve  f'  =  0,  and 

p      B^^     B^     gca/-fBy+E 

B*""  P  ""   B  ""SAy+B^-'  +  D 

therefore  the  equation  of  a  tangent  to  a  point  t/jf  on  the 

curve  is 

(^Ay-hBaZ+D)  (y-y)  +  (2ca/+By+E)  (ar-oO  =  ol 
Hence,  and  by  (98),  it  follows  that  the  ordinates  to  a  diag. 

meter  are  parallel  to  tangents  through  its  vertices,  and  that, 

therefore,  these  tangents  are  parallel  to  eadi  other.    It  abo 

follows,  that  the  tangents  through  the  vertices  of  a  diameter 

are  parallel  to  its  conjugate. 

(134.)  Def.  A  right  line  passing  through  the  point  of  ccmw 

tact,  and  perpendicular  to  the'' tangent,  is  called  a  nortnaL 
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PROP.  XXXIX. 

(196.)  Tojind  the  equation  of  the  normal. 

From  the  equation  of  the  tangent  and  the  formula 
in  (S9)i  it  may  be  inferred  that  the  equation  of  &e  nor- 
mal is 

C(2ca/  +  By  +  e)  -  (2Ay  +  bj:*  +  n)  cos.  yx](y  -y) 
-C(8Ay  4-  B^  +d)-(2ci'  +  By  +  e) co&.yx]  (j?-  j!)  =  0. 

PROP.  Xli. 

To  find  the  subtangent. 

(186.)Thepordon 
of  either  axis  of  co- 
ordinates intercepted 
between  the  points 
B,  p,  where  the  tan- 
gent and  a  parallel 
p'p  to  the  other  axis 
through  the  point  p' 
of  contact  intersect  it, 
is  called  a  subtangent. 
In(18S)thevalubof 
{af  ^  x)  corresponding  to  y  =  0  b  the  value  of  the  sub* 
tangent  t  on  the  axis  of  Xy  and  the  value  of  (y  —  y)  cor- 
responding  to  j;  b  0  is  the  subtangent  s'  on  the  axis  of  y ; 

therefore 

gAy+Bor'-f  D 

,  2ca/+By+E 

^•"^^•gAy  +  B^c'+D 


PROP.    XLI. 

(137.)  To  find  the  subnormal. 
A  portion,  fb',   of  each  axis  of  co-ordinates  similarly 


F 
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situated  with  respect  to  the  normal  and  the  parallel  pp'  is 
called  a  subnormal,  and  its  value  is  found  in  the  same 
manner  from  (135), 

^  (2cj:^  +  By +e)— (^Ay+BJ:^+D)  cos.ya? 

*  ""  '^^  '(2Ay+Ba:'+i))  —  (acaj'-f  By'+E)  co8.yx* 
(2Ay-l-BJ7'+D)— (2ca:'  +  By4-E)  co^yx 


8f=:  -a/  . 


(2ca/ + By  -f  e)  —  {^hj/  +  Bay + d)  COS.  y^' 


SECTION  XL 


Of  the  general  properties  of  lines  of  {lie  second  degree. 


PBOP.  XLII. 

(138.)  If  several  pairs  of  intersecting  right  lines  parallel 
to  two  right  lines  given  in  position  meet  a  curve  of  the 
second  degree^  the  rectangles  under  tlieir  segments  inter* 
cepted  between  the  several  points  of  intersection  and  ihe 
corresponding  points  qfoccurse  with  the  curvcy  wiU  be  in 
a  constant  ratio. 

Let  die  axis  of  co-or- 
dinates be  those  lines  which 
meet  the  curve,  the  points 
where  they  intersect  it  are 
found  by  supposmg  suc- 
cessively y  =  0  and  ar  =  0 
in  the  general  equation, 
and  are  therefore  deter- 
mined by  the  roots  of 

ca:^  +  EX  +  F  =  0,  {9) 

Ay«  +  ny  +  F  =  0,  (3). 

F  F 

Hence,  ap  x  ap'  =  ^ — ,  and  a/?  x  Ap/=  -j ,  therefore 


—  -r 


**«•«■ 


■Mi 


^m 
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07 


APX  AP' 


A 

C 


The  values  of  a  and  (;  are  not  affected  by  a  trans- 
fonnation  of  origin  without  a  change  of  direction,  and  there- 
fore, unce  the  axes  of  co-ordinates  arc  supposed  parallel  to 

right  lines  ^ven  in  position,  —  is  constant. 

(139.)  Cor.  1.  If  tlie  roots  of  (2)  or  (3)  or  both  are 
equal,  the  lines  A\  or  AT  or  both  will  be  tangents,  and  the 
rectangle  under  the  roots  is  the  scjuare  of  the  tangent; 
hence  the  proposition  (138)  is  extended  to  the  squares  of 
tangents  intersecting  secants  or  intersecting  each  other. 

(140.)  Cor.  2.  If  A  ore  =  0 
in  (2)  or  (3),  the  equation  in 
which  this  takes  place  has  but 
one  root,  and  the  secant  in- 
tersects  the  curve  in  but  one 
point 

(141.)  Cor.  3.  If  c.=  0, 
the  right  line  ax  intersects  the 
curve  but  once,  in  this  case 
Ap  X  Ap'  OC  AP. 

(142.)  Cor.  4.  If 
A  =  0,  in  like  manner 
Ap  meets  the  curve 
but  once,  and 

AP  X  AP'  oc   Ap. 

(143.)  Cor.  5.  If 
A  =  0  and  c  =  0,  each 
of  the  Unes  ax  and  ay 
meets  the  curve  but 
once,  and  ap  so  Ap. 

(144.)  Car.  &     If 
when  a  =  0,  or  c  =  0,  b  be  finite,  the  curve  must  be  an 

F  2 


X 
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hyperbola,  and  ay  or 
AX  is  parallel  to  an 
asymptot.  Hence,  in  an 
hyperbola,  if  a  p  be  pa- 
rallel to  an  asymptot, 
and  Apj/  be  a  secant 
parallel  to  a  line  given 
in  position, 

Kp  X  Kjf  oo  ap. 

(145.)  Cor.  7.  But  if  a  =  0  or  c  =  0,  and  also  b  =  0, 
the  curve  must  be  a  parabola,  and  ay  or  ax  a  diameter. 
Hence  a  similar  inference  follows  with  respect  to  die  dia- 
meter of  a  parabola,  as  the  parallel  to  the  asymptot  of  an 
hyperbola  scil.,  if  ax  be  the  diameter,  Kp  x  a//  oo  ap. 

(146.)  Cor.  8.  If  A  =  0  and  c  =  0,  the  curve  is  an 
hyperbola,  and  the  lines  ax  and  ay  are  parallel  to  the  asym- 
ptots.     Hence,  in  this  case  ap  oo  a/?. 

(147.)  Cor.  9.  By  (141)  and  (144),  it  appears  that  a 
parallel  to  the  asymptot  of  an  hyperbola  and  a  diameter  of 
a  parabola  intersect  the  curve  but  once. 

(148.)  Cor,  10.  In  central  curves  the  rectangles  under 
the  segments  of  secants  are  as  the  squares  of  the  diameters 
to  which  they  are  parallel. 

(149.)  Cor.  11.  In  central  curves  the  squares  of  the 
ordinates  are  as  the  rectangles  under  the  segments  of  the 
diameter  to  which  they  are  applied. 

(150.)  Cor.  12.  In  a  parabola  the  squares  of  the  or- 
dinates to  any  diameter  arc  as  the  intercepts  between  them 
and  the  vertex  of  the  diameter  to  which  they  are  applied. 

(151.)  Cor.  13.  In  a  circle  the  rectangle  under  the  seg- 
ments of  secants  and  the  squares  of  tangents  drawn  through 
the  same  point  are  equal. 

(162.)  Cor.  14.  In  central  curves  intersecting  tangents 
are  as  the  parallel  diameters. 
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(1580  C'or.  16.    If  AP,  AP'  (fig.  to  Art.  167)  be  tangents, 
and  DCE  be  paroUel  to  ap,  then  dc  :  df  :  de.    For 
DC  X  DE :  DP« : :  ap'«:  ap«  : :  df«  :-dp«. 

PBOP.  XLIII. 

(164.)  To  express  the  equation  of  a  line  joining  the  points 
qf  contact  of  two  tangents  drawn  from  a  given  point. 

In  the  equation  found  in  (188),  lett/x  be  conadered  con- 
stant,  and  the  co-ordinates  y^r'  of  the  point  of  contact 
'   variable,  and  their  denominations  consequently  changed,  the 
equation  becomes 

(2iy/ + ar' + d)  jf  4- (20J?' + By + E)x + DgZ+Rr' + 2p = 0, 
by  considering  that  the  point  yx  must  fulfil  the  conditions 
of  the  general  equation  of  the  curve. 

PROP.  XL  IV. 

(166.)  TTie  line  Joining  the  points  qf  contact  is  an  ordinate 
*  to  the  diameter  passing  through  the  point  qf  intersection 
qfthe  ta/ngents. 

For  the  equadon  found  in  (166)  is  that  of  a  line  parallel 
to  the  line  whose  equation  is  found  in  (92)^  as  that  of  the 
>  ordinates  of  a  diameter  through  yV« 

PROP.  XLV. 

(16&)  The  locus  qfihe  intersection  qfiaiigents  through  (lie 
exiremities  qfa  chord  parallel  to  a  line  given  in  position 
is  (he  diameter  to  which  ihat  chord  is  an  ordinate. 

For  tangents  through  the  extremities  of  any  ordinate  in- 
tersect on  the  diameter  to  which  it  is  an  ordinate. 

PBOP.  XL VI. 

(167.)  Every  secant  drawn  from  ihepoint  ^intersection  qf 
two  tangentSf  and  meeting  the  curve  in  two  points j  is  cut 
Jiarmonicalfy  by  the  curve  and  the  line  joining  the  pointy 
'  qfMniact* 

Suppose  the  intetsectkm  a  of  the  tangents,  the  origin,  and 
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In  this,  —  g-  being  substituted  for^,  the  result  is 

4ac«*  +  4ab«  4-  e*  =  0, 
the  roots  of  which  are 


The  value  of  x  expressed  as  a  function  of  the  semiaxeib 

X  =  VCl  +  y/i  -.^)  =  a'  hF  a/a'»-b'«. 

If  the  curve  be  an  ellipse^  a'^  and  b'*  have  the  same  ugn, 
and  therefore  the  value  of  or  is  real  only  where  a'  >  j/. 
Hence,  there  are  no  Jbci  on  the  lesser  axis  of  an  ellipse,  and . 
there  are  two  on  the  greater  axis,  equaUy  distant  from  the 
centre,  and  the  square  of  their  distance  (c)  fix>m  the  centre 
b  equal  to  the  difference  of  the  squares  of  the  semiaxes;  «•  e. 

c*  =  a'*  -  B^ 

If  a'  =  b',  the  distance  between  the  foci  vanishes,  and 
they  both  ooindde  with  the  centre,  which  takes  place  when 
the  ellipse  is  a  circle* 

The  quantity  —j  is  called  the  eccentricity  of  the  ellipse, 

and  therefore  a  drcle  is  an  ellipse  whose  eccentricity  =  0* 

If  the  curve  be  an  hyperbola,  a'*  and  b'*  have  different 
signs.  In  this  case,  if  a'^  >  0  and  b'^  <  0,  the  value  of  jt  b 
r^,  and  c  =  \/a'*  +  b*;  but  if  a'*  <  0  and  b'«  >  0,  the 
value  of  0?  is  imposable.  Hence,  in  an  hyperbola  there  ar6 
noj^  on  the  one  cunSf  but  two  on  the  other  equally  distant 
fitom  the  centre ;  and  the  square  of  their  distance  from  the 
centre  is  equal  to  the  sum  of  the  squares  of  the  semi* 

axes ;  i.  e. 

c»  n  A*"  -^  i'«. 

If  the  curve  be  SLparabolih  c  s  0 ;  therefore  one  value  of 
X  becomes  infinite,  and  the  other  is  —  t**  ==  iPf  where  p  ex- 
presses the  the  principal  parameter. 

Hence,  in  a  parabola  there  is  but  onejbcus  on  the  axis  at 
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a  distance  from  the  vertex  equal  to  a  fourth  of  the  principal 
parameter. 

The  axis  passing  through  the  fod  of  an  ellipse  or  hyper-- 
bola  is  the  transverse  cuciSj  and  the  other  the  conjugate 
axis. 

(165.)  Def.  The  right  line,  which  is  the  locus  of  the  in-* 
tersections  of  tangents  drawn  through  the  extremities  of  any 
chord  passing  through  the  focus,  is  called  the  directrix. 

PROP.  L. 

(166.)  To  determine  the  position  of  the  directriv. 

T)ie  equation  related  to  an  axis  and  a  tangent  through  its 
vertex  being 

Ay*  +  or*  +  Eo:  =  0; 
and  the  coordinates  of  the  foci  being 

the  equation  of  the  directrix  must  be  (159) 

but  if  c  =  0,  the  equation  of  the  locus  is 

P 
x  —  X  =  0,  or  jr  —  -^  =  0. 

4 

If  the  curve  be  the  ellipse  or  hyperbolay  the  equation  of 
the  directrix  expressed  as  a  function  of  the  axes^  is 

A^ 

j:  =  A  H . 

""   c 


£ 


Hence  the  distance  of  the  directrix  from  the  centre  is  — . 

c 

An  ellipse  or  ht/perhola  has  therefore  two  directrices 
equally  distant  from  the  centre,  and  perpendicular  to  the 
transverse  axis,  and  a  parabola  but  one,  wliich  is  also  per- 
pendicular to  the  axis. 


tA 
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» 

the  secant  (acc'),  the  aids  of 
Of;  hence, 

AC  X  Ac'  =  H , 

c  ' 

and  AC  +  Ac'  =  — -  . 

c 

In  the  equation  (154)  of 

the  line  joining  the  points  of 

contact,  let  y=0,  which  gives 

2f  ^ac  X  Ac' 

AB  = ,  therefore  ab  =  — T~w  9  ^^^  hence,  ac,  ab, 

R  AC  ^'  ASJ 

Ad  are  in  harmonical  progression. 

(158.)  Car.  If  acb  intersect  the  curve  in  but  one  point  c, 
AB  will  be  bisected  at  c,  since  in  that  case  Acf  is  infinite,  and 
theref&re  the  ratio  of  ac  to  ab  is  1 :  2.  This  takes  place 
when  AC  is  the  diameter  of  a  parabola  or  parallel  to  the 
asjrmptote  of  an  hyperbola. 

PBOF.  XLVII. 

(159.)  To  find  ihe  locus  of  the  intersection  of  tcmgents 
througli  the  extremities  qf  a  chord  pctssing  through  a 
given  point. 

In  the  equation  found  in  (154),  let  the  variables  yx  be 
changed  into  constant  co-ordinates  {^^(f)  of  the  given  point, 
and  let  the  co-ordinates  f/af  of  the  point  of  intersection  of 
the  tangents  be  changed  into  variables  ^x,  and  the  equation 
becomes 

(2Ay  4- Ba/+D)j^ -h(2ca:'+ By + E)j?+Dy -hE^ +2f=0. 
Hence,  the  locus  sought  is  a  right  line  parallel  to  the  or- 
dinates  of  the  diameter  passing  through  the  ^ven  pointy 
and  intersects  that  diameter  when  the  tangents  through  the 
extremities  of  the  ordinate  through  j/af  intersect  it. 

(160.)  Cor.    Hence,  if  the  given  point  be  upon  the  axis 
the  locus  will  be  a  right  line' perpendicular  to  the  axis. 


>^ 
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pnop.  xLviii. 

(161.)  The  lines  joining  the  points  of  contact  of  every  pair 
of  tangents  drawn  from  points  in  any  right  line  intersect 
each  otlier  at  the  same  point. 

For  if  the  diameter  be  drawn  whose  ordinates  are  parallel 
to  this  right  line,  and  from  their  point  of  intersocdon  two 
tangents  be  drawn,  the  point  at  which  the  line  joining  the 
points  of  contact  of  these  tangents  intersect  the  diameter,  is 
that  through  which  the  line  joining  the  points  of  contact  of 
every  such  system  of  tangents  pass. 

(16^)  Def  Any  diameter  being  axis  of  a?,  and  a  tangent 
through  its  vertex  axis  of  ^,  the  equation  is 

Ay*  +  ex*  -h  Eo?  =  0. 

E 

The  line  representing is  called  the  parameter  of  the 

diameter,  which  coincides  with  the  axis  of  x. 

To  express  the  equation  of  the  curve  in  terms  of  the 
parameter  p  we  have 

E       2b^ 

by  which  substitution  the  equation  becomes 

It  appears  that  the^aram^^  of  any  diameter  of  an  ellipse 
or  hyperbola  is  a  third  proportional  to  the  diameter  itself,  and 
the  diameter  conjugate  to  it. 

(163.)  Def  The  parameter  of  the  cucis  is  called  the 
principal  parameter. 

(164.)  Def  A  point  of  the  axis,  whose  ordinate  is  equal 
to  half  the  principal  parameter ^  is  called  Xhejbctis. 

PROP.  XLIX. 

Tojmd  (he  distance  of  the  focus Jrom  (he  vertex. 
Let  the  equation  be 

Ay*  +  c^*  +  EX  =.0. 


I. 
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In  the  ellipse^  therefore,  the  product  of  the  tangents  is 
negative,  and  therefore  they  must  always  have  different 
signs,  •.•  the  angles  must  have  diflTerent  affections.  Hence 
if  CD  lies  in  the  angle  bca,  cf  must  lie  in  the  angle  bce  ; 
and  if  cd  lie  in  bce,  cf  must  lie  in  bca. 

In  the  hyperbola  the  same  product  is  positive,  nnce  b'^  is 
negative,  and  therefore  cd  and  cf  lie  both  in  the  same 
angle. 

(171.)  Cor.  I.  In  an  ellipse^  if  a  second  system  of  con- 
jugate diameters  were  at  right  angles,  it  would  bd  a  circle ; 
for  in  this  case  tang.  dca.  tang,  fca  -f  1  =  0,  therefore 
B*  =  A^,  therefore  the  curve  would  be  a  circle. 

(172.)  Cor.  2.  In  an  hyperbola^  if  b'^  =  A*,  tang.  dca. 
tang.  FCA  =  1,  hence  in  an  equilateral  hj/perbola^  the  con- 
jugate diameters  make  complemental  angles  with  the  trans- 
verse axis. 

TROP.  LIV. 

(173.)  To  express  the  polar  equation  of  an  ellipse,  or  hi/per- 
bolay  the   centre   being   tJie  j)olej   and  the  angle  being 
measured  Jrom  the  transverse  axis. 
By  (167)  a'2  =  b«  +  c«a:%  for  a'  substitute  c,  and  for  x 

z  COS.  w,  and  the  equation  will  become  z*  =  z — , 

X  ^™  fc      COS.     CO 

which  is  the  equation  required. 


PROP.   LV. 


(174.)  Diameters  which  make  equal  angles  xvith  the  trans- 
verse axis  are  equal. 
For  z  in  the  last  Prop,  is  a  function  of  cos.^  a;,  and  if  two 
diameters  make  equal  angles,  the  angles  which  they  form, 
when  measured  in  the  same  direction,  are  supplemental :  the 
squares  of  their  cosines  are  e(iual. 
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PROP.  LVI. 

(175.)  To  find  the  greatest  and  least  diameters. 

The  value  of  z  in  the  polar  equation  is  a  maximum,  when 

^cos.  «;  is  a  maximum.     In  the  ellipse  c  <  1,  *.'  e  cos.  a;  <  1, 

*.*  1  ^  ^  COS.  «;  is  a  minimum,  when  cos.  w  a  maximum,  t .  e, 

when  w  =  0.     Also  x;  is  a  minimum,  when  cos.  oj  a  mini- 

mum,  i.  e,  when  co  z=:  —.     Hence,  in  an  rZ///75^,  the  greatest 

diameter  is  die  transverse  axis,  and  the  least  the  conjugate 
axis. 

In   the  hyperbola,  z   will  be  infinite  when   cos.^  w  = 

1  A* 

— =  — T.     Between  this  value  of  cos.  w,  and  cos.  w  =  0, 

the  values  of  z  are  impossible,  and  between  it  and  unity 
they  are  continually  diminishing. 

Hence,  if  a  line  be  drawn  through  the  centre,  represented 
by  the  equation  y  —  tang,  w .  a:  =  0,  or  Ay  —  bo:  =  0,  all 
the  diameters  lietween  this  line  and  the  transverse  axis  meet 
the  curve,  and  all  l)etwecn  it  and  the  conjugate  are  second 
diameters.  Hence  the  least  transverse  diameter  of  an  hy- 
perbola is  the  transverse  axis. 

(176.)  Cor,  1.  The  line  represented  by  the  equation, 

Ay  —  Bx  =  0, 
is  an  asymptote  (105)  for  similar  reasons :  the  other  is, 

Ay  -]-  nx  =  0. 

PROP.  LVII. 

(177.)  Tlic  asymptots  of  an  hyperbola  make  equal  angles 
with  the  tranfiVcrse  axis,  and  are  the  diagonals  of  a  reel- 
angle^Jbrmed  by  lines  drawn  through  the  vertices  of  each 
parallel  to  tfie  other. 
For  the  tangents  of  the  angles  which  they  make  with  the 
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transverse  axis  measured 
in  the  same  direction,  are 

-\ •  and ,  which  are 

A  A 

therefore  supplemental,  and 
therefore  the  angles  hca, 
h'ce  are  equal,  •.•  ch,  ch' 
are  the  asymptots. 


PROP.    LVIII 


(178.)   Tojind  wliether  any  and  what  system  of  conjugate 

dunneters  hi  an  ilUpse  arc  equal. 
In  order  to  be  equal  they  must,  by  (174),  make  equal 
angles    with    the    axis)  '.*   tang,  dca  =  tang,  fca,    but 


B- 


It 


tang.  DCA  .  tang,  fca  = ^,  •.*  tang,  dca  =  — ,  and 


B 


tang.  FCA  = ,  •••  the  ec^uation  of  the  equal  conjugate 

diameters  are, 

Aj/  —  b:f  =  0,    xy  +  bx*  =  0. 

(179.)  Cor.  1.  The  equal  conjugate  diameters  are  the 
diagonals  of  the  rectangle,  formed  by  tangents  dirough  the 
extremities  of  the  axes,  and  are  in  that  respect  analogous  to 
the  asymptots  of  an  hyperbola. 

(180.)  Cor.  2.  If  an  eUipse  and  hyperbola  have  the  same 
axes,  the  equal  conjugate  diameters  of  the  ellipse  are  the 
asymptots  of  the  hy|)erl)ola. 

(181.)  Cor.  3.    The  equation  of  the  ellipse,  referred  to 
equal  conjugate  diameters  as  axes  of  co-ordinates,  is 
^ft  +  j:2  =  a'-,  being  analogous  to  that  of  the  circle. 

(182.)  Cor.  4.  The  co-ordinates  of  the  vertices  of  equal 
conjugate  diameters  are  found  from  the  equations 
Ay  -  ux  =z  0,  and  a^  -f  b-jt*  =  a-b*. 
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They  are,  therefore, 

J/  =  ±  -^,  X  =»  ±  -^. 

(183.)  Cor,  5.  If  a'  be  one  of  the  equal  conjugate  diameters, 

^    "      2     • 
(184.)  Cor,  6i  The  value  of  x  in  the  cor.  4.  being  inde- 
pendent of  B,  and  that  of  y  independent  of  a,  shows,  that  if 
one  axis  of  an  ellipse  is  given  the  locus  of  the  extremities  of 
equal  conjugate  diameters  are  parallel  lines. 

PROP.  LIX. 

(186.)  Tojind  when  (he  rectangle^  under  a  system  qfcoii- 
jugate  diafneterSf  is  a  maximum  and  minimum. 

By  (167),  a'«  =  b*  +  e'^x\  b'«  =  a«  -e«x«,  •.•  a'«b'«  = 
(a*  -  e«ar«)  (b*  +  ^x% 

For  the  ellipse^  the  factors  of  this  product  have  the 
same  sign,  *.*  their  sum  is  constant,  *.*  the  product  is  a  maxi^ 
mum  when  they  are  equal ;  hence,  the  mofor  limit  is  the 
'  equal  conjugate  diameters. 

It  is  evident,  also,  the  product  is  a  minimum  when  they 
are  most  unequal,  «.  e,  when  a?  is  a  maximum,  *.*  jr  =  a; 
hence  the  minor  limit  is  the  axes. 

For  the  hyperbola^  the  factors  have  different  signs,  there- 
fore their  difference  is  given,  consequently  there  is  no  m^ijor 
Umit.  The  minor  limit  is  found  by  taking  x  a  minimum, 
f .  e.  X  =  A,  *.*  the  minor  limit  is  the  axes. 

PROP.  LX. 

(186.)  To  find  the  limits  qftlie  sum  and  difference  of  a 

system  cfcofnjugate  diameters. 
Let  s2  =  A**  -f  b'2  4-  2a'b',  and  d«  =  a'^  +  b'«  —  2a'b'. 
In  an  ellipse,  a'^  +  b**  b  a  giveifmagnitude,  *.•  s  is  a 
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maximum  or  minimum  at  the  same  time  with  a'b'  ;  hence, 
the  major  limit  is  the  equal  conjugate  diameters,  and  the 
minor  the  axes. 

For  the  same  reason  the  major  limit  of  d  is  the  difference 
of  the  axes,  and  it  has  no  minor  Umit. 

In  the  hyperbola^  a'*  —  b'*  is  constant,  and  •/  ance  a'  in- 
creases without  limit,  b'  must  also  increase  without  limit,  and 
*•*  s  must  increase  without  limit 

Also^  since  sd  =  a'^  —  b'%  and  s  increases  without  limit, 
D  must  diminish  without  limit 

Also  8  is  a  minimum  where  a'  and  b'  are  so ;  i,  e.  where 
they  are  the  axes.  It  is  evident  that  d  is  at  the  same  time 
a  maximum. 

PROP.    LXI. 

(187.)  A  in/stem  of  conjugate  diameters  being  axes  qfco^ 
ordinateSy  to  find  the  equation  qf  a  ta/ngent  througk  a 
given  point. 

The  given  point  being  i/x\  the  equation  sought  by  sub* 
stituting  for  a'^j/^  +  B*a:'«,  its  value  a'^b'"  is, 

A'Vy  +  b'Vjt  =  a'-b'«. 


PROP.  LXII. 


(188.)  To  express  the  subtatigcnt  and  subnormal  qf  an 
ellipse  and  hyperbola  related  to  a  system  of  cmjugate 
diameters  as  axes  qf  co-ordinates. 

Let  s  =  subtangent,  s  =  the  subnormal,  and  fl  =  the 
angle  under  the  conjugate  diameters. 

By  the  formula,  m  (136),  s  =  -~y,  s^'—-, ,—. — =^ 

^      ^       '*         b'V  '        A'y  -  b'V  cos.  fl- 

For  the  ellipse  a^  «  b'2(a'»  ^  af^)  •.•  s  =  ^^  -  y.    And 
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if  a',  b',  be  the  axes  of  the  curve  s  = ji 


.  For  the 


L^B 


hyperbola  a'V*  =  b^o^^  —  a'^),  •/   3  =  0/-  --j-;  and  if 

a',  b'  be  the  axes  of  the  curve  s  =  — r- . 

a' 

(189')     Cor.   1.     Since  in  ellipse 

a'* 
CH  =  a/  +  8  =  -7,  and  in  liyperbola 

cH=a:'— 8=-T.     It  follows  tliat, 

in  an  ellipse  or  hyperbola,  if  a  tangent 
and  ordinate  be  drawn  from  any  point 
D  to  meet  the  same  diameter,   the 
semidiameter  is  a  mean 
proportional     between 
the  parts  of  the  dia- 
meter   intercepted  be- 
tween   them    and    the 
centre. 

(190.)  Cor.  2.  The 
value  of  s,  being  independent  of  b',  is  the  same  for  any  num- 
ber of  ellipses  or  hyperbolas  described  on  2a'  as  diameter, 
and  having  the  conjugate  diameters  coincident  with  cf. 

PROP.  LXIII. 

(I9I.)  To  express  the  magnitude  of  the  normal  related  to 

the  axes,  as  axes  of  co-ordinates. 
If  s  be  the  subnormal,  QXiAj/af  the  point  on  the  curve,  N 
being  the  normal,  n*  =  5*  +  y^* ;  but  by  the   last  Prop. 


**  = 


bV« 
4  > 


j« 


N*  = 


_  aV  4-  bV^ 


A'  A' 

But   Ay-  =  A«B^  —  B«a:'2,  .  .  ^y^  ^  B+jJi  -.  b«(^4  _  ^%jJ%Y 

A^ 


>•'=  =  T?(A'  -  ex%  . 


8S 


ALGEBRAIC  eSOXBTRY. 


PROP.   LXIV. 

(192.)  Any  semidiameter  is  a  mean  proportional  between  the 
parts  of  Hie  tangent  which  is  parallel  to  it^  intercepted  be- 
tween  the  point  of  contact,  and  any  system  qf  conjugate 
diameters. 

Let  the  semidiameter  cd 
through  the  point  of  con- 
tact, and  its  conjugate  CF 
be  tlie  axes  of  co-ordinates, 
and  let  cn'^and  ci^be  any 
other  system  of  conjugate 
diameters. 
The  point  if  being  sfjf,  the 
equation  of  cn^  is 

yaf  ^j/x:=z  0, 
and  that  of  cf'  is 

In  each  of  these,  let  a'  be  sub- 
stituted for  0?,  and  the  cor- 
responding values  of  y  are^ 

Ay        ,      .  li^jf 

DT  =  -^^,  and  DT  =  —  — 7T. 

Hence,  dt  x  dt'  =  —  b  «. 

The  fflgn  being  negative  for  tlie  ellipse,  and  positive  for  the 
hyperbola,  shows  that  they  are  at  difiercnt  sides  of  on  in  the 
one,  and  on  the  same  in  the  other. 


PROP.   LXV. 


193.)  The  triangles  Jbrmed  by  ordinates  to  any  diameter  cd 
Jrom  the  extremities  of  a  system  of  conjugate  diameierSy 

and  the  intercepts  between  them  and  the  centre  are  equal. 

For  if  the  point  n'  be  f/afy  the  co-ordinates  yx  of  the  point 
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F*  are  by  (167),  5^  =  -^,  a?  =  -^ 


Since  the  angles  j/x^,  and  yx  are  supplemental,  their  sines 
are  equal,  therefore  the  area  of  the  one  triangle  is 

V3u    Sin    t/i2? 

' Q-— ,  and  of  the  other  is 


% 


yx  un.  yx    vlaf     Ay    sin.  yx  ^  }fx!  sin.  yx 


PROP.  LXVl. 

(194.)  Ifan  the  axes  of  an  ellipse  as  diameters  circles  be  de- 
scribed^ that  on  the  transverse  axis  will  be  entirely  outside 
ihe  ellipse^  touching  it  at  the  extremities  of  this  axis;  that 
on  the  conjugate  will  be  entirely  within  the  ellipse^  touch- 
ing at  tJie  extremities  of  its  conjugate  axis. 

Let  A   be   the    semi- 


transverse  axis,  and  b  the 
semioonjugate;  let  y  be 
the  ordinate  of  the  large 
drcle  on  a, 

Y*  =  A*  —  ar*; 
but  in  the  ellipse 


B^ 


B*Y* 


r^^ 


A  A  ...  - — " 

and  since  a^  >  b',  y  >  y,  therefore  every  part  of  the  circle 
must  be  outside  the  ellipse. 

In  like  manner,  let  x  be  the  ordinate  of  the  diameter  2b 
of  the  other  circle. 


a2 


A* 


but  in  the  ellipse  x^  =  —  (b*— y*)  =  —  x*.      And    since 

b  b 

B  <  A,  X  <  or,  therefore  every  part  of  the  circle  lies  within 

the  ellipse. 

It  is  obvious  that  they  touch  as  stated  above. 

G  2 
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(195.)  Cor.  —  =  — ,  all  ordinates  to  the  diameter  ae  of 
^       ^  y       ^ 

the  circle  are  cut  in  the  same  ratio  by  the  ellipse. 

PROP.  LXVII. 

(196.)  If  a  circle  be  orthographicaUy  projected  on  a  plancy 
to  which  it  is  inclined  at  an  angle  (d),  its  profection  will 
be  an  ellipse. 

The  projection  of  the  diameter  of  the  circle,  which  is 
parallel  to  the  plane,  is  a  line  on  the  plane  equal  and  parallel 
to  it.  Ordinates  being  supposed  to  be  drawn  to  this  diametar 
of  the  circle,  their  projections  will  be  perpendicular  to  the 
projection  of  the  diameter,  and  have  to  the  ordinates  them- 
selves the  ratio  of  the  cosine  of  angle  of  projection  to  radius, 
which  being  a  constant  ratio,  the  locus  of  their  extremities 
must  be  an  ellipse,  by  (195.) 

PROP.  LXVIII. 

(197.)  The  angles  in  the  semiellipsej  whose  bctse  is  tfic  trans^ 
verse  aj:is,  are  obtuse;  those  in  the  semiellipse^  whose  base 
is  its  conjugate^  arc  acute. 

The  proof  is  obvious  from  (194),  and  the  angle  in  the 
semicircle  being  right. 

PROP.  LXIX. 

(198.)  Tojind  the  limits  of  the  angk  inscribed  in  a  semi- 
ellipse  on  either  axis. 

Let  any  point  on  the  ellipse  hcj/x'y  the  equation  of  two 
hnes  passing  through  the  extremities  of  the  axis  and  that 
point  are, 

y(a/-A)  -y(a7-'A)  =  0,       j/(^  +  a)  -.y(a:+A)  =  0. 
By  the  formula,  in  (31), 

tang.  II'  = 7- ^ — -. 


ALGKBRAIC    GEOMETRY.  85 

But  by  the  equation  of  curve 

A*,  „       .^  ,„  2ab« 

^»  =  -,  (B«  -y«),  •••  tang.  W  =  -  ^^^53:^. 

If  A  >  B  this  is  negative,  therefore  the  angle  being  ob- 
tuBe,  18  a  maximum  when  its  tangent  is  a  minimum,  which 
10  when  ^  =  B,  once  ab*  is  invariable.  But  if  a  <  b,  the 
angle  being  acute  must  be  a  minimum  in  the  same  case. 

Hence  in  a  semiellipse,  whose  base  is  a  transverse  axis, 
the  greatest  angle  which  can  be  inscribed  is  that  whose 
vertex  is  at  the  extremity  of  the  conjugate  axis.  And  in  a 
semiellipse,  whose  base  is  the  conjugate  axis,  the  least  angle 
which  can  be  inscribed  is  that  whose  vertex  is  at  the  ex- 
tremity of  the  transverse  axis. 

PUOP.  LXX. 

(199.)  If  two  right  lines  be  drawn  front  the  extremities  of  a 
diameter  of  an  ellipse  or  hyperbola  to  any  point  on  the 
curve  J  the  diameters  parallel  to  these  are  conjugate. 

In  order  that  the  two  lines  through  the  centre, 

y  --  as  =^  0,y  —  a'x  =  0, 

b* 
should  be  conjugate  diameters,  the  conditions  aci  =  -^  —7 

A 

must  be  fulfilled.    But  if  the  two  right  lines  connect  a  point 
in  the  curve  with  the  extremities  of  a  diameter,  their  equa- 
tions related  to  that  diameter,  and  its  conjugate  are, 
j^Ci'  -  A)  -y(a:  -  a)  =  0,  yixf  +A)  -^(x  +  a)  =  0, 

and,  in  this  case,  aa!  =  -j^ j,  and  by  the  equation  of  the 

»M/        ""—  A 

B*  y«  B*  B* 

curve  y*  =  ]^(A"  -  ^^),  '.•  -grr;}  =  ""  l^'  *•'  ^^'  = ""  x^' 

hence  lines  parallel  to  these  must  be  conjugate  diameters. 

(200.)  Cor,  h  Hence  is  obvious  a  geometrical  method  of 
drawing  a  diameter  conjugate  to  a  given  one. 
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Let  CD  be  the  ^ven  dia* 
meter,  and  ae  any  other; 
from  E  draw  a  line  el  paral- 
lel to  CD,  join  AL,  and 
through  c  draw  a  diameter, 
CF,  parallel  to  al;  cf  is  the 
semidiameter  conjugate  to  cd. 

(201.)  Car.  2.  To  find  a  system  of  conjugate  diameters, 
which  shall  contain  a  ^ven  angle. 

On  the  transverse  axis  describe  a  segment  of  a  drcle,  which 
shall  contain  the  given  angle,  and  join  the  extremities  of  the 
axis  with  the  point  where  this  segment  intersects  the  ellipse, 
diameters  parallel  to  these  lines  will  be  conjugate,  and  con- 
tiun  the  ^ven  angle. 

(202.)  Car.  3*  The  equal  conjugate  diameters  are  parallel 
to  the  lines  joining  the  extremities  of  the  axes. 

(203.)  Car.  4.  The  property  expressed  in  the  proposition 
furnishes  a  geometrical  method  of  drawing  a  tangent  at  a 
given  point.  Find,  as  in  Cor.  1,  the  diameter  conjugate  to 
that  through  the  point,  and  a  line  through  the  point  parallel 
to  this  is  the  tangent. 


PROP.  lxxi. 


(204.)  Tojind  the  most  oblique  cwyugate  diameters. 

Let   a   perpendicular   ?   be 
drawn  from  the  extrenjity  d  of 

any  diameter  a' on  its  conjugate, 

p 
sin.  dcf(5)=— .  Buttheequa- 

A 

tion  of  CF  being  ' 

A^t/y  +  B  Va:  =  0. 

aW*  -f  B*ar'* 
By  formula  (50),  p  =  -  •    '^  .   — 7-=;.  But  by  the  equa- 
•^  ^/Ay*■fBV" 
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tion-  of  the  curve, 

Ay«  =  A«B«  -^B«a/«,  •••  Ay«  +  bV«  =  B«(A*  -  C««'*)  = 

a«b«(a«  -  ^j/»),  ••• 

AB 

But,  by  (167), 

b'2  =  a«  —  ^x\  •/  sin.  9  =  -T-y. 

a'b' 

Heace  the  sine  d  is  a  minimum,  when  a'b'  is  a  maximum,  i.e. 

when  a'  ^  b',  hence  the  most  oblique  conjugate  diameters 

are  those  which  are  equal. 

(205.)  Cor.  Since  a  tangent  through  the  vertex  of  any 

diameter  is  parallel  to  its  conjugate,  the  value  of  the  sine  of 

the  angle  under  any  diameter  and  the  tangent  through  its 

vertex  is,  -n* 
a'b' 

prop.  lxxii. 

(206.)  771^  rectaiigle  under  the  normal  to  any  point,  and 
the  transverse  axis  is  equal  to  tJie  rectangle  under  the 
conjugate  axis,  and  the  semi'diameter  coryugate  to  tliat 
parsing  through  the  point. 


B 


For,  by  (191),  n  =  —  -v/a^  -  e^x\  and  by  (167), 


b'  =  v^A«  -  e'«X*  •••  2 AN  =  2bb'. 


PROP.  LXXIII. 


(207.)  To  find  the  magnitude  of  a  parallelogram  firmed  hy 
tangents  through  the  vertices  of  a  system  of  conjugate 
diameters. 

Since  the  sides  of  the  parallelogram  are  parallel  respec- 
tively to  the  conjugate  diameters  2a',  2b',  they  must  be  equal 
to  them,  and  inclined  at  the  same  angle  9.  Hence  the  area 
of  the  parallelogram  is  4a'b'  sin.  i,  which,  by  (204),  b  equal 
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4ab.  Hence,  all  parallelograms  formed  by  tangents  through 
the  vertices  of  a  system  of  conjugate  diameters  are  equal 
the  rectangle  under  the  axes. 

PROF.  LXXIV. 

(^8  )  To  find  the  dUtai\ce  of  any  point  in  an  ettip$e  or 

hyperbolajrom  tliejbctis. 

The  axes  of  the 
curve  being  assumed 
as  axes  of  cd-or- 
dinates,  the  equa- 
tion is, 
A^»  +  B  V  =  A«B«. 

Let  D  be  the  distance  sought,  d*  =  y*  +  (^  —  ^)*> 
•••  A«D«  =  Ay  +  A«(a:  —  cy  =  A«B«  -  B«a?*  +  A«(a?  —  c)* ; 

in  which  substituting  c^  its  value, 
and  taking  the  square  root  of  the 
result,  AD  =  ±  (a*  —  cr), 

•.•  D  =   ±  (a X)  =  +  (a  — ^X), 

where  e  expresses  the  eccentricity. 

For  the  same  value  of  or,  there  are,  therefore,  two  equal 
values  of  d,  which  is  what  should  be  expected;  y^  was 
eliminated,  which  has  two  equal  roots  +y,  and  the  two 
values  of  d  correspond  to  these.  The  two  values  of  d  are 
represented  in  the  figures  by  fp  and  fp'. 

If  c  be  taken  negatively,  the  distance  d^  will  be  that  of 
the  point  from  the  focus  f'  on  the  negative  side  of  the 
centre.    Hence, 

!>'  =  ±  (a  H ^)  =  ±  (a  4-  ex). 

In  an  ellipse  d  and  n'  must  have  the  same  sign,  for  c  and  x 


being  both  less  than  a,  — x  must  be  less  than  it  also. 

A, 
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But  in  a  hyperbola,  since  c  and  x  are  both  greater  than 
A,  —  must  also  be  greater  than  a  ;  *.'  in  an  hyperbola  d  and 

d'  have  different  signs.     By  the  solution  of  the  equation, 

Ay  +  b«j:*  =  A«B« ; 
and  from  the  consideration  that  b*  >  0  in  the  eUipsc,  and 
B*  <  0  in  the  hyperbola,  it  is  obvious  that  any  value  of 
;r  >  A  in  the  ellipse,  and  <  a  in  the  hyperbola,  would 
render  y  impossible- 

PEOP.  LXXV. 

(209.)  In  an  ellipse  the  sum  of  flie  distances  of  any  point 
from  thejbci,  and  in  an  hyperbola  the  difference  qfHwse 
distances^  are  respectively  equal  to  tJie  transverse  axis. 

For  adding  the  values  of  d  and  d'  in  the  last  Prop. 

D  ±  d'  =  2a, 
d'  being  posiuve  for  the  ellipse,  and  negaUve  for  the  hy- 
perbola. 

(210.)  Car.  1 .  Hence,  an  ellipse  is  the  locus  of  the  vertex 
of  a  triangle,  of  which  the  base  and  sum  of  the  sides  are 
given ;  and  an  hyperbola  is  the  locus,  when  the  base  and 
difference  of  the  sides  is  given. 

PROP.  LXXVI. 

(211.)  To  describe  an  ellipse  and  hyperbola  mechanicalb/. 

P.  Let  the  extremiues  of  a  cord  be  fixed  to  two  points,  a 
pencil  looped  in  the  cord,  moved  so  as  continually  to  keep 
the  cord  stretched,  will  describe  an  ellipse  of  which  the 
points  arc  the  foci,  and  the  length  of  the  cord  the  transverse 
axis. 

2^.  Let  one  extremity  a  of  a  straight  ruler  be  fixed,  so 
that  the  ruler  can  move  round  it ;  in  the  same  plane,  to 
another  point  b  let  the  extremity  of  a  cord  be  fixed.    The 
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::^  ruler  being  turned  so 
as  to  pass  through  the 
point  B,  let  the  cord 
pass  through  a  ring 
attached  to  the  ruler 
at  p,  and  capable  of 
sliding  upon  it,  and 
be  fastened  to  it  at  any  distant  point  c.  The  ruler  being 
moved  in  the  same  plane  round  the  point  a,  a  pencil  at- 
tached to  the  sliding  ring  at  the  point  p  will  describe  an 
hyperbola. 

PROP.  LXXVII. 

(21S.)  To  expreis  tJie  pola?-  equaiiony  Hiejbcus  being  the 
polCf  and  tlic  transverse  cuvis  the  axis  from  which  {he 
angles  are  meoMLred. 

For  the  value  of  d  found  in  (208)^  let  z  be  substituted, 
and  z  COS.  a;  +  c  for  or ;  the  result  ailer  reduction  is 

A(1«0 


or  rince  (1  —  c*)  = 


z  = 

B« 

Z  = 


1  +^cos.  a;  ' 
..A(l-^)=-  =  |;v 


2(1  +ccos.a;)' 

If  the  angle  w  be  measured  from  any  right  line  making  with 
the  transverse  axis  an  angle  ^, 

A(l-g«)  p 


z  = 


2{l  +  £?cos.(9-a;)}      2{H-fcos.(^-»)}.' 


PROP.  LXXVIII. 

213.)  nie  rectangle  under  the  distances  of  any  pwntjromi 
thejbci  is  equal  to  the  square  of  the  semidiamekr  con-- 

jugatc  to  that  passing  through  the  point. 
For  from  (208)  dd'  =  a*  -  ^x\  and  by  (167), 
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PROP.  LXXIX. 

(214.)  To  find  the  length  of  a  perpendicular  if  from  the 
focus  on  a  tangent  through  any  point  {j/^» 

The  equaUon  of  a  tangent  being 

A^j/y  +  B^x'x  —  A«B«  =  0, 

the  value  of  p'  is  found  by  (50), 

A«— car' 
pf  —  —  b'* 

'  (Ay2+B V»)i  * 

But  by  the  equation  of  the  curve,  it  appears  that 
aV*  -f  bV*  =  p»A«(A»  -  £?V*).     Hence, 

If  c  be  taken  negatively,  the  length  of  the  perpendicular 
p"  from  the  other  focus  on  the  tangent  is, 

- = -  i^'- 

PROP.  LXXX. 

(21£.)  TTie  rectangle  under  the  perpendiculars  from  the 
foci  on  a  tangent  through  any  point  is  equal  to  the  square 
of  the  semicofyugate  axis. 

For  by  the  last  Prop. 

p'p''  =  B«. 

PROP.  LXXXI. 

(S16.)  The  perpendiculars  from  thefod  on  a  tangent  through 
any  point  are  as  the  distances  of  thoit  point  from  the 
focus. 

Fcft^  torn  (214), 

p'       K^eaf  ^  D 

P"  ""  A  +  ^«'""   d'* 
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PROP.  LXXXII. 


(217.)  TTie  lines  connecting  any  point  with  Hie  Jbci  are 

equally  inclined  to  (lie  tangent. 

For  the  angles  at  which  b  and  d'  are  inclined  to  the 
tangent  being  0  and  d'j 


sin,  fl  =  —  and  sin.  fl'  =  — r ; 


but  by  last  Prop. 


p'-      D         p'        p"  . 

3"  =  -J,  •.•  —  =  — I-,  •.•  sin.  0  =  sm,  y. 


p«       d' 


pfp/r 


(218.)  Cor.  1.     Sin,*  fl  =  — j ;  but  by  (215),  fV  =  b% 


andDD'=  B'«byX218); 


B 


•.•  sin.  fl  =  — r, 
b' 

(2 19-)  Cor.  2.     The  normal  bisects  the  angle  under  tlie 

focal  distances. 

(220.)  Cor.  3.  The 
property  expressed  in  the 
Prop,  points  out  a  geo- 
metrical method  of  draw- 
ing a  tangent  to  a  point 
on  the  curve. 

For  let  lines  df,  df', 
be  drawn  from  the  point  to  the  foci,  and  if  the  curve  be  an 

ellipse  df'  produced,  the  line 
^.-"^  "  which  bisects  the  angle  FD^is  a 
tangent.  If  the  curve  be  an 
hyperbola,  the  line  which  bi- 
sects fdf'  is  the  tangent. 
(221.)  Cor.  4.  If  one  rf  the 
fod  be  a  point  from  which  rays  emerge,  which  obey  the 
same  law  of  reflection  as  those  of  light,  and  that  the  curve 
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be  a  reflecting  substance,  the  reflected  rays^  if  the  curve  be 
an  ellipse,  will  converge  to  the  other  focus ;  and  if  it  be  an 
hyperbola,  they  will  diverge  from  it.  It  is  from  this  pro- 
perty that  the  foci  have  received  their  name. 

PROP.  LXXXIII. 

(S2S.)  A  line  being  drawn  from  thcjbctis  to  tlic  point  of 
conflict  of  a  tangent^  and  a  linejrom  the  centre  parallel 
to  it,  to  find  the  length  of  the  latter  intercepted  beticeen 
tlie  centre  and  the  tangent. 

Let  the  line  sought  be  z,  and  the  angle  it  makes  with  tlie 
tangent  =  fl,  and  the  perpendicular  from  centre  on  the 
tangent  =  p. 

P  AB 

Hence,  z  =  ^r^ ;  but  p  =  -;^-  by  (203),  and  by  (218), 

sin.  fl  =  — 7,  '.•  s  =  A. 
b' 

Hence,  the  locus  of  the  intersection  of  this  line  with  the 
tangent  is  the  periphery  of  a  circle  described  on  the  trans- 
verse axis  as  diameter. 

PROP.  LXXXIV. 

(223.)  To  find  the  locus  of  tlie  intersection  of  a  tangent  and 
a  right  line  perpendicular  to  it  passing  through  the 
Jbcus. 

The  equation  of  the  tangent  is 

h^j/y  -f  bVo?  =  A"B-. 
The  equation  of  the  perpendicular  is 

Ar]/x B  V^  =   ACl/, 

Eliminating  j/3if,  observing  the  condition, 

A^s  +  bV-  =  a^bS 
and  arranging  the  terms  according  to  the  dimensions  of  y, 
we  have 
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which  resolved,  gives 

— ar«+2car+B2±(2cj7  +  B2— 2a*) 
^  =  -g , 

which  ^ves  the  two  equations, 

y*  +  (a:  -  cY  =  0, 

y«  +  a:-  =  A^ 
The  first  is  satisfied  only  by  ^  =  0,  a:  =  c,  which  are  the  co- 
ordinates of  the   one  extremity  of  the  perpendicular;  the 
latter  is  the  equation  of  the  circle  described  on  the  transverse 
axis  as  diameter,  which  is  therefore  the  locus  sought. 

PROP.  Lxxxv. 

(2S4.)  In  an  ellipse  or  hyperbola  the  semttransverse  axis  is  -S^ 
a  mean  proportional  between  the  distances  of  thejbcus  and 
directrix  Jrom  the  centre. 

A* 

For  the  distance  of  the  directrix  from  the  centre  is  —  by 

c     ^ 

(166.) 

(225.)  Cor.  1.  Hence,  in  an  ellipse  the  vertex  lies  be- 
tween the  centre  and  directrix ;  but  in  the  hyperbola,  the 
directrix  lies  between  the  centre  and  the  vertex ;  for 

A« 
C  >  A,  •/  A  >    — . 

C 

(226.)  Cor.  %    The  perpendicular  distance  of  any  point 

y^  in  the  curve  from  the  directrix  is 

A*  ,       A«— cj:' 

or  = . 

c  c 

PROP.  LXXXVI. 

(227.)  The  distance  qfa/ny  point  in  an  ellipse  or  hyperbola 
from  theJ(Ktis  has  a  comta^t  ratio  to  the  perpendicular 
distance  of  the  same  point  Jrom  the  directrix. 

For  by  (208)  d  =  — - — ,  and  by  the  last  Prop.,  the 
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distance  from  directrix  is ,  the  ratio  of  which  c  :  a, 

c  ' 

is  independent  of  the  co-ordinates  of  the  point. 

This  is  a  ratio  of  minor  inequality  for  the  ellipse,  and  of 

major  inequality  for  the  hyperbola. 

PUOP.  LX XXVII. 

(S28.)  A  line  being  drawn frtyni  theficus  to  any  point  in 
tfie  curve^  tojind  the  loans  of  (lie  intersection  of  a  perpen- 
dicular to  this  line  drawn  through  the  Ji)CHS  nith  the 
tangetU. 

The  equation  of  the  line  drawn  from  the  focus  to  the 
point  j/af  being 

(a:'-c)y-yx+yc  =0. 
The  equation  of  perpendicular  to  it  is 

yy  +  (j/  -  c)x  +  c(c  —  j/)  =  0. 
If  y  be  eliminated  by  means  of  this  ctjuation^  and  tliat  of 
the  tangent  through  yx,  the  result  after  reduction  is 

A« 
X  =       -- 
C 

Hence  the  locus  sought  is  the  directrix. 

PROP.  LX XXVIII. 

(229.)  77ie  asymptot  of  the  hyperbola  is  the  limit  of  the 
position  of  the  tangent^  the  distance  of  the  point  afcontojci 
from  tlie  centre  being  indefinitely  increased. 

Let  the  point  of  contact  be  t/x'  :   the  equation  of  die 

tangent  solved  for  y^  and  the  value  of  y  being  substituted 

in  itj  gives 

_         bo:'  ab  —  b 

V  =  +  — z===x  -i =  —  .r  4- 

^  AN/a^«-A'-  v/a?"^-A^      aV^I— ^l 


.i'« 


ab 
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As  of  is  indefinitely  increased,  the  value  of  y  approaches 
X  as  a  limit;  but^  =  +  — -is  the  equation  of  the 

A  A 

asymptots. 

(280.)  Cor.  1.  Hence,  it  appears  that  the  asymptots  are 
the  diagonals  of  a  parallelogram  formed  by  tangents  through 
the  vertices  of  every  system  of  conjugate  diameters. 

(231.)  Cor,  2.  If  a  line  be  drawn  connecting  the  ex- 
tremities of  any  pair  of  conjugate  diameters,  it  will  be 
bisected  by  one  asymptot,  and  parallel  to  the  other :  for 
these  extremities  are  the  points  of  bisection  of  the  sides  of 
the  parallelograms,  of  which  the  asymptots  are  the  diagonals. 

PROP.  LXXXIX. 

(232.)  To  find  the  equation  of  the  asymptots  related  to  any 

system  of  conjugate  diameters. 

The  equadon  of  the  tangent  related  to  any  system  of 
conjugate  diameters  a'b^  is 

A'Vy  +  bVx  =  a'*b'S 

,       /I        I^  ,         A'*b' 

or^y\y      -  -^  +B^  =  ^. 

The  limit  of  this  when  a/  is  indefinitely  increased  is  the 
equation  of  the  asymptots,  A'y  ±  "six  =  0,  which  is  the  same 
form  as  when  related  to  the  axes. 

PROP.  xc. 

(233.)  The  intercept  of  a  tangent  to  an  hyperbola  hetxveen 
the  two  asymptots  is  equal  to  the  diameter  to  which  it  is 
parallel^  and  is  bisected  at  the  point  of  contact. 

The  diameter  through  the  point  of  contact  and  its  con- 
jugate being  axes  of  co-ordinates,  the  equation  of  the  asym- 
ptots is 

A^y  +  b'jt  =  p. 
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If  in  this  07  =:  a',    ^  =  if  b',  hence  the  proportion  is 
manifest. 


PROP.  xci. 

(284.)  If  any  right  line  intersect  an  hyperbola^  and  be  pro- 
duced to  meet  both  asymptotic  the  two  intercepts  between 
the  curve  and  asymptote  are  equal. 

The  diameter  parallel  to  the  right  line  and  that  to  which 
it  is  an  ordinate  being  taken  as  axes  of  co-ordinates,  the 
equation  of  the  hyperbola  is 

A V  -  B'*ar«  =  -  a'«b'«  ; 
the  equation  of  asymptots, 

A'y  +  B'a:  =  0. 
From  the  form  of  these  equations,  it  is  evident  that  the 
axis  of  X  bisects  the  part  of  the  hne  intercepted  between  the 
two  asymptots,  as  the  two  values  ofy  are  equal  with  opposite 
signs.  It  also  bisects  the  part  intercepted  within  the  curve ; 
and  hence  it  follows  that  the  two  intercepts  between  the  curve 
and  the  asymptots  are  equal. 

PHOP.  XCII. 

(235.)  A  right  line  being  intercepted  between  the  asymptots, 
the  rectangle  under  the  segments  of  it  made  by  the  curve 
is  equal  to  the  square  of  the  jxirallel  semidiamcter. 

The  axes  of  co-ordinates  being  as  in  the  last  Proposition^ 
the  segments  are 

V"^        a'  ^^"^      ^  ' 


b'  .        b' 


being  the  sum  and  difference  of  the  values  of  ^  for  the  curve 
and  asymptot,  which,  when  multiplied,  ^ve  b'^. 
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PROP.  XCIII. 

(2S6.)  Tofini  the  intercept  of  a  parallel  to  an  asynvptot 
between  the  curve  and  the  directrix. 

Let  the  point  where  the  paralld  meets  the  curve  be  s^af ; 
the  perpendicular  distance  of  the  p(unt  from  the  directnx  is 

by  (2S6), ;  and  the  mne  of  the  angle  at  which  the 

parallel  to  the  asymptot  is  inclined  to  the  directrix  is  -— 

Hence,  the  intercept  of  the  parallel  required  is 

V*  -  caf 
A      ' 
and  therefore  the  distance  of  any  point  in  the  curve  from 
the  focus  (208),  is  equal  to  a  parallel  to  the  asymptot  drawn 
from  the  same  point  to  the  directrix. 

PROP.  xciv. 

(237.)  The  asymptote  of  an  equilateral  hyperbola  intersect 

at  right  angles. 

For  their  equation  is  y  +  jt  =  0,  *•*  each  is  inclined  to 
the  transverse  axis  at  half  a  right  angle,  and  therefore  they 
make  with  each  other  a  right  angle. 

PROP.  xcv. 

(238.)  If  from  any  point  in  an  hyperbola^  parallels  to  each 

asymptot  be  drawn  to  meet  the  others  tJie  parallelogram 

under  these  is  of  a  constant  magnitttdsj  and  equal  to  a 

fourth  part  qf  the  parallelogram  formed  by  lines  joining 

the  extremities  of  the  axes* 

The  equation  of  hyperbola  related  to  its  asymptots  is 

F 


ALGEBRAIC   GEOMETRY.  99 

The  line  joining  the  vertices  of  the  axes  is  equal  to  c ;  and 
ance  it  is  parallel  to  one  asjonptot^  and  bisected  by  the  other, 
vfheni/=lCf  J7=4  of  other  diagonal  of  rectangle  under  axes» 

•/  ar=^c ;  hence '=  "T>  *•*  y^  =  I'*    ^^^  ^  theparal- 

lelogram  under  yx  is  equiangular  with  that  whose  side  is  c, 
they  are  equal. 

PROP.  xcvi. 

(239.)  7%^  svbtangent  cfan  hyperbola  related  to  its  asymp^ 
tots,  as  axes  of  coordinates,  is  equal  to  the  intercept  of 
the  asymptot  between  tJie  ordinate  of  the  point  and  the 
centre. 

Since  the  point  of  the  tangent  intercepted  between  the 
asymptots  is  bisected  at  the  point  of  contact,  the  ordinate 
parallel  to  each  asymptot  from  the  point  of  contact,  must 
bisect  the  parts  of  the  other  intercepted  between  the  tangent 
and  the  centre. 


SECTION  XIII. 
Of  the  parabola, 

PROP.  XCVII. 

(240.)  A  parabola  is  the  limit  of  an  ellipse  or  hyperbola,  {he 
parameter  of  which  being  given,  tfie  transverse  axis  is 
increased  witlwut  limit. 
For  the  equation  of  an  ellipse  or  hyperbola,  the  origin 

being  at  the  vertex,  is  (131), 

A-^«  4-  B^x'  -  2AB«a?  =  0 ; 

the  parameter  being  p. 


g-B, 


II  3 


4IM  v.!"'k>^' 
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making  this  substitutioiiy  and  dividing  by  a^,  the  equation 
becomes 

3^-f  ^a:»-pa?  =  0. 

If  A  be  supposed  to  be  increased  without  limit,  p  remmning 
unvariedt  the  second  term  disappears,  and  the  equation  be- 
comes 

which  is  that  of  a  parabola. 

PROP.  XOVIII. 

(241.)  Tojlnd  the  equations  of  a  tangent  and  normal  qfa 

parabola. 
The  equation  of  the  parabola  related  to  a  diameter  and  a 
tangent,  through  its  vertex  as  axes  of  co-ordinates,  is 

y-p'*  =  o, 

jf  being  the  parameter  of  that  diameter  (162).  The  equar 
tion  of  the  tangent  is,  therefore^  (1S3), 

or  since  jf  —  f/af  =  0, 

^3/y  -p(^  +  ^  =  0. 
The  equation  of  the  normal  is  therefore 
{pf+»^coB.yx)(ff^f/)^-{ii/  +  j^cos.yx)(x-af)  =  0; 
and  if  the  axis  of  a?  be  that  of  the  curve,  it  becomes 

PROP.  XCIX. 

(242.)  To  Jind  the  subtangent  and  sabnomuU  ^  the 

parabola. 
The  subtangent  being  s,  and  subnormal  ^,  their  values 
by  the  formulas  (136),  (137),  become 

8  =  20/, 

_    ,     yH-2y  cos.^x 
*"^'    2s/+ycos.yx 
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If  the  axis  of  jt  be  that  of  the  curve,  the  value  of  the  sub- 
normal  becomes 

Hence,  in  a  parabola  the  subtangent  is  bisected  by  the  curve, 
and  the  subnormal  relative  to  the  axis  is  constant,  and  equal 
to  half  the  principal  parameter. 

PEOP.   c. 

(243.)  To  fiiii  ihe  distance  of  a  point  in  a  parabola  from 

thejbcus. 
Let  the  sought  distance  be  z,  and  j/af  the  point.     The 

P 
co-ordinates  of  the  focus  being  y  =  0,  a;  =  -t">  *•' 


4  /        ^-^  ^  4 


V  2  =  a/  +  -^. 


PEOP.  CI. 

(244.)  To^nd  the  polar  equation  of  a  parabola^  thejbcus 

being  the  pole. 
Let  f  be  the  angle  which  the  axis  of  the  parabola  makes 
with  the  fixed  axis  from  which  the  values  of  w  are  measured* 

liyx  be  any  point  on  thecurve,  by  (243)  i;  =  a:  +  -^;  but 

P 
(x  —  •^)  =  z  COS.  (w  —  ^).    Hence, 

2  =  »  COS.  (»  -  *)  +  -g-i 

'•'^-2{1— cos.(«-^)}' 
or,  since  4  sin.^  i  (w  -  f)  =  2{1  —  cos.  (w  -  ?)}, 
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Z  =  * 


4  sin.*  T  ("^  ""  ^)  ' 
and  if  the  angle  w  be  measured  from  the  axis  ^  =  0,  there- 
fore the  polar  equation  is 

**  — ■ 
'     "        4  sin.*  \w 

If  eu  be  measured  on  the  negative  side  of  the  focus,  diese 

equations  become 

,^ ?L 

2(1  +  COS.  a;)' 

P 


z  = 


4  COS.*  iw' 
(S45.)  Cor.  Hence  the  equation 

P 


z  = 


2(1+6  COS.  W)' 

includes  all  three  spedes  of  lines  of  the  second  degree.  It 
represents  an  ellipse  if  ^  <  1,  a  parabola  if  ^  ==  1,  and  an 
hyperbola  if  6  >  1. 


PROP.  cii. 


(246.)  A  right  line  being  drawn  tlirough  the  focus  of  any 
line  qfihe  second  degree^  and  ierminaied  in  the  curvcy  to 
find  the  relation  between  the  parts  intercepted  between  the 
Jbavs  and  the  curve. 
By  the  polar  equation  the  intercepts  Zy  t!  are, 

P 


z  = 


2(1  +  e  COS.  w)* 

jj P P 

2{l+ecos.  (!•  +  «)}     2(1-6  COS.  «;)• 

Hence  foUow,  by  multiplication  and  addition, 


4(1—6'  cos.*«)' 

5;  4-  ^  = 


^ P 


1— 6*oo«.«ai' 
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and  therefore        4sxs/  =  p{z  +  sf). 

That  isy  the  rectangle  under  the  sum  of  the  segments  and  the 
prindpal  parameter,  is  equal  to  four  tunes  the  rectanj^ 
under  the  segments. 

(247.)  Cor.  1 .  The  rectangle  under  the  segments  varies 
as  the  whole  intercept 

(248.)  Cor.  2.  Half  the  prindpal  parameter  is  an  harmoni* 
cal  mean  between  the  segments. 

PROP.  cm. 

(249.)  TJie  distance  of  any  point  in  a  parabola /rom  the 
Jbcus  is  equal  to  tJie  perpendicular  distance  of  (he  same 
point  from  (lie  directrix. 
By  (166],  die  perpendicular  distance  of  the  directrix  finom 

P 
a  tangent  through  the  vertex  is  -^j   therefore  the  perpen- 
dicular distance  of  a  point  in  the  curve  from  the  directrix  is 
;r  +  -^ ;  but  this  by  (243)  b  the  dbtance  of  the  same  point 
from  the  focus. 


PROP.  CIV. 

(250.)  To  describe  a  parabola  mechanically. 
Let  F  be  the  focus,  and  v  c 
the  vertex  of  the  proposed 
parabola.  Take  bv  =  fv, 
and  BC  perpendicular  to  ab 
will  be  the  directrix.  Let 
a  square  abc  be  applied  to 
the  right  angle  under  the 
axis  and  the  directrix.   The 

extremity  of  a  cord  h&ng       b  V I  ST 

fiutenod  to  any  distant  pdnt  on  the  side  ba  of  the  square^ 
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and  being  passed  round  a  sliding  pin  at  v,  let  it  be  fixed  to 
the  pobt  F.  If  the  square  thus  adjusted  be  moved  in  the 
direction  bc  parallel  to  itself,  the  point  m  will  describe  a 
parabola,  since  b'm  always  equals  mf. 

PROP.  cv. 

(S51.)  To  find  the  length  qfa  perpendicular  from  thefocu^ 

on  a  tangent. 
The  equation  of  the  tangent  being 

Vy-p(^  +  ^)  =  0; 

and  the  co-ordinates  of  the  focus. 
The  perpendicular  required  is 

PROP.  CVI. 

(S6S.)  The  perpendicular  on  the  tangent  through  any  pointy 
is  a  mean  prqportumal  between  tlie  distances  of  thai  point 
and  the  vertex  from  tiiejhcus. 

For,  by  (243),  the  distance  from  the  focus  is  a:  +  ^,  and 

the  distance  of  the  vertex  from  the  focus  is  •—-,    therefore, 

by  (251),  the  perpendicular  is  a  mean  proportional  between 
these. 


PROP'  evil. 

(S53.)  To  find  the  locus  gfihe  point  of  intersection  ofihe 
perpendicular Jrom  thejbcus  qfa  parabolc^  mih  the  ian^ 
geni. 
The  equations  of  the  tangent  and  the  perpendicular,  are. 
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%ify  -  />(ar'  +  a:)  =  0, 

Eliminating  jfj!  by  means  of  these  equations,  and  the  equa- 
tion of  the  parabola,  the  result,  after  reduction,  is 

a:jl6/+  {p'^r\  =0, 

which  ^ves 

16/y*  4-  KP  -  ^)^  =  0. 
The  locus  of  the  first  is  the  axis  of  y^  and  the  latter  can 
only  be  fulfilled  by  the  conditions, 

.V  =  0,  x  =  -|-, 

which  arc  the  co-ordinates  of  the  focus. 

Thus,  one  of  the  results  gives  the  co-ordinates  of  tlie  point 
from  which  the  perpendicular  is  let  fall,  and  the  other  shows 
that  the  locus  of  the  extremity  which  meets  the  tangent,  is 
the  tangent  to  the  curve  which  passes  through  the  vertex. 


PROP,  cviii. 

(254.)   Tlie  part  of  tfw  axis  of  a  parabola  intercepted  hetxcccn 
a  tangent  and  the^focus^  is  equal  to  the  distance  of  the  point 
^  contact  from  thejbcus. 
For,  by  (243),  the  dis- 

tance  fp  from  the  focus 


IS, 


s  =  a;  + 


IL. 

4  ' 


and  since  the  subtangcnt 

is  bisected  by  the  vertex 

(242),  the  intercept  of  the  axis  between  the  tangent  and 

vertex  is  x,  and  therefore  the  intercept  between  the  tangent 

P 


and  focus  is  or  + 


4'* 


•  • 


FP  =  FS. 
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PROP.  CIX. 

(S55.)  A  tangent  to  any  point  of  a  parabola  being  drawn^  a 

diameter,  and  a  line  through  thejbcusjrom  the  same 

pointy  are  equally  inclined  to  the  tangent. 

For,  by  the  last  proposition^  the  line  pf,  from  the  focus, 
being  equal  to  the  intercept  fs  of  the  axis  betwe^  the  focus 
and  tangent,  the  tangent  must  be  equally  inclined  to  pf  and 
the  axis ;  but,  since  all  diameters  of  a  parabola  are  parallel 
to  the  axis  (93))  the  diameter  pd  and  pf  are  also  equally  in- 
clined to  the  tangent 

(256.)  Cor.  If  any  rays,  which  obey  the  law  of  equality 
of  incidence  and  reflection,  move  in  right  lines  parallel  to 
the  axis  of  a  reflecting  surface,  generated  by  the  revolution 
of  a  parabola  round  its  axis,  the  reflected  rays  will  aQ  con- 
verge to  the  focus ;  or  if  they  diverge  from  a  ludd  point  placed 
at  the  focus,  they  will  be  reflected  parallel. 

prop.  ex. 

(257.)  7%^  distance  of  any  point  in  a  jHirabola  Jrom  the 

Jbcus,  is  equal  to  a  perpendicular  to  the  cuds  passing 

through  ihe  same  point,  intercepted  between  the  axis  and 

the  focal  tangent. 

In  the  general  equation  of  a  tangent  through  any  point 

j/af,  substitute  -^  for  y,  and  -^  for  j/,  and  the  equation 

becomes 

p 

that  of  the  focal  tangent ;  but  this  value  o£^  b  the  same  as 
that  oiz  in  (243). 
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PBOP.  CXI. 

(258.)  To  find  tfie  relation  between  the  principal  parameter^ 

and  the  parameter  of  a  diameter  passing  through  any 

given  point 

The  equation  of  the  parabola  related  to  the  axis,  and  a 
tangent  through  the  vertex,  as  axes  of  co-ordinates,  is 

y «  =  px, 
p  being  the  principal  parameter.  Let  the  co-ordinates  of 
the  point  through  which  the  diameter  passes  be  j/af.  Tlie 
axes  of  co-ordinates  being  removed  to  this  diameter  as  axis 
of  X,  and  a  tangent  through  its  vertex  as  axis  of  y.  The 
transformed  equation,  by  the  formulae  (74),  becomes 
y^An^tx  +  (Sysin,  tx  —  /;cos.  tx)y  ^px  -f  y*  — p^  =  0. 

Since  die  sin.  j:^x  =  0,  and  cos,  sl^x  =  1,  the  new  axis  of 
a  being  parallel  to  the  former,  and  expressing  by  tx  tlie 
angle  under  the  tangent  and  diameter,  which  is  tlic  same 
with  ^x  in  the  formula. 

Also,  since  the  point  3/0:*  is  on  the  curve, 

y»  —  pj;'  =  0. 

P 
And  since  tang,  tx  =  -^,  (241),  •.• 

Sy  sin.  tx  -^  p  COS.  tx  =  0. 
Hence  the  transformed  equation  becomes 

y  =  (p  +  4a/)a:  =  p^Xy 

P 
observing  that  sin."  tx  =  ~tT3- 

Hence  the  parameter  //  of  the  diameter,  through  the  point 
y^,  is  equal  to  four  times  the  distance  of  the  point  from  the 
focus,  once  the  distance  from  the  focus  is  or  +  ip. 

P 
(269*)  Cor.   Sin.*  tx  =  ~p.     Hence  the  parameters  of 

diameters  of  a  parabola  are  inversely  as  the  sines  of  the 
angles  at  which  these  diameters  are  inclined  to  their  or- 
dinates. 
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SECTION  XIV. 

Problems  relative  to  lines  of  the  second  degree,  illustrative 
of  the  application  of  Uie  preceding  principles. 

PROP.  CXII. 

(260.)  Given  Ou:  base  (ab),  and  vertical  angle  qfa  triangle, 

to  find  the  locus  qfa  vertex. 

The  base  (ab)  being 
assumed  as  axes  of  x, 
and  a  perpendicular  (ay) 
through  its  extremity  (a), 
as  axis  of  y,  let  the  co- 
ordinates of  c  be  yxj  let 
AB  =  6,  and  acb  =  9,  *•* 

tang.A=|,tang.B=5^, 

_  tang^A+tangji^ y± 

°'  1  — tang.Atang.B    y*+x«  — 6a: 

Hence  the  equation  sought  b, 

y*  +  a:*  —  cot.  9  . 6  .y  —  6a:  =  0, 
which  (130)  is  the  equation  of  a  circle,  the  coordinates  c^ 
whose  centre  are, 

y  =  4^  cot  9  .  6,  a:'  =  iJ. 

If  9  =  -3-,  cot.  9  =  0,  '.-y  =  0,  which  shows  that  in  this 

case  the  centre  is  at  the  point  of  bisection  of  the  base. 

Cot  9  is  po»tive  or  negativci  according  as  c  is  acute  or 
obtuse ;  '.*  the  centre  is  above  the  base  in  the  former  case, 
and  below  it  in  the  latter.  From  these  results  may  be  in- 
ferred, 

Ist,  That  all  angles  in  the  same  segment  of  a  circle  are 
equal. 
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Sd,  That  the  angle  contained  in  a  semicircle  is  right. 

Sd,  That  the  angle  contained  in  a  segment,  greater  than 
a  semicircle,  is  acute. 

4th,  That  the  angle  oonudned  in  a  segment,  less  than  a 
semicircle,  is  obtuse. 

PBOP.  CXI  1 1. 

(261.)  Given  the  base  (ab)  of  a  trumgUy  and  the  ratio  of 
the  sides i  tojind  the  locus  of  {he  vertex  (c). 
The   axis  of   co-or-       |y 
dinates  being  placed  as 
before,  let  AC  =  a,  and 
CB  =  e ;  and  let 
a  =  fM!,  •••  a*  =  nV, 
but 


A  B 

c«  =  3/2  +  (6  —  x)\ 

The  equation  of  the  locus  sought  is,  \* 

2n«       ,  n«6« 


.bx  — 


=  0, 


which  is  the  equation  of  a  circle,  the  co-ordinates  of  whose 
centre  arc 

The  points  where  the  circle  intersects  the  base  are  found  by 
supposing^  =  0,  which  gives 

nb 
n+1' 
which  values  show  that  the  circle  cuts  the  base  internally 
and  externally  in  the  given  ratio,  and  the  part  intercepted 
between  these  points  is  the  diameter  of  the  circle. 

PUOP.  cxiv. 

(262.)  Given  the  base  (ab)  of  a  triangle^  and  the  sum  ^ihe 
squares  of  the  sides,  tojind  the  locus  of  the  vertex. 
Let  the  point  of  bisection  (d)  of  the  base  be  taken  as 


no 
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origin,  the  base  as  axis  d£xj  and  the 
perpendicular  through  d  as  axis  of 
y.  Let  AD  =  6,  and  let  the  given 
sum  of  the  squares  of  the  ndes  be  s*. 

AC»=y  +  (j?  +  6)% 

BC«  =  ^«  +  (x  —  6)% 

which  is  the  equation  of  a  circle,  whose  centre  is  at  the 
origin,  and  whose  radius  is  >v/is*  —  6*. 

PROP,  cxv. 

(S63.)  Given  the  base  and  vertical  angle  of  a  triangle,  to 
find  the  locus  of  the  intersection  of  tlie  perpendiculars  Jrom 
the  angles  on  the  opposite  sides. 

The  axis  of  co-ordinates  being 
placed  as  in  Prop,  cxii.,  and  the  sig- 
nifications  of  the  symbols  being  re- 
tained, the  co-ordinates  of  the  inter- 
section of  the  perpendiculars  are 

(b—x)x 


Y  = 


y 


X  =  jr; 


and  from  these  the  values  of  y  and  x  being  found,  and 
substituted  in  the  equation  for  the  locus  of  the  vertex  found 
in  (52),  the  result  is, 

Y«  +  x«  +  cot.  fl  .  6y  -  *x  =  0. 
This  is  the  equation  of  a  circle ;  and  since  it  differs  from  the 
equation  in  (260),  which  gives  the  locus  of  the  vertex,  only 
by  the  sign  of  cot.  $,  the  locus  sought  is  a  segment  of  a 
drcle,  containing  an  angle  supplemental  to  d. 

PEOP.  cxvf. 
(S64.)  Given  tlte  base  (ab),  and  vertical  angle  (^),  to  find  the 
locus  of  the  intersection  of  the  bisectors  qfthe  sides. 
By  (64)  the  co-ordinates  of  the  intersection  of  the  bi- 
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Ill 


sectors  are 


substituting  the  values  of  ^  and  x  in 

these  equations  in  that  of  the  locus 

of  the  vertex  in  (260),  the  result  is 

T«  +  x«  —  f  cot.  dfty  —  6x  +  -;62  =  0, 

which  is  the  equation  of  a  circle,  the  coordinates  of  whose 

centre  are 

,        b       .       cot.  & .  b 

To  find  the  points  where  this  circle  meets  the  base,  let 
T  =  0  in  the  above  equation,  and  the  corresponding  values 
of  X  are, 

ar  =  ^,  ^  =  |A, 
which  shows  that  the  circle  intersects  the  base  at  the  points 
of  trisection. 

Let  (p  be  the  angle  contained  in  the  segment  of  this  circle, 
whose  chord  is  one-third  of  the  base. 

Tang.  9  =  — -J —  =  tang.  &. 

Hence  this  segment  contains  an  angle  equal  to  the  vertical 
angle  of  the  triangle. 


PROP.  CXVII. 

(265.)  Given  the  base  and  vertical  angle  of  a  triangle  tojind 
the  locus  of  the  centre  of  the  inscribed  circle. 

The  lines  bisecting  the  base  angles  intersect  at  the  centre 
of  the  inscribed  circle  (59),  ".'  the  sum  of  the  angles  which 

they  form  with  the  base  is  — q~>  ^  being  the  vertical  angle ; 


and  *.'  the  angle  formed  by  the  two  bisectors  is 


This 
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being  a^ven  angle,  the  locus  sought  is  the  segment  of  the 
circle  which  contains  it. 

PROP.  CXVIII. 

(266.)   To  express  the  circle  by  a  polar  equation. 

The  general  equation  of  the  circle  related  to  rectangular 
co-ordinates,  is 

(y  -  }/Y  +  (x  -  aO=  =  r\ 

Let  the  distance  of  any  point  in  the  circle  from  the  pole 
be  Zj  and  the  angle  it  makes  with  the  axis  of  x  be  <p\  and  the 
distance  of  the  centre  be  ;::',  and  the  angle  it  makes  with  the 
axis  of  Xy  <p'.  By  substituting  <2rsin.  ^,  z'sin.  0',  jscos.  0, 
^f'cos.  0',  for  y,  y,  j,  a/,  respectively,  and  observing  the  con- 
ditions, 

sin.*  <t>  +  COS.*  0  =  1>  COS.  ^  cos.  0'  +  sin.  ^  sin.  ^'  = 

cos.  (0  —  0'), 
the  equation  becomes 

jc  ^  2! 2  -  2zz'  COS.  (0  —  ip')  =  r^. 
If  the  pole  be  on  the  curve  2'=r,  and  the  equation  becomes 

z  —  2r  COS.  (0  —  0')  =  0, 
and  if,  at  the  same  time,  the  axis  from  which  ^  is  measured 
passes  through  the  centre,  0'  =  0,  and  the  equation  is 

z  —  2r  cos.  0=0. 

PROP.  cxix. 

(267.)  -4  riffht  line  being  drawn  from  a  given  point  (p)  to 
a  given  circle^  tojind  th4!  locus  of  the  point  at  which  it  is 
divided  in  a  given  ratio. 

Let  the  intercept  between  the  given  point,  arid  the  point 
whose  locus  is  sought,  be  z",  and  let  nz^^  =.  z.  By  ij}\%  sub- 
stitution in  the  polar  equation  of  the  circle,  we  find 

z'""  +  — -  -  2^'  —  COS.  (0  -  0')  =  -^. 
n^  n  \r       Y  /        ^o 
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Hence  the  locus  sought  is  a  circle,  whose  centi-e  is  found  by 
dividing  the  line  connecting  the  given  point  with  the  centre 
of  the  given  circle  in  the  given  ratio,  and  whose  radius  is  to 
that  of  the  given  circle  as  1 :  n. 

PROP.   cxx. 

(268.)  To  find  the  locus  of  a  pointy  from  which  lines  being 
drarcn  to  several  given  points,  the  sum  of  thdr  squares 
sludl  be  of  a  given  magnitude. 
Let  the  given  points  be  t/j/,  V^'j  y^"  ....  y<^>x^^\  and 

the  point  whose  locus  is  sought  yjc.     The  squares  of  the 

lines  respectively  are 

iy  -  fr  +  (^  -  ^t/T-, 


{y  —  y^"0" + (-^  -  ^^"'')s 

which  being  added,  and  their  sum  expressed  by  s',  and  the 
result  divided  by  «,  give 

fy*+a:«-  2- — - — '-^ '-^—.y-^ ■ .x 

•^  71  '^  n 

-| ' =  0, 

71 

which  is  the  equation  of  a  circle,  whose  centre  is  the  Centre 
of  Gravity  of  the  figure  formed  by  lines  joining  the  given 
points  (70). 

PROP.  rxxi. 

(269.)  To  find  the  locus  of  a  point,  from  xvhich  lines  being 
drawn  at  given  angles  to  tlie  sides  of  a  given  rectilinear 
figure^  the  sum  qftlieir  squares  shall  have  a  given  mag- 
nitude. 
The  equations  of  the  sides  of  the  figure  being  respectively 


i3\ 
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Ay  +  B  X  -f  C  =  0, 

A'y  +  b'x  +  c  =  0, 


Let  the  angles  the  lines  make  with  the  sides  be  f ,  ^^  .  .  .  . » 
the  squares  of  the  lines  are  respecdvely, 

{a«  +  B«)  an.-  9' 
(A^y  +  B^x  +  c^ 

(A'*  +  B'-)2sin.2^"'' 


(A^»^j/  +  B^>*^X+C^"^)* 

(A^"^«  +  B'^''>2)sin.2p^'*>" 

which  being  added  together^  and  their  sum  equated  with  a 
constant  quantity,  give  a  complete  equation  of  the  second 
degree,  which  is  that  of  the  locus  sought. 

PROP.  CXXII. 

(270.)  To  find  tlie  lociis  of  a  pointy  from  which  two  right 
lines  being  drawn  at  given  angles  to  two  given  right 
lines,  tlie  rectangle  binder  them  shall  have  a  given  mag" 
nitude. 

Let  the  equations  of  the  two  lines  be 

Ay  +  Bo:  +  c  =  0, 
A[y  +  b'x  +  c'  =  0. 
The  lines  making  given  angles  with  these  from  the  point 
jfXy  are 

Ay  +  Bjr  +  c 
A^A^  +  B«  sin.  f ' 
A[y  +  B'^+c' 


/A'«  +  i"^sin. 
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These  being  multiplied,  and  their  product  ec|uated  with  a 
constant  magnitude,  the  result  is  a  complete  equation  of  the 
second  degree,  which  is  that  of  the  locus  souglit. 

PROP.  CXXIII. 

(271.)  Given  tlie  base  of  a  triangle,  and  the  difference  he- 
twecn  tlie  base  angle Sy  tojind  the  locus  qftlie  vertex. 

The  middle  point  d  of  the 
base  being  assumed  as  origin, 
and  the  base  as  axis  of  r,  let 
the  co-ordinates  of  the  vertex 
be  yxy  and  ad  =  6,  and  the  ^y^^^^^ il 

diiference  of  the  angles  =  9.  ^^ ^        H     __ 

11        D         A 

Tariff  6  =   ^"^'  ^  -  ^°g'  ^  _  _^^_ 
^'  1  +  tang.  A  tang,  b    y'^—x^^  +  />** 

Hence  the  equation  of  the  sought  locus  is 

«/•  -  2  cot.  ^yx  -  a;*  +  6*  =  0. 

This   is   manifestly  the   equation  of  an  hyperbola,  since 

B*  —  4ac  =  4(cot.*  d  +  I)  =  4  cosec.*  6  >  0;  its  centre 

is   the  origin.      The  position   of  the  diameter  conjug?:te 

to  AB  may  be  determined  by  the  equation  £bund  in  (167), 

which  becomes  in  this  case 

y  =■  —  tang.  0  .  .r, 

'•*  the  diameter  conjugate  to  ab  is  inclined  to  it  at  an  angle 

=  e. 

The  axis  of  y  being  transformed  from  its  present  position 
to  coincidence  with  the  conjugate  diameter  through  the 
point  D,  by  substituting^  .sin.  0  for  ?/,  and  x  —  y  cos.  9  for 
X,  which  are  what  the  formula?  (74)  become  in  this  case,  the 
transformed  equation  is 

y^  -  X-  =   -  is 

which  shows  that  the  hyperbola  is  equilateral,  and  that  its 
semiaxis  squared  is  ¥  sin.  S  (169). 

(272.)  Cor,  1.  Hence  it  follows,  that  in  an  equilateral 
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hyperbola,  if  lines  be  drawn  from  the  vertices  of  any  dia- 
meter to  any  point  in  the  curve,  the  difference  of  the  angles 
which  they  form  with  the  diameter  is  equal  to  the  angle 
under  that  diameter  and  its  conjugate. 

(273.)  Cor.  2.  If  the  difference  of  the  angles  be  a  right 
angle,  the  base  is  the  transverse  axis,  and  vice  versa, 

PROP,  cxxiv. 

(274.)  Given  the  base  of  a  trmngUy  and  the  product  of  the 
tangents  of  the  base  angles^  tojind  the  locus  of  (lie  vertex. 
The  axes  of  co-ordinates  being  placed  as  in  the  last  Pro- 
position, let  the  product  of  the  tangents  be  m,  *.' 

if  +  mar*  —  mb^  =  0, 
which  is  the  equation  of  the  locus  sought.     This  locus  is 
therefore  an  ellipse  if  97t  >  0,  and  an  hyperbola  of  m  <  0, 
the  base  being  the  transverse  axis. 

PROP,  ex XV. 

(275.)  Given  tlie  base  of  a  trwvgle,  and  the  sum  of  tite 
tangents  oftlic  base  angles  j  tojind  the  locus  of  the  vertex. 
The  axes  of  co-ordinates  being  placed  as  before,  let  the 
given  sum  be  m,  •.• 

hence  the  equation  of  the  locus  is 

mx'^  +  9hy  -  mb'-  =  0. 
This  equation  being  put  under  the  form 

26  mb  , 

shows  that  if  the  origin  be  removed  to  a  point  in  the  axis 
of  y,  whose  distance  from  the  present  origin  is  ^-  ,  the 
equation  becomes 
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Hence  the  locus  sought  is  a  parabola,  whose  axis  is  a  per- 
pendicular through  the  middle  point  of  the  base,  and  whose 
vertex  is  at  a  perpendicular  distance  from  the  base  equal  to 

-3-,  and  whose  principal  parameter  is  — 


fa 


PROP,  cxxvi. 

(276.)  Given  the  base  of  a  triangle^  and  the  difference  of 
the  tangents  of  the  angles  at  tJie  base^  tojind  the  locus  of 
tJie  vertex. 

The  axes  of  coordinates  being  placed  as  before,  let  the 
given  difference  be  971,  *.' 

-h2y«r 

the  equation  sought  is  *.* 

^j/x  +  7;ix*  —  mb-  =  0. 
This  is  the  equation  of  an  hyperbola  (124),  the  axis  of  ^ 
being  an  asymptote,  and  the  origin  at  the  centre  (119) ;  the 
base  of  the  triangle  is  therefore  a  diameter,  the  equation  of 
the  diameter  conjugate  to  which  is 

y  -f-  in.v  =  0. 
Hence  the  tangent  of  the  angle  (5),  at  which  this  conjugate 
diameter  is  inclined  to  the  base,  is  equal  to  the  difference  of 
the  tangents  of  the  angles  at  the  base. 

The  axis  of  ^  being  transformed  to  coincidence  with  the 
conjugate  diameter  by  substituting  y  sin.  d  for  y,  and 
X  -{-y  COS.  6  for  x,  and  —  tan.  0  for  m,  the  equation  becomes 

COS.-  6  .  y*  -  j:-  +  62  =  0. 
Hence,  the  square  of  the  semi-second  diameter  conjugate  to 
the  base  is  —  6*  sec.*  J. 
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PEOP.  CXXVII. 


(277.)  To  find  the  locu^  of  a  point  (p),^/h)m  which  perpeiu 
diculars  drawn'  to  the  sides  of  a  given  angle  (xay),  shall 
contain  a  quadrilateral  of  a  given  area. 


The  sides  of  the  given  angle 
(0)  being  assumed  as  axes  of 
co-ordinates,  and  the  co-or- 
dinates of  the  point  f  being  ^or, 
the  area  of  paia  is 


^  sin.  9(ar  +  y  cos.  fl), 
and  that  of  pmA  is 

-iX  sin.  i(j/  -{-  X  COS.  fl). 
Let  the  magnitude  of  the  quadrilateral  be  m%  the  equation 
of  the  locus  sought  is 

2/-  +  2  sec.  6  .  1/jr  -\-  X*  --  2;»^  sec.  B  cosec.  9  =  0. 
Since   b-  -  4ac  =  4(sec.2  fl  —  1)  =  4tan.*  9  >  0,    the 
locus  is  an  hyperbola,  of  which  the  vertex  of  the  angle  is 
the  centre  (119). 

PROP.  CXXVllI. 


(278.)  Tojind  the  locus  of  thv  centre  of  a  circle  touching  a 
given  right  line^  and  passitig  through  a  given  point* 

The  locus  must  be  a  parabola,  of  which  the  given  point  is 
the  focus,  and  tlie  given  line  the  directrix,  as  is  evident 
from  (249). 
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PROP.  CXXIX. 

(279.)  Tojind  the  locus  of  the  centre  of  a  circle  touching  a 
given  right  line  and  a  given  circle. 

Let  p  be  the  centre 
whose  locus  is  sought, 
and  c  the  centre  of  the 
given  circle;  pi)=pw. 
Let  Tm  be  produced, 
so  that  mnJ=CDy  and 
through  ftJ  parallel  to 
the  given  line  let  an- 
other   right    line    be 

drawn,  •.•  rnJ  =  pc ;  •/  the  locus  is  a  parabola  whose  focus 
is  c,  and  whose  directrix  is  in'o. 

PROP.  rxxx. 

(280.)  Tojind  the  locus  of  the  centre  of  a  circle  xvhich 

touches  two  given  circles. 

This  is  equivalent  to  Ix'ing  given  the  base  and  difference 
of  the  sides  of  a  trianglu  to^iind  the  locus  of  tlie  vertex. 
The  locus  is  therefore  an  liyperbola  whose  foci  are  the 
centres  of  the  two  given  circles,  and  whose  transverse  axis  is 
the  difference  of  their  radii. 

riiop.  cxxxF. 

(281.)  Tojind  the  Incus  of  the  intersection  of  tangents  to  a 
given  parabola  xchich  intersect  at  a  given  angle. 

Let  the  points  of  contact  be  y^-',  ?/V,  the  point  of  in- 
tersection //.r,  the  given  angle  5,  and  the  equation  of  the 
given  parabola  if  =  px.  The  equations  of  the  tangents 
through  the  given  points  are 
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yy  -  ;?a:  -  y*  =  0     (1), 

2/y-;?ar-y"2  =  0     (2). 

The  tangents  of  the  angles  which  these  make  with  the  axis 

of  the  parabola  being  ^  and  5-^ , 

v^,^i4^   (S). 

Subtracting  (2)  from  (1),  and  dividing  the  result  by  (y— y), 
we  find  ^y  --  2/  =^jf*  Substituting  this  value  in  (3),  and 
multiplying  by  the  denominator^ 

Stan.  S  .y^  —  4/7y— 4tan.  ^  .  y*  +  tan.  ^  .p^  +  4/?y  =  0. 
Multiplying  (1)  by  4tan.  d,  and  subtracting  it  from  this, 
the  result  divided  by  p  is 

4tan.  6  .  a?  +  tan.  6.p-|-4y— 4y  =  0; 
and  hence, 

j/  =y  —  :J:tan.  9 .  p  —  tan.  9  .  x^ 

which  substituted  in  (1)  gives 

y«-  tan.«  5  .  x'^  —  p(l  +  4tan.«  6)  ar  -  Tr^tan.^  d  .  j»'  =  0, 
which  is  the  equation  of  the  locus,  sought.   This  must  be  an 
hyperbola,  since  (b2  —  4ac)  =  4tan.*  fi  >  0. 
The  co-ordinates  of  the  centre  are 

y  =  0,  x^  -'ip  (cot«  .0+4:); 
the  origin  being  removed  to  this  point,  the  equation  becomes 

3/«  -  tan.«  Oa:«  =  —  ^co8ec.«  fi, 

which  shows  that  the  squares  of  the  semiaxes  are 

p*      cos  -  6 
a2  =  ^  .    .  '   ,,  B^  =  —  ' »«  cosec.«  fl. 

In  this  investigation  the  tan.^  d  includes  +tan.  d  and 
—tan.  0,  t.  ^.  tan.  d  and  tan.  (ir  —  6),  which  shows  that  the 
process  includes  the  locus  of  the  intersection  of  tangents» 
which  contain  an  angle  supplemental  to  d.  Of  the  opposite 
branches  of  the  hyperbola,  one  is  the  locus  of  the  intersection 
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of  tangents  containing  the  angle  S,  and  the  other  of  tangents 
containing  its  supplement. 

I{9  =:—j  the  equation  after  division  by  tan.*  5,  becomes 

x  +  f  =  0, 

wliich  is  the  equation  of  the  directrix  of  the  given  parabola. 
Hence,  if  tangents  to  a  parabola  intersect  at  right  angles, 
the  locus  of  their  intersection  is  the  directrix. 


PROP,  cxxxii. 

{282.)  Tojind  the  locus  qftfie  intersection  of  tangents  to  an 
ellipse  or  hyperbola^  which  shall  be  inclined  to  tlie  trans^ 
verse  axis  at  angks,  the  product  of  whose  tangents 
is  given. 

Let  the  equations  of  two  right  lines  meeting  the  curve  be 

y  -{-ax  +b  =  0    (1), 
y  ^a'x  +  b'=0     (2) ; 

the  equation  of  the  curve  being  Ay^  +  b'jt«  =  a*b^. 
Eliminating  i/  by  this,  and  each  of  the  equations  of  the  right 
lines,  and  finding  the  value  of  x  in  the  resulting  equation, 
and  equating  the  radical  in  each  with  0,  we  find 

A«a-  -f  B*  -  6*  =  0, 

A^fl'*  +  B«  -   6'2  -  0. 

The  values  of  b  and  ^  in  (1)  and  (2)  being  substituted,  and 
the  equations  arranged  by  the  dimensions  of  a  and  a!y 

2xy  B^  —  7/* 


,».  _  Jf^.^ci  +  V-5L  =  0. 


The  values  of  a  and  a'  being  the  roots  of  either  of  these 
equations,  let  aa^  =  t/i,  *.' 
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Hence^  the  equation  of  the  locus  sought  is 

y  —  mx^  +  mJL*  —  B«  =  0; 

the  locus  is  therefore  an  ellipse  or  hyperbola^  according  as 

fTi  <  0  or  >  0. 

Let  the  semiaxes  of  this  curve  be  a',  b', 

mA*— b' 

a'*  = ,         b'2  =—  mA«  +  B«; 

m 

hence  a'*  :  b'^  : :  1  :  m. 

If  the  curve  be  an  hyperbola,  and  m  <  0,  the  locus  is 


B 


« 


impossible  when  »wa*<  b%  or  m<—,  which  shows  that  in 


A' 

this  curve  the  product  of  the  tangents  of  the  angles,  which 
two  tangents  make  with  the  axis,  cannot  be  less  than  the 
product  of  the  tangents  of  the  angles,  which  the  asymptotes 
make  with  it  (176). 

PROP.  CXXXIII. 

(283.)  Tojind  the  locus  of  the  intersection  of  two  tangents 
to  an  ellipse  xohich  intersect  at  a  right  angle. 

In  the  last  Proposition,  if  m  =  —  1,  the  tangents  will 
intersect  perpendicularly,  the  equation  of  the  locus  is 
therefore 

y^  +  ;r^  =  A^  +  B% 

which  is  the  equation  of  a  circle  concentrical  with  the  ellipse, 
and  whose  radius  equals  the  line  joining  the  extremities  of 
the  axes. 

PROP,  cxxxiv. 

(284.)  Tojind  the  locus  of  the  intersection  of  two  tcmgents 
to  an  hyperbola^  xohich  intersect  at  a  right  angle. 

In  this  case,  in  (J^2),  m  =  -  1  and  b^  <  0,  •.•  the  ccjua- 
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tion  of  the  locus  is 

y-  +  a:»  =  A«  -  bS 
which  is  the  equation  of  a  circle  concentrical  with  the  hyper- 

bola,  and  whose  radius  equals  ^Z  a^  —  b^.  This  equation  is 
impossible  if  b  >  a,  which  shows  that,  in  an  hyperbola  of 
this  kind,  two  tangents  cannot  intersect  at  a  right  angle. 

PKOP.  ex XXV. 

(285.)  Tojind  the  locus  oftJie  intersection  of  two  tangents 
to  an  ellipse  or  Jiyperbola,  which  make  angles  with  t?ie 
transverse  axi^,  which^  measured  in  the  same  direction^ 
are  together  equal  to  a  right  angle. 

In  this  case,  in  (1282),  m=  1,  '.'  the  equation  of  the  locus 
is  y-  -  a;«  =  -  (a*  +  b*), 

which  is  the  equation  of  an  equilateral  hyperbola,  whose 
axis  is  the  distance  between  the  foci  of  the  given  ellipse  or 
hyperbola. 

PROP,  cxxxvi. 

(286.)  Tojind  the  locus  of  the  intersection  of  tangents  to  an 
ellipse i  which  are  parallel  to  conjugate  diameters. 

B* 

In  this  case,  wi  = (170),  •.*  the  equation  of  the 

locus  sought  is 

Ay  -f  B^X'  =  2a -B', 

which  is  the  equation  of  an  ellipse,  whose  semiaxes  are 

^72 .  A,  ^/2  .  B,  and  which  is  therefore  similar  to  the  given 
ellipse. 

This  is  obviously  equivalent  to  finding  the  locus  of  the 
vertices  of  the  angles  of  parallelograms  circumscribed  round 
systems  of  conjugate  diameters. 


"%. 
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PROP.    CX XXVII. 


(287.)  Tofiiid  tlie  locus  of  the  intersection  of  tangents  to  an 
hyperbola^  which  are  parallel  to  conjuga/te  diameters. 

In  this  case,  m  =z  —^  (HO),  '."  the  equation  of  the  locus 

is  aV  —  B'a;«  =  0, 

which   is  resolved  into  a^  +  bx  =  0  and   a^  —  Ba:  =  0, 

which  are  the  ec}uations  of  the  asymptotes,  which  are  the  locus 

sought. 

PROP.    CXXXVIII. 

(288.)  To  find  the  locus  of  the  intersection  of  tangents  to  an 
ellipse f  whichmake angles  with  the  transverse  axis,  tJiepro^ 


duct  of  whose  tangents  is 


B^ 


A« 


In  (282),  if  w=-Y>  the  equation  of  the  locus  is 

which  is  resolved,  as  before,  into  A^  +  Ba;  =0,  Ay— Bar  =  0, 
which  are  the  diagonals  of  the  rectangle  formed  by  tangents 
through  the  vertices  of  the  axes,  and  which  are  therefore  the 
locus  sought. 

pRor.  cxxxix. 

(289.)  To  find  t/ie  locus  qfilie  intersection  of  two  tangents  to 
a  parabola,  which  are  biclined  to  its  axis  at  angles^  the 
product  of  whose  tangents  is  constant. 

Let  the  equations  of  two  right  lines  meeting  the  para- 
bola be 

^  —  aa:  —  6  =  0     (1), 
^  —  a'ar  -  6'  =  0     (2). 
By  these  and  the  equation  of  the  curve  finding  values  for 


ALGEBBA1C   GEOMETIIY.  125 

Xj  and  equating  the  radical  in  each  with  0,  we  find 

4a6  =  p^     iafy  =  p ; 
eliminating  b  and  If  by  means  of  these  and  (1),  (S),  the 
results  are 

a' -a   .   ^^  +  f  =  0, 
a:       4a: 

a:       4a; 
the  values  oo'  being  the  roots  of  either  of  these  equations, 
and  the  given  product  being  expressed  by  m,  we  have 

P 
m  =  4-  ^,  or  4mar  —  p  =  0, 

which  is  the  equation  of  a  right  line  perpendicular  to  the 
axis,  and  meeting  it  at  a  point  whose  distance  from  the 

P 
vertex  is  +  f— . 

4m 
If  the  tangents  intersect  at  right  angles,  w  =  —  1,  and 
the  locus  is  the  directrix. 


PROP.    CXL. 

(290.)  Two  lines  be'niff  draxcnfrom  thejbci  of  an  ellipse  to 
any  point  in  the  airve^  to  find  the  locus  of  the  centre  of  the 
circle  which  touches  tJiese  and  th^  transverse  axis. 

1.  Let  the  circle  touch  the 
three  lines  as  in  the  figure.  Let 
the  co-ordinates  of  the  point  (p) 
on  the  ellipse  be  j/x',  and  those 
of  the  centre  (c)  j/x.  The  area 
of  the  triangle  fpf'  =  ly'c,  where  c  is  the  distance  of  the 
focus  from  the  centre.  Also  the  area  of  the  same  triangle 
=j/(A  +c),  since  a  +  c  is  the  semiperimeter  of  the  triangle; 

also,  since  the  line  fc  bisects  the  angle  pff'. 


1<6 
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Sin.  vvv' 


1+cos.  pff'' 
c — a:* 


tan.  cff'  = 

but  sin.  pff'  =  — ,  and  cos.  pff'  = ,  and  also 

z  z 

y  ^  y^ 

tan.  cff'  =  — =^— ,  hence  — ^—  =  — ;. 

c — X  c — X      z-hc  —  a: 

cod 
Now  by  (208)  s  =  a ,  which  being  subsUtiited,  the 

values  o'itfJ  resulting  from  this  and  the  first  equation  are 

.  A+c 

,  AX 

X  =        . 

C 

Substituting  these  values  in  the  equation  Ay*+B*a?'*=A*B-> 
the  result  after  reduction  is 

(a  +  cyy^  +  B»a:^  =  bV, 
this  is  the  equation  of  the  sought  locus,  which  is  therefore 
an  ellipse  whose  axes  coincide  with  those  of  the  given  ellipse. 
Let  the  semiaxes  be  a',  b',  *.• 


a'  =  c. 


b'  = 


BC 
A-f  c' 


2.  Let  the  circle  touch  the  three 
C  J    lines  as  in  this  figure.     In   this 
case,  if  fp  =  r,  f'p  =  2/,  we  have 
yc  =  y(c  +  4^  -  \z) ; 

but  by  (208),  j^'  —  2'  =  ^,  hence  Ay  =  (a  -f  sd)\f ;  also 


tan.  cfp  =  tan.  '(ir  —  pff%  •.•  tan.  cfp  =  — ,\ 

but  also  tan.  cfp  =  -=^— ,  hence  — •<—  = ^ 

x—c  j:— c      s— .c-fjr 

Eliminating  y  by  this  and  the  former  equation,  the  result 

after  i-eduction  is 

J-  —  a  =  0, 
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which  shows  that  the  locus  m  this  case  is  the  tangent  to  the 
ellipse  passing  through  the  vertex. 

S.  Should  the  circle  touch 
the  three  lines  as  in  this 
figure,  retidning  the  same 
symbols, 

FPF'=y(A-c)=yc  (1). 

Also,  since 

tan.  4(*  —  pff')  = 


sin.  PFK 
1— cos    PFIf^ 

Ay 

(A-C)     (A+OO* 

And,  since  fc  bisects  the  angle  below  the  base, 

y 

tan.  4(ir  —  pff')  =  — ^—  ;  hence. 


2/    _ 


c—x 


Ay 


c  —x      (A — e)  (a  4-  a/)' 

By  this  and  the  equation  (1)  we  find 

y(A  "  c) 
c      ' 
aj: 


y  = 


x'  =  " 

c 

Substituting  these  in  the  equation  of  the  ellipse,  the  result 

after  reduction  is 

which  is  the  equaUon  of  an  ellipse,  whose  semiaxes  a',  b') 
are 

BC 


A'  =  r, 


b'  = 


A— C 
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PROP.  CXLI. 


(291.)  Lines  being  drazvn  connecting  any  point  in  an  hy^ 
perbda  tcith  thejbdy  to  find  the  locus  of  the  centre  qfa 
circle^  which  shM  touch  these  lines  and  the  axis. 


1.  Let  the  circle 
touch,  as  in  this 
figure.  The  same 
symbols  being  used 
as  in  the  last  Pro* 
position. 


fpf'  =  j/(2  +  a  4-  c)  =  ?/r, 


tang,  off'  = 


.V 


c— .r 


but  cff'  =  1-  pff',  •/ 


vi  —   - 


sin.  PFp' 


y 


tang,  cfk  =  r —  ,_         .       . 

°  14-  cos.  pff'     z—ar-^-c 


Hence,  since  z  => a, 

A 


y 


Ay 


c  -  X     (e— a)  (a  4-  j/y 

The  co-ordinates  j/x'  being  eliminated  by  this  and  the  first 

equation,  we  find 

a:  —  A  =  0, 

which  is  the  equation  of  the  tangent  through  tlie  vertex  of 

the  hyperbola,  and  which  is  therefore  the  locus  of  the  centre 

in  this  case. 

2.      If    the    circle 

toucli,  as  in  this  figure, 

FPF'=^(e4-A)=yc. 

The  tang,  cff'  having 
a  similar  value  as 
above,  a  similar  equa- 
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tion  followsy  which  gives 

y(£±A)  AX 

^  c      *  c 

Making  these  substitutions  in  die  equation 

Ay «  —  B  V«  =  -  a^bS 
the  result  after  reduction  is 

which  is  the  equation  of  an  hyperbola,  whose  semiaxes  arc  co- 
incident with  tliose  of  the  given  hyperbola,  and  whose  values 


are 


a'  =  e,  b'  =  — ; —  v/— 1. 

3.  Let  the  circle  touch,  as 
in  this  figure, 

fpf'  =y  (2  +  A — c)  =y  c. 

Also>  -^rstang-K*— pff'), 

but 

,.          sin.  pff'  y 

tang.  i(«— PFK)  =^ ::?=~r"^ — • 

o    *^  1  —  COS.  PFF      z+x— c 

Eliminating  2  by  2  = a,  and  the  values  ofy,  a;' being 

eliminated  as  before,  we  find 

j;  -I-  A  =  0, 

which  shows  that  the  locus  is  the  tangent  through  tlie  vertex 
of  tlie  opposite  hyperbola. 


PROP.  CXLII. 

(292.)  To  find  ilie  locus  of  the  vertex  of  a  parabola^  having 
a  given  point  cufjbcus,  and  touching  a  given  right  line. 
Let  F  be  tlie  given  focus,  and  l\J  tlie  given  right  line, 

K 
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of  co-ortlinates, 


V  the  vertex,  and  fp  a  perpen- 
-L      dicular  from  the  focus  on  the  right 
line  =  a. 

By  Prop,  (cvi),  fl  x  fv  =  a*. 
Let    fv  =  z^    and     the     angle 
1*FV  =  w,  •.■ 

c  =  a  COS.  w. 
If  FP  and  pi/  be  taken  as  axes 


a — X 


nnd  COS.  a/  = 


hence  the  equation  of  the  locus  sought  is 

y-  +  .T*  —  ax  =  0, 
which  is  the  ciiuation  of  a  circle  passing  through  the  |iointR 
F  and  p,  and  whose  diameter  is  fp. 


J'ROP.  CXLIH. 


(293.)  Tojindfhc  loai^  of  thc^fbcus  of  a  jmrabola,  zohich 
ha^  a  given  vertex^  and  uliich  touches  a  given  right  line. 


Let  V  be  the  vertex,  f  the  focus,  ap  the 
given  line,  and  va  a  perpendicular  to  it. 
This  peqwndicular  being  taken  as  axes  of 
.r,  and  a  parallel  to  ap  through  v  as  axis  of 
y,  let  the  co-ordinates  of  f  be  yx.  By 
(252),  fv  .  FP  =  FB^  but  fv*  =  y*  +  x\ 
Fij  =  a  +  cr,  AV  being  expressed  by  a,  and 


rv 


FP  —  F»  .  — .     Hence  the  c(j nation  of  the  locus  of  F  is, 


X 


after  redur.tion, 

//^  —  r/.r  —  0. 
Tlie  IcK'us  is  therefore  a  ])iMalM)Ia,  whose  vertex  is  the  point 
V,  whose  axis  coincides  with  av,  and  whose  parameter  is  Av. 


^ 

\ 


t 

\ 
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PROP.  CXLIV. 


(294.)  Given  a  (liamtivr  of  a  parabola^  the  jmnt  ivhere  tfte 
curve  inttrsccts  it,  and  its  parameter,  tojiad  the  locus  (tf' 
thcjbcus. 

The  distance  of  the  vertex  of  any  diameter  of  a  jxirabola 
from  the  focus  is  a  fourth  \m'\.  of  the  parameter  of  that  dia- 
meter. This  being  ^ven,  the  locus  souglit  is  a  circle,  of 
which  the  point,  where  the  curve  meets  its  diameter,  is  tlie 
centre,  and  a  fourth  \ml  of  the  parameter  the  radius. 


PROP.  CXLV. 


(295.)  Given  the  /x)int  ivhere  a  jxirabola  hiterseets  a  given 

diameter,  and  also  the  parameter  (if  that  diameter,  to  find 

the  locus  of'the  verte.v  of  the  eurve. 

lA»t  tlie  given  diameter  and  a  perpendicular  through  its 

vertex  be  assumed  as  axes  of  co-ordinates.     The  equation 

of  the  parabola  related  to  a  diameter,  and  a  tangent  through 

its  vertex  as  axes  of  co-ordinates  beings*  ^  px  =  0,  if  the 

angle  under  the  tangent  and  diameter  be  5,  and  the  axis  of 

y  changed  to  a  ])orpeiidicuIar  to  the  diameter,  the  equation 

becomes 

y«  +  j.p  sin.  Sfl  .^  ~  sin.*  Q  .  px  =  0. 
The  co-ordinates  ^V  of  the  vertex  are 

y  =  —  .^p  sin.  25,  x''  =  —  Ip  COS.-  5. 
Eliminating  from  these  equations  the  angle  0,  we  find 

y*  +  4a:"*  +  par''  =  0, 
which  is  the  equation  of  an  ellipse,  whose  transverse  axis  co- 

incides  with  the  given  diameter,  and  is  ecjual  to  -^,   and 
whose  conjugate  axis  e(|uals  ~. 


k2 
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PROP.   CXLVI. 

(296.)  Given  the  diameter  of  a  parabotoj  and  a  tangent 
through  its  vertex^  to  find  tJie  locus  of  the  vertex. 
The  axes  of  co-ordinates  being  placed  as  before,  let  p  be 
eliminated  by  the  values  of  the  co-ordinates  of  the  vertex. 
The  result 

J/  —  2  tang.  9 .  X  =  0, 
shows  that  the  locus  is  a  right  line. 


PROP.  CXLVII. 

(S97.)  On  the  same  conditions  to  find  the  locus  qfthejbcus. 
The  axes  of  co-ordinates  remaining  the  same,  the  co- 
ordinates j/af  of  the  focus  are 

^  z=,^  )jp  an.  29,  ar'  =  —  ^  cos.  29. 
Eliminating  p  from  these,  the  result  is 

y  —  tang.  29  .  a:'  =  0, 
which  shows  that  the  locus  sought  is  a  right  line. 

PROP.  CXLVI !!• 

(298.)  A  right  line  of  a  given  lengUi  is  terminated  in  tfte 
sides  of  a  given  angie,  to  find  the  locus  ^  a  point  which 
divides  it  i7i  a  given  rcUio. 

Let  the  sides  of  the  given  angle 
BAG  =  9  be  taken  as  axes  of  co- 
ordinates, and  the  co-ordinates  of 

I   •  -  BP     m 

p  bemg  VT,  and  — =— , 
^  -^  CP      M  • 

(m  +  w)// 

AB  =  -^ 

n 

(m-\-n)x 
m 
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But  AB*  +  Ac«  —  2ab  .  AC  .  CO&  9  =  Bc«.     Hencc,  after 
reduction 

nthf^  —  2m»  cos.  6  .  ya?  4-  n V  =  mW, 

which  is  the  equation  of  an  ellipse,  since 

B*  —  4ac  =  4m*n*(cos.*  fl  —  1)  =  —  4mV  an.*  9  <  0. 

If  6  =  — ,  the  equation  becomes 

which  is  the  equation  of  an  ellipse,  whose  axes  arc  ec|ual  to 
the  segments  of  the  given  line,  and  coincide  with  the  sides  of 
the  given  angle. 
If  m  =  n  the  locus  is  a  circle  in  this  case. 

PROP.  CXLIX. 

(S99«)  A  rigid  line  passes  through  a  given  pointy  and  is 
terminated  in  the  sides  of  a  given  afigky  tojiml  tJte  locus 
qftlie  point  which  divides  it  in  agixwn  ratio. 
Let  the  sides  of  the  given  angle 

bag  be  taken  as  axes  of  co-or- 

dinatesy  and  let  the  co-ordinates 

of  tlie  given  point  d  be  i/af^  those 

of  the  point  p  be  yxy  the  equa- 
tion of  BC  is 

a(^  —  y)  -f  B(a:  -  j/)  =  0. 

In  this,  if ^  and  x  be  successively  supposed  =  0,  we  find 

At/  +  Bj'           a/  +  bj:' 
AC  =  -2 ,  AB  =  -^ . 

B  A 

Let  the  ratio  of  the  segments  bp,  pc  be  m  :  n, 

y  n  X  m 

AB'"wi-|-n'     Ac""f»-fM' 
Dividing  the  first  by   the   second,  and   substituting   for 

AC.  ,         A 

—  Us  value  — , 

AB  B 
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n 
m 


■  • 


A 

B 


nx 
my 


hence  the  equation  of  the  locus  sought  is 

(m  -f  f^y  —  mafy  —  n}/x  =  0. 
lliis  is  the  equation  of  an  hyperbola,  the  axes  of  co-ordinates 
being  parallel  to  the  asymptotes  (123). 
The  co-ordinates  of  the  centre  being 

show  that  if  the  co-ordinates  of  the  given  point  be  divided 
each  in  tlie  given  ratio,  parallels  to  the  sides  of  the  given 
angle  drawn  through  the  points  where  they  are  divided 
thus,  are  the  asymptotes. 


PROP.  CL. 

■ 
(300.)  Given  in  position  a  right  line  (ab),  and  a  point  (?) 
outside  it^  a  right  line  (pm)  is  drazcn  intersecting  tlie given 
right  line;  from  the  extremity  m  afwhich^  a perj)€fidicfdar 
to  the  given  right  line  intercepts  cd  of  a  given  magnitude 
(a),  tojind  the  locus  qfthe  point  m. 

By  the  conditions  of  the 
question,  if  pa  be  perpen- 
di6ular  to  ab, 

MD     pa 

CD  ~"ac' 

Now,  if  p  be  the  origin  of  rect- 
angular co-ordinates,  parallel 
and  perpendicular  to  ab,  this 
condition  is  expressed  by 

y-b_    b 

a        .r— a 
where  b  =  fa.     Hence  the  equation  of  the  locus  is 

yx  —  ay  —  bx  =■  0, 
The  curve  is  therefore  an  e()uilateral  liyperbok. 
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To  find  the  centre,  eubstittitc  in  the  formulae  (iH)  the 
values  of  the  terms  in  this  cose,  and  we  find 

)/''  =  b,  of  =  a. 
Hence  if  ak  =  a,  E  is  tlie  centre,  and  eu  and  eji'  are  the 
asymptotes. 


(301.)  From  a  given  point  a  a  rigfU  line  af  is  drawn,  in- 
tersecting two  right  lines  rc  antic  a  given  in  jiosttion,  and 
apart  ap  m  asmimeil  on  this  linejrom  the  given  point  A, 
always  equal  to  the  ■part  ek  intercepted  fietween  t/tc givett 
right  lines  Bc  and  CD,  it  is  required  iojind  t/te  locus  of 
tJie  point  I'. 
Let  the   origin  of 
coKirdinates     be    as- 
sumed at  A,  and  lines 
parallel  and   perpen- 
dicular to  cu  be  as- 
sumed as  axes  of  co- 
ordinates. LetAG=j', 
and  the  equation  of  nc 
and  AF  be  respectively 
Ay+Ba:+c=0,  (I), 
A'y  +  b'x  =  0,  (2). 
Eliminating^  from  tlicsc  c(|uations,  Wf  fmd  the  value  of  .i 
for  the  point  e. 


ua'  —  n'A 
but  by  tlic  conditions  of  tlio  question,  if  t/.^  lie  iW- 
dinatcB  of  f.  j:  =  iiG ;  hence 


136  ALGEBRAIC    GEOMETRY. 


x  =  ar'-f 


ca' 


ba'  —  b'a 


b' 


By  this  and  {^)  —f  bdng  eliminated,  the  equation  of  the 

locus  sought  is 

Af/x  -f  bo:*  — Aor'y  —  (bo:'  +  c)x  =  0, 
or  since  At/  =  —  {bx'  -|-  c),  where  f/  =  gc, 

Ayx  -f  Bx^  —  Ax'y  -f  A^x  =  0 ; 

and  since =  cot.  9,  where  p  is  the  angle  bcd, 

A 

yx  —  cot.  p  .  J?*  — a/y  +  j/x  =  0. 

The  locus  sought  is  therefore  an  hyperbola. 
The  co-ordinates  of  the  centre  are 

a:  =  a?',  J/  =  2  cot  (f>  .  of  — y\ 
The  origin  of  co-ordinates  being  removed  to  this  pointy  the 
equation  becomes 

yx  —  cot.  ^  •  J7*  —  ar'(cot.  p  .  j/  —  y)  =  0. 

Hence  (121)  the  line  cg  is  an  asymptote,  and  the  other 
asymptote  is  a  right  line,  related  (105)  to  the  latter  system  of 
co-ordinates  by  the  equation 

y  =  cot  9  .  X, 

Hence  if  Ag  =  ag,  and  ^i  l^  drawn  parallel  to  bc,  and 
OK  =  ic,  the  point  k  is  the  centre  of  the  hyperbola,  and  a 
line  through  k  parallel  to  bc  is  one  asymptote,  and  cg  the 
other. 


PROP.    CLII. 

(302.)  If  through  the  vertices  of*  two  similar  lines  qf  the 
second  degrcCy  whose  axes  coiticidcy  two  right  lines  be 
drawn  intersecting  ihemj  they  will  he  cut  proportionaUy 
by  tliose  curves. 

Let  the  equations  of  the  two  cui'vcs  be 
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Since  7  =   --  =  —7-,   these  curves  are  simirar.     Let   the 


equation  of  a  right  line  intersecting  them  he  y  =  ax,  which, 
being  substituted  in  each  of  the  ec^uations^  gives 

P 
X  =   — ^^ —  , 

^=-^; 

and  dividing  the  one  by  the  other, 

X        p 

Hence  the  hitercepts  of  the  intersecting  right  hne  between 
the  origin  and  the  jwints  where  it  meets  the  curves  are  pro- 
portional to  the  principal  parameters,  and  tlierefore  t)ie  ratio 
is  indef^endent  of  tlie  inclination  of  the  secant  to  the  axis. 

Con  This  question  applied  to  the  circle  will  furnish 
solutions  for  the  following  problems : 

1®.  To  (kscribe  a  circle  passing  through  two  given  points 
and  touching  a  given  circle. 

2^.  To  describe  a  circle  passing  through  a  given  point  ami 
toucJiing  txco  given,  circles. 

3^,  To  describe  a  circle  touching  three  given  circles.  Sec 
Puissant  Propositions  de  Geometric ,  pp.  119,  120. — Re^ 
creations  Mailumatiques  of  Ozanam,  torn,  i,  p.  377.^ 
No.  6,  Correspofidence  siir  VEcole  Pdy technique. 
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PBOP.  CLIII. 

(303.)  Let  two  similar  ellipses  or  hg/perbolas  Iiave  a  common 
centre  and  coincident  axeSj  and  through  the  vertex  of  the 
smaller  let  a  tangent  be  drawn  intersecting  tlie  other; 
any  two  chords  of  the  greater  passing  through  (he  point 
w1i£re  this  tangent  meets  it,  and  equally  inclined  to  this 
tangent,  are  together  equal  to  two  cJiords  qftJie  smaller 
ellipse  parallel  to  them,  and  parsing  through  the  vertex. 

Let  the  equation  of  the  smaller  be 

A«^«  +  B«a:'*  -  Sb^ao:  =  0, 
the  origin  being  at  the  vertex ;  this  changed  into  a  polar 
equation,  gives 

(a*  sin.*  01  +  B*  COS.-  ui)r  —  2b*a  cos.  w  =  0 ; 
or  if  e  be  the  eccentricity, 

(1  —  c*  COS.*  w)r  —  p  COS.  fti  =  0 ; 
and  hence 

p  COS.  w 
1— iJ-COS.*  » 

Let  the  equation  of  the  greater  curve,  the  origin  being  at 

the  centre,  be 

aV  +  b'^-*^*  =  a'^b'*- 
If  the  origin  be  removed  to  the  point  where  the  tangent 

intersects  it,  and  whose  co-ordinates  are  therefore 

jjf 

a:  =  —  A,  and  y  =  — p  ^/ a'*  —  A*, 

the  equation  will  be 

^ay  +  b'^x*  -h  2a'b'  >v/a'2~-^  a^  .y  —  2b'*aj:  =  0. 

Since  the  ellipses  arc  similar,  their  eccentricities  are  equal, 

and  therefore  this  equation  becomes,  by  dividing  by  a'*,  and 

b'« 
observing  that  — ^  =  1  —  v-,  and  i3(l  -  v-)a  =  p, 

A 


J/'  ■\-  (1  -  «=)X«  +^  v'l    -  t'-     v'A"-:  -  A."  .  If  -  px-  0. 


<> 


\ 
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TIlis  changed  into  a  polar  equation,  and  solved  for  r', 
gives 

•  —  pco8-  ctf  — 2a/1--^^  v/a'*— A^sin.  w 

1— c*co8.*a; 
The  two  values  of  r',  which  make  equal  angles  witii  the  axis 
of  y,  differ  only  in  the  sign  of  sin.  oi,  and  therefore  repre- 
senting them  by  r'  and  r", 

1 — e*  cos.  a; 
hence  7^  +  7^'  =  2r. 

Cor.  This  proposition  will  apply  also  to  two  parabolas 
if  they  be  equal. 

This  pro|x>sition  is  given  by  Clairaut  in  his  Tliearte  de 
la  TerrCj  and  is  the  principle  by  which  he  proceeds  in  his 
investigation  of  the  figure  of  the  planets,  when  they  are 
supposed  to  be  homogeneous. 

PROP.  CLIV. 

(304.)  Three  unequal  circles  being  given^  if  to  every  txoo  qf 
them  common  tangents  be  draxcn^  the  three  points  of  «n- 
terscciion  of  tJie  tangents  to  each  pair  of  circles  will  lie  in 
the  same  straight  line. 

Let  c,  c',  c'',  be  the  centres  of  the  circles,  p,  p',  p"  the 
three  points  of  intersection  of  the  tangents,  r,  r',  r^y  the 
three  radii,  and  let  the  lines  p'p''  and  p 'c  be  taken  as  axes 
of  co-ordinates.  Let  p'c"  =  jfj  and  let  the  co-ordinates  of 
the  centre  c*  be  i/xf.  The  ratio  y^  :  y'  may  be  considered 
as  compounded  of  y  :  p'c,  or  r'  :  r,  and  of  p'c  :  y,  or 
r  :  r*,  therefore  y^' :  y'  ::  r"  :  r' ;  but  c"p  :  c'p  : :  r"  :  r'. 
Hence  p  is  on  the  axis  of  x. 
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PROP.  CLV. 

(305.)  Two  circles  being  given  in  magnitude  andposiHoti, 
let  a  tangent  to  one  of  them  intersect  the  other,  to  find  the 
locus  of  the  intersection  of  tangents  to  the  second  passing 
through  the  points  where  the  tangent  to  the  first  meets  it. 
Let  the  centres  be  c,  c',  the  radii  r,  b',  p  the  point  of 
contact  of  the  tangent  to  the  first,  and  p  the  point  whose 
locus  is  sought.     Let  cc'  be  the  axis  of  ;r,  and  a  perpen- 
dicular to  it  through  c,  the  axis  of  ^ :  let  the  co-ordinates  of 
p  be  j/af  and  c'p  =  r,  cc'=a/',  and  the  angle  prfx  =  «. 
Since  the  equation  of  the  tangent  through  p  is 
•  ^  -f  oro:'  =  R« ; 

and  dp  is  perpendicular  to  the  tangent,  therefore  the  portion 
of  dv  between  c'  and  the  tangent,  (6),  is 

R  ' 

but  r  =  -T-  9  and  a:'  =  r  cos.  w,  therefore 


b'« 


r  = 


R — a/' cos.  w' 

This  is  the  polar  equation  of  a  line  of  the  second  degree,  the 

pole  being  the  focus,  and  the  values  of  w  measured  from 

the  axis.     The  parameter  and  eccentricity  are  given  by  the 

equations, 

2r'2 

""     R   ' 

The  locus  is  therefore  a  parabola,  ellipse^  or  liyperbota,  ac« 
cording  as  a;"  =  b,  j::"  <  r,  or  a;''  >  R. 

If  the  locus  be  an  ellipse  or  hyperbola,  the  axes  arc 
determined  by  the  ccjuations, 

A    ""     R  ' 
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R«" 


Hence  it  follows  that 


B»  = 


r'* 


A  = 


rr'« 


R^-a?^«' 


the  ratio  of  the  axes  are  therefore  •»*  —  ^'*  :  ii*» 

The  locus  will  be  a  circle  if  or"  =  0,  scil.  if  the  two  circles 

are  conccntrical. 

If  the  centre  of  the  second  circle  be  within  the  first,  the 

locus  is  the  ellipse;  if  it  be  on  its  circumference,  it  is  the 

parabola;  and  if  it  be  outside  it,  it  is  the  hyperbola, 

PROP.  CLVI. 

(306.)  Tojind  tJie  equation  of  a  line  of  tJie  second  degreey 
touching  the  three  sides  of  a  given  triangle. 

Let  the  sides  of  the  given  triangle  be  represented  by  the 
equations 


ay  -\-  bx  +  c  =^  0 

dy  ^  Vx  +  d 
cpy  +  Wx  H-  c^ 


dy  -f  6'j:  H-  c'  =  0  Ma). 


=  0> 

Let  y  be  eliminated  by  each  of  these  equations  and  the 
general  equation  of  the  second  degree,  and  the  results  ar- 
ranged by  the  dimensions  of  x,  are 
(  a6*  —  Ba6  -h  ca^)j:*+(2A6c — bac — Dai  H-  Ea*)x 

+  AC*— Dac  +  Fa*=0 
( Aft'«  -  i^V  +  ca'«)aT'*  f  (2 AiV  -  eaV  -  i^JV  +  Ea'«) jr       r  .  v 

+Ac'2-Da'c'H-Fa'«=0 
(a6^«—  Brf'6''  -f  crf'^-  +  {^kVf?  -  BrfV  -  Do^iy  +  Erf'^)  j: 
H-Ac"2-DaVH-Fa"*  =  0 
That  the  three  sides  of  the  triangle  may  be  tangents, 
the  roots  of  each  of  these  equations  must  be  real  and  equal, 
which  furnishes  the  conditions : 
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(b«-.4ac)c^+(d«  -  4af)6«H-(e«  -  4cF)a«  - 

2(bd  —  2AE)ic— 2(be— 2cD)ac— 2(de— 2BF)flft  =  0, 
( B«  -  4Acy* + (d2  -  4af)6'* + (e*  -  4cF)fl'»  -  ^ 

2(BD-2AE)6'c'~2(BE-2cD)aV— 2(DE  -2BF)fl*'  =  0,   '^^' 


(b« — 4ac)c^«  -h  (D*— 4AF)i"«  +  (E«-.4cF)a"s 
2(bd-  2ab)6"c^— 2(  BE— 2cD)a^c"— 2(de— 2BF)aW =0.> 

These  three  equations  arc  sufficient  to  eliminate  three  of  the 
coefficients  of  the  general  equation,  and  the  remaining  ones 
continue  indeterminate. 

If  the  two  sides  of  the  triangle  represented  by  the  second 
and  third  equations  in  (a)  be  taken  as  axes  of  co-ordinates, 
these  equations  must  become  respectively  1/  =  0  and  j:  =  0, 
and  therefore  ^  =  0,  c'  =  0,  a^'  =  0,  c''  =  0,  and  hence  the 
conditions  (c)  become  in  this  case 

(b-  -  4ac)c2  -  2(bd  -  2ae)6c  —  2(be  -  2cD)flr^ 
—  2(nE  —  2BF)a6  =  0, 

K*  —  4fCF  ~  0, 

d"  -  4af  =  0. 

The  co-ordinates  of  the  points  where  tlie  curve  touches 
the  axes  of  co-ordinates,  are  in  this  case 

D  -  E 

y  —  —  tt    and  X  =—  rr- 
^  2a  2c 


PROP.  CLVII. 


(307.)  Tojind  tlie  equation  qftlie  locus  of  tJic  centre  of  a 
line  of  the  second  degree^  uhicJi  touches  the  sides  of  a 
given  angle  in  two  given  points. 

Let  tlie  sides  of  the  ^ven  angle  be  assumed  as  axes  of 
CO  ordinates,  and  let  the  distances  of  the  points  of  contact 
from  the  origin  be  respectively  1/  and  a^.  If  the  equation  of 
the  curve  be 

a^^  +  B^^  +  ('^'  +  ny  -f-  Ka-  H-  F  =  0. 
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The  conditions  of  tlic  question  give  the  equations, 

D«  -  4af  =  0, 

e2  —   4CF  =  0, 

The  co-ordinates  of  the  centre  are 

BD— 2ae 
•""  "  "  ir--4Ac' 
__       HE— 2cD 
^  D«— 4ac  ' 

The  quantities  c,  n,  e,  f,  l)cing  eliminated  from  those  hy 
means  of  the  former  ecjuations,  the  results  are 

^  "  SAy-fBo:" 
_     2Ay^ 

'^  ■"  2Ay+Bx'' 

The  equation  therefore  of  the  locus  sought  is  found  by  ^ 
eliminating  b  and  a  from  these,  which  is  done  by  dividing 
the  one  by  the  other,  and  gives 

yjd  —  xi/  =  0. 
The  locus  is  therefore  a   right  line  passing  through  the 
vertex  of  the  given  angle,  and  bisecting  the  line  joining  the 
points  of  contact.     Since 

the  cur\'e  is  an  ellipse  or  hyperbola,  according  as  y  <  2y, 
or  >  Sy,  and  it  is  a  parabola  if  the  centre  be  at  an  infinite 
distance.  The  species  of  the  curve  therefore  depends  on 
the  ade  of  the  line  joining  the  points  of  contact  at  which  the 
centre  is  assumed ;  if  it  be  at  the  same  side  with  the  vertex 
of  the  given  angle  it  is  an  hyperbola,  and  if  at  a  different 
side  an  ellipse. 
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If  y  =  or',  the  locus  is  the  bisector  of  the  given  angle, 
which  is  the  common  axis  of  all  the  curves. 


PROP.  CLVIII. 

(308.)  To  inscribe  an  ellipse  or  hyperbola  in  a  tria/ngle  so  as 
to  touch  its  base  at  the  point  of  bisection,  and  also  to  Umch 
one  of  the  sides  in  a  given  point. 

By  the  last  Proposition,  the  centre  must  be  upon  the  line 
through  the  point  of  bisection  of  the  base,  and  the  vertex  of 
the  opposite  angle.  And  the  line  joining  the  points  of  con- 
tact of  the  other  two  sides  must  be  parallel  to  the  base; 
hence  may  be  found  the  point  of  contact  with  the  other  side, 
and  the  solution  of  the  problem  is  evident;  if  the  given 
point  of  contact  with  the  side  be  in  the  production  of  the 
side,  the  curve  is  an  hyperbdla,  if  otherwise,  an  ellipse. 

PROP.  CLIX. 

(309.)  To  Jind  t/ie  loais  of  the  centre  of  ellipses  or  hyper^ 
bolas  which  touch  the  three  sides  of  a  triangle^  and  touch 
one  in  a  gfccn  point* 
Let  two  sides  c,  c',  of  the  triangle  be  assumed  as  axes  of 

co-ordinates,  and  the  equation  of  the  third  side  (c")  is 

dy  +  ex  —  cc/  =  0. 

The  condition  of  contact  with  the  axes  of  co-ordinates  and 

this  line  are 

E«  —  4€F  =  0, 

D*  —  4cF  =  0 ; 

^BD  — 2aE  ^BE-2cD  ,  DE  — 2bF 

B-— 4ac  B*  —4  AC  '^B*  —  4  AC 

Let  the  distance  of  the  point  of  contact  with  the  axis  of  x 

E 

from  the  origin  Ix?  .i^,  \'  a^=—  — . 
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The  co-ordinates  of  the  centre  being 

BE  — 2ci> 
•^"^  ""  B«  -4ac' 


BD — 2aK 


B^  —  4a(:' 

Wc  find,  after  elimination,  the  equation  of  the  locus  sought, 

9{d  -  af)y  -f  Soar  —  cc'  =  0, 

which  proves  the  locus  sought  to  be  a  right  line. 

(J  •t'  c 

If  ^  =  0,  X  =  —  ,  and  if  J  =  -^,  y  =  — .  Hence  it  ap- 

pears,  that  if  a  right  line  be  drawn  connecting  the  given 
point  of  contact  with  the  vertex  of  the  opposite  angle,  the 
right  line  which  is  the  locus  sought  bisects  this  line,  and  the 
side  of  the  triangle  on  which  the  given  point  of  contact  lies. 

PROP.  CLX. 

(310.)  To  find  the  lociu^  of  the  vertex  of  a  triangle  con^ 
structed  on  a  given  base,  one  of  wJiose  base  angles  is 
double  the  otJwr, 

The  extremity  of  the  base  being  taken  as  ori^n,  and  the 
base  as  axis  of  a-,  let  one  base  angle  be  a,  and  the  other  JJa, 
and  the  co-ordinates  of  the  vertex  i/jc.     By  trigonometry, 

53tan.  A 


tan.  2a  = 


1  -  tan.-  A ' 


y  y 

but  tan.  A  =  ■=— ,  and  tan.  2a  =    ,^    ,  where  .r'  is  the  base. 

Hence,  after  reduction,  the  equation  of  the  curve  sought  is 

y-  -  Qj:'^  +  9tx^x  =  0, 
which  is  the  equation  of  an  hyperbola,  whose  transverse  axis 
is  two-thirds  of  the  base. 
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PROP.  CLXI. 


(311.)  Given  in  mcLgnitude  and  position  the  vertical  angle 
cf  a  trtangte,  whose  area  is  also  given^  to  find  the  locus 
of  a  point  which  divides  the  opposite  side  in  a  given  nUio* 

Let  the  sides  of  the  ^ven  angle  be  assumed  as  axes  of 
co-ordinates.  The  co-ordinates  of  the  pointy  whose  locus  is 
sought,  being  j/Xj  the  equation  furnished  by  the  conditions 
of  the  question,  after  the  requisite  reduction,  is 

__    2a  m,n 

sm.  (p     (m  -\-  ny 
where  <p  =  the  given  angle,  a  the  given  area,  and  m  :  n  the 
given  ratio. 

The  locus  is  therefore  an  hyperbola,  whose  asymptotes  are 
the  sides  of  the  given  angle. 

PROP.  CLXII. 

(SI  2.)  To  find  the  locus  of  the  extremity  of  a  portion^  as- 
sumcd  upon  the  sine  of  an  arc,  equal  to  the  sum  or  dif 
ference  of  its  chord  and  versed  sine. 

By  the  conditions  expressed^  the  equation  of  the  sought 
locus  is 

y  =   J9,rx  +  X, 
where  r  is  the  radius ;  which,  when  disengaged  from  the 
radical,  becomes 

.y*  +  %/«^  +  •^■'  -  2r^  =  0, 
which  is  the  equation  of  a  parabola. 

It  is  evident  that  the  axis  of  the  parabola  is  inclined  at  an 
angle  of  45®  to  the  diameter  of  the  circle. 
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PEOP.  CLXIII. 


(SIS.)  7%«  ordinate  to  t?te  axis  of  a  line  of  the  second  d*. 
gree  being  produced  to  until  the  part  produced  equals  the 
diHance  of  the  point  where  it  meets  ike  curoejrom  the 
fUut,  iojind  the  locus  of  the  extrenitjfpfthe  produced  part. 


A    C    I 

Let  the  ordinate  fm  be  produced  until  ttm  equals  fm,  f 
being  the  focus  of  the  proposed  cuire :  the  object  is  to  find 
the  locus  of  the  point  m. 

The  polar  equation  of  a  line  of  the  second  d^ree  is 


«(1  —e  COS.  w)' 
which   represents  an  ellipse,   hyperbola,  or   parabola,  ac- 
cording as  f:  <  1,  >  1,  or  =  1. 

Let  Fm  be  drawn.     By  the  conditions  of  die  question 

Fm  =  Srcos,  mFM  =  Srsin,  mfp. 

IttfW  be  the  rectangular  co-ordinates  of  the  pmnt  m,  related 

to  FT  and  Fx,  as  axes  of  coordinates, 

Fm  =  v'J*  4-  *«, 


and  since  mff  =  90"  —  SmFif, 
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p  y 

V'V*  +  ^^  =  7i 5 ' ^ X    •  > 

^  (l-^xe  sin.  mFP cos.  mrp)      '/yi  ^^« 

which  reduced  becomes 

y*  —  a^ryo:  +  a:*  —  joy  =  0, 

which  is  the  equation  of  an  ellipse,  hyperbola,  or  parabola, 
according  ase<l,  >1,  or=l.  The  locus  sought  is 
therefore  a  line  of  the  second  degree  of  the  same  species  as 
the  proposed.* 

The  solution  of  the  equation  for  .r  shows  that  the  curve 
touches  the  axis  of  x  at  f. 

If  the  equation  be  solved  for  y,  the  roots  are 

To  find  the  values  of  y,  which  touch  the  curve,  let  the  values 
of  Xy  which  render  the  radical  =  0,  be  found*  and  the  cor- 
responding values  of  y  are  those  sought.  These  values  of 
X  are 

P 


a:  =  — 


X  =  — 


2(1  -f  ey 


and  the  corresponding  values  of  y  are  equal  to  these  re- 
spectively. These  being  the  distances  of  the  vertices  of  the 
proposed  curve  from  the  focus,  indicate  the  following  cir- 
cumstances with  respect  to  the  position  of  the  proposed 
locus. 

If  a  perpendicular  to  ax,  the  transverse  axis  of  the  pro- 
posed curve,  be  drawn  through  its  vertex  A,  and  ab  =  af, 
the  locus  sought  touches  ay  and  ax  at  b  and  f. 

If  BF  be  drawn,  and  bisected  at  £,  a  right  line  passing 
through  A  and  £  is  the  axis  of  the  locus.  The  line  bh,  the 
focal  tangent  of  the  proposed  curve,  is  a  diameter  of  the 
locus  whose  ordinates  are  parallel  to  ay. 

The  axes  of  the  locus  are  inclined  at  an  angle  of  45^  to 
those  of  the  proposed  curve. 
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If  the  proposed  curve  be  a  parabola,  e  will  be  tlie  focus, 
and  BF  the  parameter  of  the  locus. 

If  CD  be  drawn  through  tlie  centre  of  the  proposed  curve 
perpendicular  to  ax,  and  intersecting  ae  in  n,  d  is  the  centre 
of  the  locus* 

If  the  proposed  curve  be  a  paraboW  whose  parameter  is 

jj,  the  parameter  of  the  locus  =  -—:. 

If  tlie  proposed  curve  be  an  ellipse  or  hyixjrbola,  let  its 
semiaxes  be  a  and  6,  -.-  .u)  =  a  \/2.  And  since  the  tan- 
gents AF  and  AB  are  at  right  angles,  ad  =  /^^  +  &'",'*'  and 
V  being  the  semiaxes  of  the  locus;  also  ad  .  de  =  a'-,  and 

DE  =  cG  .  v/2  =  ' zrr-.     Heucc  it  follows  tliat 

a-\-  c 

•.•  a(a  -f  c)  =  a'% 

•••  a{a  —  c)  =  y-. 
It  will  appear  by  Sect.  XVIII.  that  the  areas  of  the  two 
curves  are  equal. 

PROP.  CLXIV. 

(314.)  Tojiiid  the  locus  of  the  point  of  bisection  of  the  nor- 
mal to  a  line  of  the  second  degree. 

Let  the  equation  of  the  line  related  to  its  axis  and  vertical 
tangent  as  axes  of  co-ordinates  be 

Ay«  4-  B«a:'*  -  2B«Aa'  =  0. 
Let  the  co-ordinates  of  the  point  of  bisection  of  the  normal 
be  yx.     By  the  conditions  of  the  question 

B-(A-;r') 


X  -^  a'  = 


2a^      ' 
b-(a— .r') 


since  the  subnormal  is  equal  to  — 

The  co-ordinates  i/j/  being  eliminated  by  means  of  these 


A- 
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equations^  and  tlie  result  arranged  according  to  the  dimen- 
sions of  ^  and  X,  wc  find 

(b*  -  2a«)«j/«  +  B«A2a?2  —  2B*A^jr  -  ^b^b*  -  4a^)  =  0, 
the  equation  of  the  locus,  which  is  therefore  a  line  of  the 
second  degree,  of  the  same  kind  as  the  ^ven  one. 

If  the  given  curve  be  a  parabola,  the  equation  of  the 
locus  (since  a  is  infinite)^  becomes  16y*  —  4pjr  +^*  =  0, 
which  is  the  equation  of  a  parabola,  whose  vertex  passes 
through  the  focus  of  the  given  one,  and  whose  parameter  is 
equal  to  a  fourth  of  the  parameter  of  the  given  parabola. 

If  the  given  curve  be  an  ellipse  or  hyperbola,  let  the 
origin  of  co-ordinates  be  removed  to  the  centre,  and  the 
equation  of  the  locus  becomes 

(2a-  —  B«)«j/«  +  A«B«a:«  =  iB=(2A«  -  B«)«. 
Hence  the  semiaxes  a',  b'  of  the  locus  arc 


a'  =  A  - 


2a' 


B' 


B. 


PROP.    CLXV. 


(315.)  A  right  line  (bm)  being  related  by  its  equation  to 
rectangular  ctMrrdinateSy  if  a  right  line  be  drawn  from  ihe 
origin  (a),  meeting  the  ordinate  qft/ie  proposed  rigfU  line 
at  (q),  so  that  aq  =  pm,  tojind  the  locus  of  the  point  (q). 

Let  AQ  =  r,  and 
QAP  =  w ;  let  the 
equation  of  the 
right  line  be 
y  —  flx  —  A  =  0. 
Since  by  hypo- 
thesis r  =  t/,  and 
X  =  r  COS.  w,  the 
equation  of  the 
locus  is 
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ISl 


r  = 


(1  —  a  COS.  w)* 

The  locus  18  therefore  a  line  of  the  second  degree,  whose 
panuneter  is  S6,  and  eccentricity  ==  a.  It  is  obvious  also 
that  the  right  line  bm  is  the  focal  tangent. 


PROr.  CLXVl. 

(816.)  If  from  (ha  centre  (c)  of  an  ellipse  a  line  (ca)  be  in- 
flected on  the  ordinate  (pm)  to  the  axis^  so  tfiat  cq  =  pm, 
ioflnd  the  locus  of  the  point  q. 

Let  the  equation  of  the  given  ellipse  be 

aV*  +  bV«  =  a'^b'2, 

and  let  the  co-ordinates  of 
the  point  q  be  yx.  By 
the  conditions  of  the  ques- 
tion,  the  equation  of  the 
locus  is 

;/  +  ^^  =  ^(A'«  -  x% 

which  reduced  becomes  • 

aV  H-  (a'^  +  B'«).f2  =  a'^b'«. 

Hence  the  locus  is  an  ellipse,  whose  axes  coincide  with  tho«e 
of  the  given  one.     Let  the  semiaxes  of  the  locus  be  a,  b^ 


a'b' 


a  = 


W^  +  b'"' 


B  =  b'. 


Hence,  if  the  angle  bca  be  bisected  by  cd,  and  de  be  drawn 
perpendicular  to  ca,  ce  =x:  a. 
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SECTION  XV. 

Ofihe  application  of  the  differential  and  integral  calculus 

to  curves. 

OftangentSj  normals ^  S^c. 
(317*)  The  differential  and  integral  calctdus  is  peculiarly 
adapted  to  the  analytical  investigation  of  the  properties  of 
curves ;  and  the  application  of  that  science  to  this  purpose 
cannot  but  be  considered  as  one  of  the  most  interesting  and 
useful  parts  o( Algebraic  Geometry,  We  shall  therefore  in  the 
present  section  proceed  to  apply  the  calculus  to  the  discovery 
of  those  properties  to  which  it  is  particularly  adapted,  and 
in  which  the  principles  of  common  algebra,  used  in  the  pre- 
ceding sections,  ore  either  inadequate  or  incommodious. 


PROP.  CLXVII. 

(318.)   To  determine  the  position  of  a  tangent  passing 
through  a  given  point  {j/^)  on  a  curve^  wJiose  equation 
is  t{i/x)  =  0. 
Let  the  equation  of 

the  tangent  sought  be 

sin.  Ix 


where  a  = 


.  Let 


sin.  ly 
p  be  the  ^ven  pointy  and 
pp  =  ±  AX, 

then  by  Taylor's  theo- 


rem, 


,  du      AX       d^7J 

^^       -dx       1    ^  dx' 


Ax'^ 
AX 


dJC^ 


Ax 


l-2-3'^^' 
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In  this  series  such  a  value  may  be  assigned  to  Ax  as  will 
render  the  first  term  greater  than  theremainder  of  die  series, 
and  the  same  term  will  be  greater  than  the  remainder  of  the 
series  for  all  values  of  Ax  between  that  and  zero.  Hence 
if  Ax  =  p/>  render  the  first  term  greater  than  the  remainder, 

jj/p/'  =pjpf  —  jyjP  will  have  the  same  sign  with  -yy?  since 

AcT*  is  positive  whatever  be  the  sign  of  Aor,  and  the  same 
will  be  true  for  all  points  between  p  and  p.  Hence  it  fol- 
lows, that  at  each  side  of  the  point  p  the  curve  lies  at  the 
same  side  of  the  right  line,  and  that  it  lies  above  or  below  it 

accordmg  as  ^  and  y  have  the  same  or  different  signs.  The 
case  in  which  —  *—  =  0  shall  be  considered  hereafter.     The 

curve  is  •.'  convex  towards  the  axis  of  x,  if  y^  has  tlie 

same  sign  with  y^  and  concave  if  they  have  different  signs. 
Any  other  right  line  passing  through  the  point  p  must  inter- 
sect the  curve  ;  for  let  its  equation  be 

•/  pfl^  =  d  .  Ax,  •.* 

dy         ,^  Ar      dti       Ar*     d^y         Ax^ 

In  this  series  such  a  value  may  be  assigned  to  Ax  as  will 
render  the  first  term  equal  to  the  remainder  of  the  series,  and 
therefore  if  the  sign  of  A.r  be  in  that  case  different  from  that 
of  the  remainder  of  the  series,  the  value  of  ////'  will  vanish, 
and  the  right  line  will  meet  the  curve  at  that  point,  and  for 
every  point  between  that  and  r  the  right  line  will  lie  within 
the  curve. 
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Hence  the  eqaation  of  the  tangent  through  the  point 
yj^'is 

(819.)  Cor*  1.  A  point  can  be  found  on  a  curve,  through 
which  a  tangent  shall  be  parallel  to  a  right  line  given  in  po- 
sition.    Let  the  equation  of  the  right  line  be 

Ay  +  Bx  +  c  =  0. 

The  co-ordinates  of  the  point  of  contact  may  be  found  by 
the  equations 

jy  _     B 

the  latter  being  the  equation  of  the  curve. 

(3«).)  Cor.  2.    If  ^  =  0,  the  tangent  is  parallel  to  the 

axis  of  Xj  and  vice  versa, 

du 
(321.)  Cor.  3.  It  -~-  =  X ,  the  tangent  is  parallel  to 

the  axis  of  ^,  and  vice  versa, 

(328.)  Cor,  4.  The  equation  of  a  tangent  to  a  given  point 
on  a  line  of  the  second  degree,  may  be  found  by  differen- 
tiating the  equation 

Aj/2  4-  Bory  -f  c.r^  +  Dy  +  eo:  -^  f  =  0, 

which  gives 

di/  _       9.CX  4-  i\y  -f  E 
dx   "       2aj/  -h  bo:  -f  d' 

and  therefore  the  equation  of  the  tangent  is 

(2Ay-f  Bor'+D)  (.y-y)  +  (Sca-'+By+E)  (^-j/)  =  o, 

which  is  the  same  with  the  result  of  (133). 
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PROP.  CLXVIII. 

(dSS.)  Tojind  the  gybtangent  to  a  given  point  on  a  curve. 

In  the  equation  of  the  tangent  let  y  =  0,  and  the  value 
of  the  subtangent  s  is  a;'  —  x,  *.* 

and,  in  like  manner,  the  value  of  the  subtangent  measured 
on  the  axis  of  ^,  is 

^~  dx'- 
(S24.)  Cor.  If  the  length  of  the  tangent  be  t, 
,  _  yif^y  +  rfj^  +  Std^dJ  COS.  yx) 


<^' 


which,  when  ^o:  =  -^,  becomes 


PBOP.  CLXIX. 

(3^.)  To  find  the  equation  of  the  normal  and  the  sub- 
normal. 

The  equation  of  a  line  perpendicular  to  the  tangent  is, 
by  (39), 

drJ  ,  di/ 

(cos.yx^--^)  (3/  -  y)  +  (^,  cos.yx-\-\)  (a:  -  o^  =  0, 

which,  when  yx  =  -^,  becomes 

dJ 

The  subnormal,  taken  relatively  to  each  axis  of  co-or- 
dinates, may  be  found  by  supposing  tf  and  x  successively 
=s  0  in  these  equations,  which  gives 
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~  ^  '  dx' -¥  COS.  yx  .  dt/^ 
daf  -I-  co8.^A^ .  d^/ 
dt/  +  QOS.yx  •  dx'' 

which,  when  yx  =  -^,  become 

* —  djd' 


s'=-a^. 


s'=- 


PEOP.  CLXX. 


(326.)  To  transform  any  expression  involving  j/ie  coor- 
dinates Yx  of  any  pointy  and  their  differentials,  into  one 
involving  the  polar  coordinates  z,   tOy  and  ifieir  dif- 
ferentials. 

The  angle  yx  may  in  this  case  be  taken  as  a  right  angle, 
to  avoid  the  complexity  of  the  expressions  which  would  re- 
sult from  any  other  supposition.  Any  formula  related  to 
oblique  angled  co-ordinates  may  be  transformed  first  to  rect- 
angular, and  then  to  polar  co-ordinates. 

The  angle  ya;  being  a  right  angle,  the  point  y^r'  the  pole, 
and  the  angle  w  being  measured  from  a  line  which  makes 
with  the  axis  of  x  an  angle  a/, 
y  ^  z  sin.  (w  -h  a/), 

X  =s:Z  COS.  (w  4-  a/), 

dy  =  z  COS.  (w  -h  cij)duf  +  sin.  (w  +  w')dz^ 
dx  =  COS.   (w  +  w)dz  —  rsin.  (w  +  w')duj, 

dy  _  zdw-\-  tan.(w  +  a/){fe 
'  dx"    dz—  tan.  (a;  -f  uif)zdw 
c?y=isin.(a/  +  (J)d^z  -f  2  cos.  (w  +  vJ)dzdw—z  sin.  (w-f-ti/Viw^, 
/i^j?=cos.(a;  +  (j>^)d^z  —  2  sin.  (w  +  oJ)dzdoj  -  »  cos.  ( w+o/)dw*. 

By  these  formula:  any  jcxpression  involving  yx  and  tlieir 
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first  and  second  differentials,  can  be  converted  into  an  ex- 
pression involving  zw,  and  their  first  and  second  differentials ; 
and  in  like  manner,  by  continuing  the  process,  the  substitu- 
tion necessary  for  the  differentials  of  higher  orders  may  be 
found. 


PROP.  CLXXI. 

(327.)  To  exjn-ess  tJie  angle  under  ilte  radius  vector  of  a 
curve,  whose  equation  is  z  =  ¥(w)y  and  a  tangent  through 
any  point  zw. 

Let  the  angle  under  the  radius  vector  and  fixed  axis  be 
zx,  and  that  under  the  tangent  and  the  same  tx\  and  the 
angle  under  the  tangent  and  radius  vector  tz.     Now, 

tan.  tx  —  tan.  rx 


tan.^z= 


1  -h  tan.  tx  .  tan.  rx^ 


but 


hence 


V  du 

tan.  a:j:=— ,  tan.  te  =  -p; 

X  ax 


ydx  —  xdy 

tan.  tz  ss  — -Z-j ii. 

xdx  +  ydy 


Substituting  in  tliis  expresdon  for  y,  x,  dy^  dx,  the  values 
found  in  (326),  the  result  is 

Z'dof  I  sin.«  (w  +  a/)  +  cos.^  (w  +  a/)  | 
tan  /**'  ^s 

zdz\  sin.*  («  +  «/)  +  co«.«  (»  +  w')  |   . 

zdto 
•.'tan.  te=--=-; 
dz 

hence  also 

zdw 


sin.  tz  = 


(2«rf«»  +  &«)^ 
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PROP.  CLXXI. 

(828.)  Given  the  polar  eqtuition  x  =  f(w)  qfa  ctirve^  to 

express  (he  polar  subtangeni. 

Let  the  polar  subtangent  be  p,  '.*  p  =  z  tan.  tz,  *.* 


p  = 


dz' 


OfrecHficaiion  and  qttadrature. 

PROP.  CLXXII. 

(3^.)  Tlie  equation  of  a  curve  being  given,  to  find  tlie  length 

qfany  arc  cfit. 

1.  If  the  equation  be  related  to  fixed  axes  of  co-ordinates 

yXy  let  A  be  the  arc,  and  it  is  plain  that 

f 
dK  =  (rfy*  +  cte«  +  9dy  dx  cos.  yx)^, 

•••  A  =f{dy'  +  dir*  -f  9dJy  dx  cos.  yxY  +  c, 
in  which  the  value  of  the  constant  c  is  determined  by  the 
co-ordinates  of  the  extremities  of  the  arc  sought, 

A  =/(rfy  +  dx"^)^  +  c. 

2.  If  the  curve  be  expressed  by  a  pcJar  equation  r=F(ci;), 
let  the  values  of  dy  and  dx  (3S6)  be  substituted  in  the  pre- 
ceding equation,  and  the  result  is 

A  =zf{a^dw^  +  dz^y  +  c, 
where  c  is  determined  by  the  values  of  z  and  w  for  the  ex- 
tremities of  the  proposed  arc. 

The  determination  of  the  length  of  an  arc  is  usually  called 
the  rectification  of  the  curve. 
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PROP.  CLXXIII. 


(S30.)  To  find  the  area  included  by  two  values  of  y^  the 
curve  and  the  axis  o/*x,  or  by  two  radii  vecloreSy  ffihe 
curve  be  expressed  by  a  polar  equation. 

1.  Let  tlie  equation  be  T{yx)  =  0^  and  V  the  sought 
area, 

rfV  =  ydx  .  sin.^i*, 
•.•  a'  z=Jydx  .  sin.  y:i:  +  c  ; 
and  if  the  co-ordinates  be  rectangular, 

V  =Jj/dx  +  c ; 
where  c  is  determined  by  the  values  of  ^^  which  include  the 
area. 

2.  If  the  curve  be  expressed  by  a  polar  equation, 

dx'  =  -{sin.  tr: .  zd\, 

where  d\  =  (s^dw*  +  dz'^f  (329),  and 

zdut 


sin.  tz  = 


f/A'  =  •^z'dw, 

•/  V  =  4/2*(fw  +    C, 

where  c^  as  before,  is  determined  by  the  values  c^  2r,  which 
include  the  proposed  area. 

The  determination  of  the  area  is  usually  called  the  qua- 
drature of  the  cur\'e. 

Ofosatlating  circles  and  evolutes. 

(331.)  The  principles  on  which  the  investigation  of  a  line 
touching  a  curve  is  founded  being  generalised,  produce  some 
results  of  considerable  importance  in  the  analyus  of  curves. 
The  object  sought  in  tliat  case,  was  a  right  line  meeting  the 
curve  in  such  manner,  that  no  other  right  Une  passing 
through  the  same  point  oouU  pass  between  it  and  the  curve, 
but  must  pass  at  the  same  side  of  both.     Now  a  circle  may 
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be  sought  fulfilling  similar  conditions,  scil.  so  mecdng  the 

curve,  that  no  other  circle  through  the  same  point  can  pass 

between  it  and  the  curve.     Let  the  equation  of  the  curve 

and  that  of  the  sought  circle  be 

F(yj:)  =  0     (1), 

where  if  a!  arc  the  co-ordinates  of  the  centre  of  the  circle,  and 
R  is  the  radius.  In  order  to  limit  the  circle  to  touch  the 
curve  at  the  point  yx^  it  is  necessary  that  the  first  differential 
coefRcient  m  the  two  equations  be  equal  to  each  other,  for, 
in  that  case,  the  same  right  line  shall  touch  them  both  at  the 
point  p.  By  differentiating  the  equation  of  the  circle,  the 
result  is 

(.'/  -^J/V^y  -f  (^  -  ix!)dx  =  0     (3). 

The  value  of  -j-  resulting  from  equation  (1)  being  sub- 
stituted in  tliis^  and  i/ai  being  supposed  variable,  and  yx 
constant,  it  is  the  equation  of  the  locus  of  the  centre  of  a 
circle  touching  the  curve  at  the  point,  and  shows  that  the 
centres  df  all  such  circles  arc  on  the  normal  (39).  The 
question  then  is,  among  those  circles  to  determine  tliat 
between  which  and  the  curve  none  of  the  others  pass.  For 
this  purpose,  if  the  equation  (3)  be  differentiated, 

Ky  -  y)*y  +  (-^  —  ^^'^  +  ^V'  +  rf^*  =  0     (4); 
this  and  (3)  will  determine  the  centre  of  the  sought  circle. 

_        _         ,  ^dy     dry     dhj     «         «        , 

Let  the  values  of  ^,    y-^,    -,  ^    &c.    for    the  equation 

F(yx)  =  0  of  the  curve  pp  be  a',  a",  a''',  &c,,  and  their 
values  for  the  circle  (?//)  determined  by  (2),  (3),  (4),  be 
b',  b",  b"',  &c.  ;  and  the  values  for  any  other  circle  p;/'  be 
c',  c^  c"',  &c. 

Let  pp'  =  A.r,  v'2)  =  aj/,  p^  =  A^,  i*'//'  =  a^ ;  then 
by  Taylor's  theorem. 
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Ay=«'.  -pH 


iy=.' 


iy'=c'.-|-  . 


1.8.3' 


T2     " 


,  &c. 


1      ^"T3    ^  " 
Now,  since  a'  =  tf  =  d,  and  a"  =  b' 
already  laid  down,  *.* 

iy  -  i^y  =  (A'  -  C")-^  +  (a' 


1.2.3' 

ras' 

',  by  the  conditions 


3-,&c. 


,  Ai" 


The  value  of  ^x  may  be  taken  so  small,  tliat  tlic  first  term 
of  each  of  these  series  shall  surpass  tlie  value  of  the  sum  of 
the  remaining  terms,  and  therefore  the  sign  of  the  whole 
series  will  be  that  of  the  first  term  in  each ;  but  ancc 
a"  =  b",  •.-  a*  —  c"  =  b"  —  c",  hecv  the  signs  of  iy  —  A^, 
and  At/  —  Ay  are  the  same,  and  therefore  the  point  ff 
cannot  lie  between  the  points  p  and  j/,  that  is  to  say,  the 
part  of  the  drclc  PfJ'  flawing  immediately  from  the  point  r, 
must  lie  at  the  same  side  of  the  curve  tp  and  the  circle  f//. 
(332.)  D(f.  The  drcle  thus  determined,  b  colled  t/te 
oaeulating  circle  to  the  point  P. 
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PROP.  CLXXIV. 

(333. )   To  CiTprcM  ilic  co-ordinates  of  the  centre  ami  thr 

radius  of  the  oscidating  circle. 

ImI  the  values  o(j/af  and  R  be  determined  by  the  equa- 
tions (2),  (3),  (4) ;  whence, 

(dif-\-dx'^)dar 
y  —y + ^y  dx^d^x  dy 

drxdy-^Sydx^ 
^^_^      (dif+dx^Y 


dhfdx—d^xdy 
The  value  of  r  being  a  square  root,  is  susceptible  of  two 
signs :  wliich  we  sliould  employ  is  conventional.  If  the  con- 
cavity of  the  curve  be  turned  towards  the  axis  of  x^  the 
radius  of  the  circle  which  passes  through  the  point  of  contact 
will  also  be  in  that  direction.  If  the  radius  thus  situate 
be  considered  ])ositive,  the  value  of  r  given  above  must  in 
that  ease  be  taken  with  a  negative  sign,  because  d*'y  will  in 
that  case  be  negative  (318),  y  being  sup{X)sed  positive.  We 
shall  therefore  consider  die  value  of  R  to  have  the  negative 
sign  prefixed. 

(384.)  In  the  preceding  investigation  we  have  considered 
both  dy  and  dx  as  variable,  for  the  sake  of  generality,  and 
also  because  it  preserves  more  symmetry  in  the  expressions. 
If  dx^  however,  be  considered  constant,  d^x  =  0,  and  the 
expressions  therefore  become 

dy^+dx'' 


i/  =  y  + 


.r'  =  ,r  — 


a\y     ' 
{dy^  -f-  dx^)dy 
d^ydx      ' 

(dV»+rlr«)"*" 
(Py  dx 
(335.)  The  osculaiivff  circle  is  known  by  the  name  of  the 
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circle  of  curoature^  and  its  radius  is  called  the  radius  of 
curvature.  It  received  this  name  probably  from  the  sup- 
position that  it  has  the  same  curvature  with  the  curve  at  the 
point  of  contact ;  but  this  is  not  strictly  the  case,  as  tliere 
are  an  infinite  number  of  other  curves  which  may  pass 
between  it  and  the  given  curve,  and  whose  curvatures  there- 
fore approach  nearer  to  tliat  of  the  curve  than  the  curvature 
of  the  osculating  circle,  as  will  be  shown  hereafter.  The 
curvature  of  this  circle,  however,  approaches  nearer  to 
that  of  the  curve  than  the  curvature  o(  any  otJier  circle,  and 
in  this  sense  the  name  of  the  circle  of  curvature  may  not  be 
inapplicable. 

PROP.  CLXXV. 

(336.)    A   curve   being   expressed  by  a  polar  equation, 
z  =  F(ai),  to  find  the  radius  of  Hie  osctdating  circle. 

In  the  value  of  R  in  die  equation 

{dy'  4-  dx'V 
dhj  dx—fixdy* 
let  the  values  of  rfy,  dxy  dry,  d^Xj  be  substituted,  and  the 
result  is 


{z^du^+fidz"-zd'z)d(v' 
(337.)  Def  The  osculating  circle  varying  its  position 
and  magnitude  for  the  different  points  of  the  curve,  the 
locus  of  its  centre  is  a  line  whose  nature  and  properties 
depend  on,  and  are  derivable  from,  those  of  the  given  curve. 
This  locus  is  called  the  cvclutc  of  the  lurve^  and  the  curve 
is  its  involute. 


m2 


164  ALGEBRAIC    GEOMETRY. 


PROF.  CLXXVr. 

(338.)  The  equation  of  a  curve  T{yx)  =  0  being  gtvciiy 

to  find  that  of  its  evolute. 

By  the  equations 

y^y^   d^ydx^d^x dy* 

d^x  dy  —  dh/  dx* 

united  with  that  of  the  curve  and  its  first  and  second  dif- 
ferentials, the  quantities^,  Xf  dy^  dx,  cTy,  and  drx,  may  be 
eliminated,  and  an  equation  will  be  thence  found  expressing 
the  relation  between  y'x'y  the  co-ordinates  of  the  centre  of 
the  osculating  circle,  and  the  constants  of  the  c(]uation 
T(yx)  =  0  of  the  curve.  This  relation  is  independent  of 
the  values  of  j/  and  x  since  they  were  eliminated,  and  there- 
fore expresses  a  relation  between  y  and  x'  common  to  all 
the  points  of  the  curve,  and  is  therefore  the  equation  of  the 
locus  of  the  centre  of  curvature. 

(339.)  The  principle  here  used  is  one  of  the  most  ex- 
tensive power  and  utility  in  analytical  and  geometrical 
investigations.  The  elimination  of  several  variables  by 
several  equations  always  gives  an  equation  or  equations 
which  express  the  relation  between  those  which  remain,  and 
which,  being  independent  of  any  particular  values  of  those 
which  have  been  eliminated,  is  common  to  all  values  of 
tlicm.  We  cannot  advance  a  step  in  analytical  investiga- 
tions without  being  sensible  of  the  ix)wer  with  whicli  this 
invests  us. 
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(340.)  To  find  the  equation  ^  a  tangent  to  the  evolute 
draiffnjrom  a  point  (yx)  on  the  curve. 
By  (318)  the  equation  is 

the  object  is  tlicrcfore  to  express -j^  as  a  function  ofyo'. 

Let  the  equation 

(^  -  t^d,f  +  {X  -  jr)dx  =  0 
be  difierentiated,   t/J   being  considered   variable;  the  re- 
sult is 

{ff~j/yp!f+(x-a^tPx  +  dif'+(lx*—difdi/-dj:<lx>=0, 
which  being  subtracted  from 

ilf  —  yV^  +  (-r  —  a/jd'j:  +  f/j/"  +  fir'  —  0, 
gives 

dydj/  +  (ir(7y=0, 
di/  dx 

'''d?=~%- 
Hence  tlic  equation  of  the  tangent  sought  is 
y-y)dx+(,j^-  x)d^  =  0. 
(341.)  Cor.  Hence  (395)  the  tangent  to  the  evolute  drawn 
from  any  point  in  the  curve  coincides  witli  die  normal  of 
the  curve  through  the  same  point,  and  therefore  (337),  the 
centre  of  the  osculating  circle  is  the  point  of  contact ;  and 
the  length  of  the  tangent,  from  the  point  on  the  curve  to 
the  point  of  contact,  is  the  radius  of  the  osculating  circle. 

PROP.  CLXXVIir. 

(34S.)  To  find  tie  length  <^an  arc  t^the  evolute  to  a  given 
curve. 


If  the  equation 
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be  differentiated,  considering  jfaf  and  r  as  variables,  die 
result  is 

(y  —  y)  (efy  —  cfj/)  +  (a?  —  a/)  {dx  —  dr')  =  Rc/ii ; 

but  since  {y  —  j/}dy  +  (a?  —  3(f)dx  =  0,  *.• 

"(y  ""  !/)^}/  —  (a:  —  a/)(7j:'  =  arfR, 
by  this  and  the  equations 

(y  -  yJ  +  {x-afy^  as 

Cy  -y)daf  -  (-r  -  ^y  =  0, 

the  quantities  {y  --  j/)  and  (^  —  a:')  being  eliminated,  we 
find 

rfR  =  (rfy^  -I-  rfx«)i  ; 

the  latter  member  of  this  equation  being  the  differential  of 
the  arc  of  the  cvolute,  it  follows  that  this  arc  and  the  radius 
of  curvature  increase  by  equal  differences.  Let  vV  be  the 
cvolute  of  the  curve  mm',  and  v  the  centre  of  the  osculating 
circle  corresponding  to  the  point  m  ;  the  line  mv  therefore 
touches  the  evolute  at  the  point  v.  In  like  manner,  let 
mV'  be  the  radius  of  the  osculating  circle  at  the  point  m' 
touching  the  evolute  at  v'.  By  what  has  been  proved,  the 
arc  vv'  of  the  evolute  is  equal  to  the  difference  between  the 
lines  MV  and  m'v'.  Hence  it  follows,  that  if  mv  be  supposed 
a  flexible  string  wrapped  upon  the  curve  vv'  as  it  unwinds 
itself  from  off  vV  its  extremity  m  will  trace  out  the  curve 
mm'. 

(343.)  The  analogy  between  this  manner  of  conceiving 
the  involute  to  be  described,  and  the  description  of  a  circle 
is  manifest.  The  evolute  may  be  conceived  to  act  as  centre, 
imd  the  raduis,  instead  of  being  a  constant  length,  to  be 
variable. 

(844.)  Cor.  It  follows  also,  that  if  die  involute  be  an 
algebraic  curve,  the  evolute  is  rectifiahlc.  For  any  arc  of  it 
is  pcjual  to  the  difference  between  the  r^dii  of  the  osculating 
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circles  at  tbe  pcnnts  of  the  involute  correBponding  to  the  ex- 
tremities of  the  arc  of  the  crolute. 

QfanftnptotM. 

(345.)  Two  lines  are  sud  to  be  asymptotes  to  each  other 
when  extending  indefinitely  they  continually  approach  each 
otlier,  and  appro^kimate  closer  than  any  assignable  distance, 
and  yet  never  intersect  or  touch.  Thus,  if  two  curves  be 
represented  by  the  cquaUons  F{yx}  =  0  and  v'{i/i^)  =  0, 
and  for  the  same  value  of  x  the  value  of  (y  —  y)  di- 
minishes widiout  limit  as  x  increases,  but  that  condition 
y  —3/  =  0  can  only  be  fulfilled  by  suppo^ng  x  infinite, 
the  curves  are  sud  to  be  asymptotes  to  each  other. 

PBOF.    CLXXIX. 

(346.)  To  find  a  rigMl'me  rchwh  is  an  asymptote  to  a  curve, 
wltoae  equation  is  ¥{yx)  =  0. 
This  problem  may  be  solved  by  considering  the  limit  of 
the  position  of  n  tangent  when  the  point  of  contact  is  re- 
moved to  an  iDfinite  distance.  Tlic  equation  of  a  tangent 
Uirough  a  point  j/x'  is 

(y-»0  =  !(•'-'')• 

If  in  this  equation  y  =  0,  the  corresponding  value  of* 
will  be 

xfdy  —  j/dx 

and  \Sx  =  0,  the  corresponding  value  of  ^  will  be 
^dx-x'dy 
*<^-        dx       ■ 
If  when  of  is  increased  without  limit,  these  quantities  have 
Hmits,  the  curve  has  asymptotes,  and  they  wiU  be  determined 
Iqr  these  limiting  values  of  ab  and  AC. 


/ 
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If  AB  have  a  limit^  but  Ac  none,  the  asymptote  is  parallel 
to  AX ;  and  if  ab  have  a  limit,  but  ac  none,  the  asymptote  is 
parallel  to  ay. 

If  neither  have  a  limit,  the  curve  has  no  asymptote ;  or  it 
may  be  conceived  to  have  asymptotes  infinitely  removed. 

If  the  limits  be  impossible,  the  curve  has  no  asymptotes. 

If  the  limit  of  ab=0,  the  axis  of  ^  is  an  asymptote ;  and 
if  the  limit  of  AC  =  0,  the  axis  of  a:  is  an  asymptote.  If 
both  limits  =  0,  the  asymptotes  pass  through  the  origin, 
and  their  direction  may  be  found  by  the  limiting  value  of 

<-7^,  as  x  is  indefinitely  increased. 


SECTION  XVI. 


nv^ 


Of  the  general  principles  (^contact  and  osculatiofi, 

(847.)  The  principles  which  have  been  already  explained 
relative  to  the  contact  of  right  lines  and  circles  with  curves, 
and  also  those  on  which  the  osculation  of  the  circle  with  a 
curve  has  been  founded,  may  be  considerably  generalised 
by  the  powers  which  the  differential  and  integral  calculus 
gives  us. 

Let  three  curves 

(m»I,  Mill',  Mm") 

having  a  common  point 
M,  be  represented  by  the 
equations, 

F(yar)    =0, 

F'Cyj:')  =  0, 

F"(y V)  =  0. 
Let  pp  =  urn  =  A^, 
and  mW=  a^,  mWs:  Ay, 
and  mW  =  ^y .    Hence  by  Taylor's  theorem, 


1?     jP 
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_d^     AJ;     rf^      a^      d^y       aa:'       d]y     


S.3.4' 
&c.  (1), 


ic.  (2), 

^"S*'  1 +iE"' LS+J^'' i.a.s"'"S»' '172X4' 

S.C.  (3). 

If  in  (1)  imd(2)  j-  =  -^  these  two  curves  Mm  and  Mfft* 

will  have  a  common  rectilinear  tangent  at  M  and  any  other 
curve  Mm'  not  fulfilling  tlie  same  condition,  must  lie  at  the 
same  side  of  the  two  curves  M»i,  mm',  su  toutliing  ut  m,  and 
cannot  pass  between  them.  This  has  been  already  esta- 
blished (318). 
irin(l),  (2),  and{3), 

dx~<U~aa?' 
the  three  curves  touch  at  M ;  but  if  also  the  nmdition 

(/*'"■  rfx^' 
the  curve  mbi'  must  imm  between  wwt  and  mjk". 
For  by  subtracting  (3)  from  (1)  and  (2), 

'^j'-Ai''=  i  tr&  }r-2+  { J-J-.  JTA3'  ^ 

.J     .  jr      J*y     d'/jAj:-      tcP,'     (P/1    Aa:"      . 

^-'J'=  1 3?«-Z?-=  5172+ 1  Jp-^-ilTO' «"■ 

Such  a  value  pp  may  be  as^gned  to  iuc  as  will  render  the 
first  temu  of  these  series  greater  than  the  suiq  of  the  re- 
DuuDing  terms,  and  the  same  condition  will  hold  good  for 
all  Taloea  of  Ax  between  p;»  and  zero ;  therefore  tlie  sign  of 
the  entire  scries  will  be  in  each  cose  that  of  the  vocliicient  of 

|— 5  m  the  iirst  lerm,  which  coeffidcnts  being  equal  by  the 
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condition  y^=y^,  the  terms  Ay  —  Ay"  and  z^  —  Ay"  will 

have  the  same  sign.  Hence  the  arc  Mm'',  intercepted  be- 
tween PM  and  TpfipPy  must  lie  at  the  same  side  of  the  curves 
um  and  m/;2',  and  therefore  the  contact  of  these  two  must  be 
more  inUmate  than  that  of  Mm''  with  either  of  them. 

(848.)  From  what  has  been  said,  it  appears  that  curves 
may  have  with  each  other  different  degrees  of  contact,  and 
the  principles  on  which  the  theory  of  contacts,  in  its  most  ge- 
neral form  is  founded,  are  embraced  in  the  following  theorem. 


PROP.  CLXXX. 


(349.)  Let  three  curves  (Mm,  Mm',  Mm",)  Jiaving  a  common 
point  (m),  be  represented  Ay  the  equations  F(yx)  =  0, 
F'(y'x')  =  0,  v\y"x")  =  0,  and  let  the  successive  differential 
coefficients  of  these  equatio7is,J^rom  the  \st  to  tJie  pth,  be 
equal  each  to  each ;  and  also  let  the  successive  differential 
coefficients  of  the  first  t-xo  equations^  from  the  p^/*  to  tin: 
nthy  be  equal  each  to  each.  Under  these  conditions  the 
part  qftlie  curve  Mm"  next  the  point  m,  must  lie  at  titc 
same  side  of  the  two  curves  Mm  and  Mm'. 

For,  by  hypothesis,  the  terms  of  the  three  series  (1),  (2), 
(3),  as  far  as  the  /^th  temi,  arc  equal  each  to  each ;  therefore, 
if  (3)  be  subtracted  from  (1)  and  (2),  die  result  b 

^y     ^'Sf-Xdjv^x    £ir"^+' 3 1.2...(p+l) 

■*■  I  d^^'^l^^  3  1 . 2...(i?-f2) 

{  a>+'j/     ^Z^+y  \        Aa?P+^ 
+  it  d^^'^d^p^^  S  1.2...(pT3)'  ^^' 


\ 
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. «...(?  +  !) 
"•"  *  5^»~  dJ^'  S  l.S...(p+2) 

By  hypotlteuB,  the  BUtn  of  the  fint  (n  —  ;i)  terms  of  tliesc 
scries  are  cqUR) :  let  this  sum  be  (s),  therefore 
(<?■+■»/     d"+V )       (ir"+' 

Aj,-Ay=8+  { ^^-^.  h.g...(«+i) 


"•"((ir"-^*     tl3f^**S\  .2...(n  +  2) 

c  tf-^-y  rf-'+y  j f^i-r"*' 

"*"  *  dj^-'^^da^^^^Sl.  2...(n  +  2) 
Cc^+y     (f+'y" }       Aj.-"+' 

"*■  1  rfy-^'  (f^"'+»  i  1  .  2 ...  (o  +3)' 
The  succeeding  terms  of  the  series  being  supposc(]  to  be 
fioite,  such  a  value  (mm*)  can  be  assigne<1  to  Az  as  will  ren- 
der (s)  greater  than  tlic  sum  of  tliu  remaining  terms  of  cither 
of  these  scries,  and  therefore  Ay  —  Ay"  and  Ay  —  Ay  will 
both  have  the  sign  of  (s),  and  Ajr  and  Ay  will  be  both  greatef 
or  both  less  than  Ay,  for  tills  and  every  value  of  Ax  be- 
tween hm'  and  zero.  Hence  all  the  corresponding  points  of 
the  curve  itm"  lie  above  both  urn  and  mW,  or  below  both,  ac- 
cording as  (b)  is  native  or  positive,  and  therefore  the  curve 
Itvf  con  in  qd  case  Ue  between  uni  and  vini. 

(350.)  Cor.  1.  Hence,  in  general,  if  any  two  curves  have 
a  comnicai  p(»nt  (ii),  and  the  co-ordinates  of  that  point  being 
Bubetitnted  for  yx  in  the  succesnve  difierential  coefficients, 


170  ALOEBRAIC   GEOMETRY. 

d^u    (fit/ 
condition  y=^=s  j=^,  the  terms  Ay  —  A^  and  ^  —  Ay"  will 

liavc  the  same  sign.  Hence  the  arc  Mm'',  intercepted  be- 
tween PM  and  pm!',  must  lie  at  the  same  side  of  the  curves 
Mm  and  Mm',  and  therefore  the  contact  of  these  two  must  be 
more  intimate  than  that  o(mwP  with  either  of  them. 

(34^.)  From  what  has  been  said^  it  appears  that  curves 
may  have  with  each  other  different  degrees  of  contact,  and 
the  principles  on  which  the  theory  of  contacts,  in  its  most  ge- 
neral form  is  founded,  are  embraced  in  tlie  following  theorem. 


PROP.  CLXXX. 

(349.)  Let  three  curves  (Mm,  Mm',  Mm",)  having  a  common 
point  (m),  be  represented  by  tlie  eqticUions  F(yx)  =  0, 
F'(y'x')  =  0,  ¥\yV)  =  0,  and  let  the  successive  differential 
coefficients  qftliese  equatlonsyjrom  tlie  \st  to  tlie  pth,  be 
equal  each  to  each ;  and  also  let  the  successive  differential 
coefffkients  of  the  first  two  equations  ^Jrom  the  y^th  to  the 
nthy  be  equal  each  to  each.  Under  these  conditions  the 
part  of  tlie  curve  ^m"  neat  tlie  point  m,  must  lie  at  tfic 
same  side  of  tlie  two  curves  Mm  and  Mm', 

For,  by  hypothesis,  the  terms  of  the  three  series  (1),  (2), 
(3),  as  far  as  the  pxXx  term,  are  equal  each  to  each ;  therefore, 
if  (3)  be  subtracted  from  (1)  and  (^),  the  result  b 

^^ "^'^""  I  dxi'+*""cir"^+»  5  1 . S...(p+1) 

'^ld^^'~l£^^\\T9^p^'%) 

Sd^'^hf     d^'^hJ^X        Aa?P+' 
+  i  d^^'^dZ^^^  S  1.2...(pT3)'  ^^* 


\ 
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'^idi!'*'    <(»"*" Jl.«...(p+2) 

+  t  i(j:W'"<J«'»*-  J  1  .«...(p  +  9)' 
By  hjrpothetis,  the  gum  of  the  first  (n  —  p)  terms  of  tliesc 
series  are  equal ;  let  this  sum  be  (s),  therefore 
id-*'!/    d-*y\      A»-*' 

^-'«^="+li?-*-5>r.ii.a...(„+i) 

+  (  iji"**"  <;«"■*'  J 1 .  a..(n  +  2) 
,   i<'""M    d"y-)       i^" 
Idx-*'    </j/""Jl.2...(ii  +  3)' 

"^  *  rfA-^+'-c/jJ"-*'  J  1 . 2,..(n  +  2) 

"''  I  rfjr''+'~(f^"'+'i  1 .  2...{n+3)' 
Tlie  succeeding  terms  of  tlic  scries  being  supposed  to  be 
Unite,  such  a  value  (mm')  can  be  assigned  to  A.t  as  will  ren- 
der (s)  greater  than  tiie  sum  of  the  remaining  terms  of  cither 
of  these  scries,  and  therefore  A^  —  Ay"  and  Ay  —  Ay  will 
both  have  the  sign  of(s),  and  A^  and  Ay  will  be  both  greater 
or  both  less  than  Ay,  for  this  and  every  value  of  At  be- 
tween Hu'  and  zero.  Hence  alt  the  corresponding  points  of 
the  curve  uW  lie  above  both  mm  and  Mtti',  or  below  both,  ac- 
cording ■•  (s)  is  negative  or  positive,  and  therefore  the  curve 
Htn*  can  in  no  case  lie  between  Mm  and  um'. 

(S0O.)  Cor.  1.  Hence,  in  general,  if  any  two  curves  have 
aoominaDp(ntit(M),andthcco-ordinatesof  that  point  being 
substituted  for  j/x  in  the  succes^ve  diflvrential  coefficients, 
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tion,  since  it  contains  a  greater  number  of  constants ;  and 
that  since  the  number  of  points  necessary  to  determine  a 
curve  is  always  equal  to  the  number  of  constants  in  its  equa» 
tion,  as  will  appear  by  Sect  XXL,  Uic  order  of  its  oscula- 
^n  is  always  one  less  than  the  number  of  points  necessary 
to  determine  it. 

(357.)  The  oscuIaUon  of  curves  is  sometimes  explained  by 
supposing  the  osculating  curve  first  to  intersect  the  given 
curve  in  n  points,  and  then  supposing  these  points  to  be 
united  in  one.  But  as  the  principles  can  be  more  clearly 
explmncd  without  this  supposition,  and  as  it  is  only  calcu* 
lated  to  mislead  the  student,  and  produce  wrong  ideas  of 
what  are  called  contact  and  osculation,  we  have  rejected  it. 

(358.)  From  what  has  been  said,  it  appears  that  the  con- 
tact of  a  right  line  with  a  curve  is  both  contact  and  osculation 
of  the  first  order.     For  the  equation  of  a  right  line 

y  ^  ax  —  6  =  0, 
involves  but  two  constants,  and  therefore  the  highest  order 
of  contact  of  which  it  is  susceptible  is  the  first,  and  the  cquar 
tion  of  the  osculating  right  line  is,  as  has  been  already 
found, 

^a/  being  the  point  common  to  it  and  tl)e  curve. 
(369.)  Tlic  equation  of  the  circle 

(y  -  y )'  +  (-r  -  ^0'  =  »s 

involves  tliree  constants,  the  co-ordinates  of  the  centre,  and 
the  radius.  The  highest  order  of  contact  of  which  this  is 
susceptible  is  the  second,  and  therefore  the  oscidatiofk  o[  a 
circle  is  of  the  second  order. 
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SECTION  XVII. 

Of  the  sinffuiar  poiuU  qf  curves. 

(360.)  Def.  Those  pointe  of  a  curve  which  possess  any 
remarkable  properties,  which  the  adjacent  points  do  not 
possess,  are  called  linffiiJar  points.  The  differential  calculus 
enables  us  to  discover  these  points,  and  in  general  to  dis- 
cover the  figure  of  any  curve  whose  equation  is  given. 

(361.)  The  po^Uon  of  the  tangent  being  determined  by 
the  equation 

(j'-y)-|^(-«-^  =  o, 

if  the  co-ordinates  of  p  satisfy  the  equation  -v    =  0,  the 

tangent  at  the  point  p  must  be  parallel  to  the  axis  of  J',  for 
the  equation  of  the  tangent  becomes  in  that  case 

{962.)  In  like  manner,  if -T- = -V,   tlic   equation  of  tlie 

tangent  l>ccomes 

0-  -  a/  =  0, 
and  is  tlierefore  parallel  to  the  axis  of  ^. 

(363.)  If—  =  0,  the  scries  in  (318)  gives 

^if         AJr'  d*y  Ax* 

Pr-PP^  +  d^TTY-s'd^'  1.2.3.4 


^dj^    l.S.3.4. 


:,&c 


A  value  tpoCo-x  being  token  so  small  that  the  first  term 
shall  surpass  the  remui^cr  of  (he  series,  the    sign  of 
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yjp"  —  pp^  resulting  from  +  Ar,  will  be  diiFcrent  from  that 
which  results  from  »  Ar;  and  the  same  being  true  for  all 
values  of  tjc  between  pp  and  zero,  it  follows  that  the  parts 
of  the  curve  on  either  side  of  p  lie  at  different  sides  of  the 
tangent,  and  consequently  that  as  the  curve  passes  the  point 
p,  it  changes  the  direction  of  its  curvature.  Such  a  point  is 
called  a  jnAnt  of  contrary  fiexure^  or  a  ponnt  (^inflexion. 

(364.)  The  principle  is  however  more  general.  If  several 
successive  diifcrential  coefficients  after  the  first  vanish,  when 
the  co-ordinates  of  the  point  f  are  substituted  for  the  variables 
in  their  expressions,  let  the  first  differential  coefficient,  which 

does  not  vanish,  be  -r--' 

1.  If  n  be  an  even  number, 

(l"+hj  A^"+*  d^+^'iy  Aa-"+* 

■*"f/j:"+'     1.2.3...(7t+l)     ^/.r"+'^     1.2...(m  +  2)' 

As  the  sign  of  Aa:  does  not  affect  that  of  Ar",  such  a  value 

vj)  may  be  assigned  to  Ao:  as  will  give  pj/  —  pj/'  the  sign  of 

d*»y 
-TT^j  ^^th  for  4"  ^^  awd  "-  Aj*,  and  the  same  is  true  for 

every  value  between  vp  and  zero.     Hence  the  concavity  is 

d"y 
turned  towards  or  from  the  axis  of  a:,  according  as  -t~  is 

<  0  or  >  0. 

2.  If  w  be  an  odd  number, 

,,  ,       ^d"y        Ao:** 

PP'-PP'=+dP'TT2Z-n. 

^dH^'  '  1  .2...(n  +  l)~^d^^ '  1.2...(n+  ^y  ^^' 
By  reasoning  similar  to  that  used  before,  it  may  l)e  shown 
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that  the  parts  of  the  cune  at  cither  side  of  the  point  P  lie  at 
different  sides  of  the  tangent,  and  that  therefore  the  point 
p  is  a  point  of  inflexion. 

(S65.)  In  these  cases  the  curve  touclies  the  tangent  with 
a  contact  of  tlie  («  —  1  )tli  order ;  for  tile  first  differential 
coefficients  of  tht.'  ctiuattons  of  the  curve  and  tangent  are 
equal;  and  the  succeeding  differentjal  c^ocfficients  of  the 
equation  of  the  tangent  being  respectively  equal  to  zero, 
must  Ik  equal  to  the  corresponding  differential  coeflidents  of 
the  equation  of  the  curve  for  the  point  p,  as  far  as  the 
(n  —  l)tli  differential  coefficient,  therefore  the  contact  must 
he  of  the  (h  -  l)th  order. 

(366.)  It  should  he  ..hsm-cd,  that  when  '^..  =  0,  the  ra- 
dius of  the  osculating  circle  l)econies  inlJnite  (333),  which 
shows  that  at  such  a  jioint  no  circle  can  be  described  between 
which  and  the  curve  another  may  not  pass. 

(367.)  If,  at  the  simc  time  that  the  conditions 

g  =  „,:'3;  =  „,^_  =  „,...''::?  =  o, 

rf.r^-        '  rfr'         'rf.t'  (Ar" 

t  nlso  fulfilled,  in  addition 

to  the  circumstances  already  proved,  the  tangent  through 

the  point  i>  will  be|)arallelto  theaxisof  jr,  and  if  rfy  =  0,  it 

will  be  parallel  to  the  axis  of  y. 

(368.)    It   may   hapi>en    that    the   co-ordinates  of  the 

point    p  may  be    such   that    ^-  may  have  two  or  more 

unequal  values.  This  happens  whenever  the  value  of  a-,  (or 
the  point  f,  causes  a  radical  to  vani^  in  the  value  of  ^,  and 
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yet  docs  not  cause  the  same  radical  to  vanish  in  t-  .  When- 
ever this  takes  place,  there  are  always  as  many  tangents  to 
the  same  point  of  the  curve  as  there  are  different  values  of 

dfj 

■¥•%  and  therefore  as  manv  branches  of  the  curve  must  mter- 

dx 

sect  at  that  |x>int. 

(369.)  If  the  values  of  ^  be  o(|ual,  and  -j^  have  two  or 

more  unequal  values,  tiie  curve  will  consist  of  as  many  dif- 
ferent branches,  which  have  a  common  tangent  nt  tiiat  point. 

(370.)  Points  where  several  branches  of  a  curve  meet  are 
called  multiple  points.  If  two  branches  meet,  they  are 
called  double  ix)ints;  if  three,  triple^  ifcc. 

(371.)  The  direction  of  the  curvature  of  the  different 
branches  may  be  found,  as  was  shown  before,  from  the  sign 
of  the  second  differential  coefficient. 

(372.)  If  two  branches  have,  at  the  same  point,  a  common 
tangent,  that  point  is  called  u  cuap.  It  is  said  to  be  a  cusp 
of  the  first  kind  if  they  lie  at  different  sides  of  the  tangiMit, 
and  a  cusp  qftlic  second  kind  if  they  lie  at  the  same  side. 

(373.)  The  principle  just  laid  down  may  be  expressed 
more  generally.  If,  for  the  values  of  //.r  corresponding  to 
the  point  p,  the  ?iih  differential  coefficient  Ijave  two  or  more 
values,  the  preceding  coefficients  having  each  but  one,  then 
two  branches  of  the  curve  touch  at  the  jH)int  r  with  the 
(tf  — l)th  order  of  contact,  and  the  species  of  cusp  is  the 

first,  since -,-4-  is  the  same  lor  .both  branches. 
dx^ 

(374)  If  the  value  ol'  any  diflerential  cot»fficient  be  im- 
possible for  the  co-ordinates  of  the  point  v,  that  point  can 
neitlier  be  preceded  nor  followed  inmiedintelv  by  another. 
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and  IB  an  inmlated  point  not  continuously  connected  with 
the  curve  itself.  Such  are  called  conjugate  po'tntt.  They 
bang  thus  detached  from  the  curve,  can  only  be  con- 
adered  algebraically  to  belong  to  it,  because  their  co-or- 
dinates fulfil  its  cquadon.  But  considered  geometrically, 
they  do  not  belong  to  the  curve. 


SECTION  xvin. 

Of  the  irrtj/ii'/ifioH,  qiimhattire,  and  mrviitiiiY  i)f  lines  of 
fhr  .uroiiil  'li-ffin: 

I'Hiii'.  ri,\xxii. 

(375.)  0/tfir  rectipration  of  the  r'irrfe. 

First  method. 

If  A'  be  any  arc  of  a  circle  whose  radius  is  unity,  by  cx- 
presung  j;  in  a  scries  of  powers  of  sin.  .i'  by  M'Claurin's 
theorem, 


1.2.3  "^  l.a.y.4..5 


Ux  =  SQf  =  ~,  ■.■sin..r=.  j 


I  a  "^  8  "1.2.3"'"  32*  1.2.3.4.5 
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This  series  was  used  by  Newton  for  llic  calculation  of  the 
circumference  of  the  circle,  but  does  not  converge  with 
sufficient  rapidity. 


Second  methoih 

By  expressing  x  in  a  series  of  the  powers  of  tan.  x  by  the 
same  theorem,  we  find 

__  tan.  X      tan.*  x      tan.'  x      tan."  x 

It 
If  .r  =  -Tf  tan.  x  =  1,  •.• 

4 

This  series  will  also  give  the  value  of  tt,  but  is  inconvenient 
for  calculation,  owing  to  its  want  of  sufficiently  rapid  con- 
vergence. 

This  mav  be  remedied  thus : 

,  ^  2  tan.  a  ,    ,        . 

let  tan.  a  =  4-,  ■.•  tan.  Sa  = =  / .,  and  therefore 

'  1  — tan.^  a         * 

.  2  tan.  2// 

tan.  4a  =    — T"T7r  =  14  J-     HiMV^«^, 
1  —tan.*  2//         '  ' 

tan.  (4«  -  ^)  =  TT  ;•      v 

Hence  we  find 

r         1  1  1  \l 

'^^        4  "■  23J)      3.(239)^  "^  5.(239)^  "  7  (»^)''     ''' ' 
but  sincb  tan.  a  =  y, 

"*  "■  5       3.5^  ■*■  5.5' "  7.57  ^■'^^• 


therefore, 
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t     ^1.239      8.(239)'  "^  5.(239)^     '  ^^'^  ) 


w  = 


This  scries  converges  with  sufficient  rapidity  to  afford  great 
facility  in  calculating  the  value  of  v. 

Let  r  be  tlie  radius  of  a  circle  whose  circumference  is  c . 
bince  the  circumferences  of  circles  are  as  their  radii, 

r  :  1  : :  c  :  2r; 
hence  c  =  2nt;  *.*  the  circumference  of  a  circle  is  equal  to 
the  diameter  multiplied  by  the  value  of  v  found  by  the 
means  above  stated. 

PROP.  CLXXXIir. 

(376.)  Of  the  quadrature  of' the  circle, 

Hy  the  general  formula  for  the  quadrature  of  curvcb  in 
(330),  the  area  is 


but  r*"  is  in  this  case  constant  and  integrating  between  the 
limits  ctf  =  0  and  w  =  2v,  tiie  whole  area  of  the  circle  is 

(377.)  Cor.  Since  the  semicircumfercnce  of  the  circle  is 
iity  the  area  of  the  circle  is  equal  to  the  rectangle  under  the 
radius  and  scmicircumferencc. 

PROP.  CLXXXIV. 

(378.)  To  find  tlie  area  of  an  etlipse. 
The  equation  of  the  ellipse  related  to  its  a^cs  being  bolvcd 


for  y,  gives 


y^^^K'^XK 


18^ 
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:i 


//•' 


// 


il  a  circlL'  aca'  be  described 
on  the  axis  a  a'  as  diameter, 
any  ordinate  ij  to  the  diameter 
of  this  circle  is  exprei-sed  by 
/***  _   «-^   .  . 


ij  r=.  —  y  •  hence 

A 


li 


fidx  —  —  .  //'(/.t. 


i; 


jydx  ~  ---  ,jydx ; 


A 


but  the  value  oi'Jit/dx  is  the  area  of  the  circle ;  no  ccmstant 
is  necessary,  as  ydx  and  it/dx  begin  li)«;ether.  Hence,  if  a' 
be  the  area  of  the  ellipse, 


a'  —    ---  .  A^ir  =  BAr. 


Hence  the  area  of  an  ellipse  is  ecjual  to  that  of  a  circle  de- 
scribcHi  with  a  radius,  which  is  a  mean  proportional  between 
its  semiaxes. 

(379.)  Cor,  1.  The  circle  described  on  the  transverse 
axis  as  diameter^  the  ellipse  and  the  circle  described  on  the 
conjugate  diameter,  are  in  geometrical  progression. 

(380.)  Cor.  2,  Tlie  areas  of  ellipses  are  as  the  rectangles 
under  their  axes. 

(381.)  Cor.  3.  If  two  ellipses  have  one  axis  common,  tlic 
areas  cut  off  by  a  common  ordinate  mi»i»'  are  as  the  other 

axes ;  ibr  d.^l  =  —ft/dx  and  * — *-  being  the  same  for  both 

A  A 

cIa'x  By  *.*  since  tiie  corresponding  increments  of  the  areas  are 
in  the  ratio  of  the  axes,  the  sum  of  any  numlx^r  of  these  will 
be  in  the  same  ratio. 

(382.)  Cor.  4.  If  any  point  i*  be  taken  on  the  transverse 
axis,  the  area  fpa  is  to  the  area  fp'a,  (p'  being  on  the  cir- 
cumscribed circle),  as  the  conjugate  to  the  transverse  axis. 
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(383.)  Tojiitd  the  area  iiiUiciplcd  btttiYc-ii  Ueo  onlmutcs  to 
t/ie  asymptote  of'an  hyperbola. 

The  equation  of  an  liypcrboU  rclat(.-d  to  its  asymptoteii 
beiDf; 


ydx  sin.  y.i  =  — -x —  ■  —  •  cin.  yj^ : 

If  the  arcu  be  sup|)osed  to  bcgiit  when  .v  =■  1,  the  ex- 
jireseuon  is  simphfiotl,  and  becomes 

,         A'  +  B'  ■ 

a'  =  — i^sin.  j/j- .  log.  .r. 

The  coeJKcient  (a'  +  u')  is  ilic  iiquai-e  ol'the  line  joining  the 
extremities  of  the  u.^iii.  Iflialfthislincbe  taken  as  the  linear 
unit,  the  citpressioa  is  still  farther  siniptilieil.  and  becomes 

a'  =  sin.  yx  .  lo^f.  x ; 
and  if  intitead  of  the  neperinn  logarithm,  a  logoritlim  wlioiie 
modulus  is  the  eosee.  yx  be  used,  t)ie  expi-esnion  i^ 
a'  =  log.  .r. 

Hence,  if  a  series  of  values  of  x  l)e  nieusurcd  from  the 
centre  in  geometrical  progres^on,  the  areas  intercepted  by 
onUnatcs  through  tlieir  extremities  will  be  equal,  since  the 
areas  measured  from  x  =  1  must  be  in  arithmetical  pro- 
grcssoQ. 

(384.)  Cor.  1.  If  the  values  of  x  be  taken  to  represent 
a  series  of  numbers  related  to  \^ &?-{■  d*  as  unity,  the  cor- 
responding  areaa  measured  from  the  ordinate  of  the  vcrte.\ 
of  the  curve  will  represent  a  system  of  logarillims  of  tlicM* 
numbers  whose  modulus  is  coscc.  jjx. 
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(J385.)  Cur,  ii.     It"  tliL*  hyperbola  be  equilateral, 

therefore,  the  logarithms  will  be  ia  this  case  neperian  loga- 
rithms. It  is  for  this  reason  tliat  the  neperian  are  sometimes 
called  hyperbolic  logarithms. 

PROP.    CLXXXVl. 

(386.)  Tojbui  tfie  area  included  by  an  arc  of*  a  parabola^ 
a  diameter  thrmtgh  one  extremity^  and  an  ordinate  to 
that  diameter  through  the  other. 

The  diameter  being  axis  of  jr,  and  a  tangent  through  its 
vertex  axis  of  ^,  the  equation  is 

•.'  y  =  */px  ; 
sin.  yx  .  ydx  =  ^/px  .  dx  sin.  yx^ 

a'=  \^pJ\^x  ,  dx  sin,  7jx  =  ^  y,/p  .  x^  s\n,yx  —  ^yx  sin.^jr. 
No  constant  is  added,  because  the  area  and  y  are  at  the 
same  time  equal  to  zero. 

Hence,  the  area  sought  is  two-thirds  of  the  parallelc^am 
formed  by  y  and  .r. 

PROP.  CLXXXVl  I. 

(387.)  Tojind  the  radius  of  curvature  to  any  given  point 

jfxf  in  an  ellipse  or  hyperbola. 

The  equation  related  to  the  axes  being  twice  differentiated, 
gives 


dv 

dhj 
dx^~ 

Ay 
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Making  thL>sc  Nubstitutionis  ia  lliu  formula  for  the  radius  of 
curvature  found  in  (333),  we  find,  after  reduction, 

„  =  (aV  +  bV)^  . 
a'b* 
but  Ay  +  ii*jc"'  =  a'b=(a=  —  c*a^),  and  a*  —  e-V"  —  b'= 
(167);  hence 

«'■■ 

K  =  ■ 

All 

(388.)  Cor.  1.  Since  the  curvature  is  ii  maximum  when 
the  radius  of  curvature  is  a  minimum,  and  vice  versa,  the 
curvature  of  an  ellipse  is  least  at  the  extremities  of  the 
conjugate  axis,  and  greatest  at  the  extremities  of  the 
transverse  axis.  Tliat  of  an  hyperbola  is  greatest  at  the 
extremity  of  the  transverse  axis,  and  diminishes  without 
limit.  These  follow  obviously  from  the  above  expression 
fur  the  radius  of  curvature. 

(3890  Cor.  2.     The  maximum  und  minimum  values  of 

the  radius  of  curvature  are  —  and  — . 

II  A 

I'llOl-.  (LXXKVIIl. 

(390.)  Tojind  the  radius  o/"  curvature  to  a  given  point  in 

a  parabola. 

The  equation  of  the  parabola  being  twice  ditf'crontiated, 

^VC8 

dx      %' 
^=-  ^. 
By  substituting  these  values  in  (333),  we  find 


where  ^  =  the  parameter  en  the  point,  and  p=  the  princiiuil 
[larametcr. 

(391.)  Cor.     Hence  the  point  of  greatest  curvature  in  a 
parabola  is  the  vertex. 
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VROy.  CLXXXIX. 

(392.)  Tojind  the  chord  (c)  q/'  the  oaadating  virck  which 
cohicides  xcUh  the  diameter  through  the  point  qfcorUact 
in  any  line  of' the  second  degree. 

Let  the  angle  under  the  diameter  and  tangent  be  0, 

c  =r  ^K  sin.  J ; 

A  I* 

but  in  the  eHipse  and  hyperbola  sin.  (/  =  -py,  •.• 

I 
and  in  the  parabola  sin.  3  =  -~^,  *.• 

Hence  the  chord  of  the  osculating  circle  which  coincides 
with  the  diameter  of  a  line  of  the  second  degree  passing 
through  the  point  of  c^ontact,  is  equal  to  tlie  parafncter  of 
that  diameter. 

PKOP.   cxc. 

(393.)  Tojind  the  equation  of' the  evoluCe  of  an  elf  ipse  or 

hyperbola. 

The  values  of -4-;  and  -^.^  derived  ihmi  the  e(|uation  of 

the  curve  JK*ing  substituted  in  the  general  formulas  found 
in  (333),  give 

/y(A>=  -f  B V) 


.y-y  = 


A-B*  ' 


_  .r(A*.y--f  B^o:-) 


J 

A'B' 


'^  ""  **'    ■"  4„a  * 


and,  since  by  ihe  equation  of  the  curve, 

li-.r*^  =  AB^  --  A-j/%  •.• 
Ay  +  bV^  =  A^B*  4  (■>'*); 
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also,  since  A'y  =^  a-b-  —  v^nc';  '.' 

a\i/-  +  bV*  =  B''(A*  —  (■■■>-)■ 

These  substitutions  being  made  in  the  above  cqiuttionij,  the 
results,  after  reduction  solved  for  y  and  Xy  give 


ijubstituting  these  values  in  the  equation  of  the  curve,  and 
dividing  the  result  by  ■■  —  ,  we  find 


where    1-  is  taken  ibr  the  ellipse,  and  —  lor  the  hyperbola. 

In  this  etjuation  ibr  the 
ellipse,  all  values  of  j.  be- 
tween X  =  -i and 

a-  =  —  -^,  give  real  va- 
lues of  y,  and  all  values 
beyond  these  give  impos-  ^' 

sible  values  of  y.     In  like  manner,  all  values  of  1/  between 


■  give  real  values  of  x,  and  all 


i'  =  +  —  and  y  =  - 

beyond  these  impos- 
idble  values  of  x^ 
hence  the  evolute 
is  confined  vrithin- 
these  limits.  Also, 
it  appesrs  from  the 
form  of  the  equa- 


tion, that  the  parts  of  the  evolute  included  beti 
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tour  angles  ibrincd  by  tlic  co-ordinates  are  similar  and  equal. 
The  figure  of  the  evolute  is  represented  above.  It  is  ob- 
vious, since  the  axes  of  an  ellipse  must  be  botli  tangents  to 
the  evolute  at  the  points  where  it  meets  them,  that  the 
points  aa!j  bV^  are  cusps  of  the  first  kind.  The  transverse 
axis  of  the  hyperbola  must  be  a  tangeat  at  the  points  aa\ 
which  are  cusps  of  the  first  kind. 

(394>.)  Cor,  I .  The  arc  a6  of  the  evolute  of  the  ellipse  is  equal 

A^  B- 

to  vib'-'ha  (342);  but  b7;=  — ,  ha  =  — ,  therefore, 

,  A'— B^ 

(to  =  . 

AB 

(395.)  Cor.  2.     If  a'  =  ca,  3'  =  cA,  •.• 

a'  =   ,  b'  =  .  •.'  A  =  — r,  B  =  — ,, 

A  B  ^  a'  b" 

if  the  substitutions  be  made  in  the  ec^uation  of  the  evolute, 
and  the  result  multiplied  by  — ^ — ,  the  result  is 


2        2  2        2    -  2         2 


which  bears  an  obvious  analogy  to  the  eijuation  of  the 
curve  itself. 


I'Ror.  ex  CI. 


(396.)  Tojind  tlic  tquution  of' the  evolute  of  a  parabola. 

.  du     d^u    ,    .      ,   « 
The  values  ol  -v— ,    -^5  derived  from  the  equation  of 

the  curve  being  substituted,   as  before,   in    the  general 
formulas  (333),  give 


w 


X-  x>=  -       ^ 
Hence  we  find 
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4x4- /> 


7, 


4T 

Making  these  substitutions  in  the  equation  y*  =  px^  and 
transfonniDg  the  origin  of  co-ordinates  to  the  point  y  =  0, 
X  =  4?>  t^c  equation  becomes,  after  reduction, 

Hence  j/  is  only  real  lor 
the  values  of  a'  whicli 
have  the  same  sign  as  p, 

and  therefore  the  curve  is        

extended    indefinitely    in 

the  same  direction  as  the 

parabola  itself,  touching 

the  axis  of  the  parabola  at  a  point  whose  distance  from  the 

vertex  is  half  the  principal  parameter.     This  point  of  the 

evolute  is  a  cusp  of  the  first  kind.      Tlic  form    of  the 

e volute  is  represented  in  the  figure. 

This  curve  is  called  the  xcm'wuhical  paraho/a. 


SECTION  XIX. 

Of  the  properties  of  the  Logarithmic^  Choncoidy  Cissoidj  and 
other  curves^  both  algebraic  and  transccmlaifuh 

Of  the  logarithmic, 

(397.)  Def     The  logarithmic  is  a  curve  expressed  by 
the  equation  y  =:=  a"  related  to  rectangular  co-onlinnles. 


cs 
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PROP.    CXCII. 

(398.)  Perpendiculars  intercepting  equal  parts  on  the  axis 
qfx  arc  in  geometrical  progression. 

For  in  this  case  x  varies  in  arithmetical  progression,  and 
therefore  a*  or  y  must  vary  in  geometrical  progression. 

(399.)  Cor,  Hence,  if  any  series  of  numbers  be  repre- 
sented by  the  vahies  of  .r,  the  values  of  y  will  represent  their 
logarithms  related  to  the  base  o.  The  curve  has  received 
its  name  from  this  property. 

PROP,  cxriii. 

(400.)  The  axis  of  .r  is  an  asymptote. 

\~ —       When  J- = 0,  .7/ = 1 . 

/  Therefore  if  Am'  Iv 

assumed  to  represent 
the  lineal'  unit,  the 
curve  intersects  ay 
at  7/i'.  Let  \p  =  Am\ 
'.'  pni  =  a. 

1".  If  rt  >  1,  the 
values  of  7y  increase  without  limit  for  the  increasing  positive 
values  of  x,  and  decrease  without  limit  for  the  increasing 
negative  values  of  j*.  Hence  on  tho  negative  side  of  a  the 
curve  is  continually  approaching  ax',  and  approaches  it  with- 
out limit,  and  on  tlie  positive  side  of  a  it  is  continually  re- 
ceding from  AX,  and  recedes  from  it  without  limit. 

2".  If  a  <  I,  the  value  of  ?y  decreases  without  limit  for 
the  increasing  fwsitive  values  of  d\  and  increases  without 
limit  for  the  increasing  negative  values.  Henc^»  it  con- 
tinually recedes  from  the  line  xx'  on  the  negative  side  of  a, 
and  continually  approaches  it,  and  approaches  it  without 
limit  on  the  positive  side  of  a. 

Hence  in  lx>th  cases  the  line  xx'  is  an  asymptftte. 
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PROP.  CXCIV. 

(401.)  *  To  find  tJie  equation  of  the  tangent  to  a  giveti  point 

in  the  logarithmic. 
By  taking  the  logarithms  of  the  equation  y  =  a',  weliave 
ly  =  X .loj  which  being  differentiated  is 

du  .=  —  .  y  .  dx^ 

m  being  the  modulus.    If  a  be  the  base  2a  =  1,  and  the 
equation  is 

mdy  —  ydx  =  0. 
Hence  the  equation  of  a  tangent  through  a  point  i/x'  is 

w(i/  -  y')  —  y(^  —  •^')  =  ^^• 

PROP.    CXCV. 

(402.)  To  find  the  subtangenf, 

ydx 
By  (323)  s  =  ^ —  =  m.     Hence  the  subtangont  for  all 

points  on  the  same  curve  is  the  same,  being  the  motluhis  of 
the  logarithms,  whose  base  is  a. 

PROP,  cxcvi. 

(403.)  To  find  the  centre  and  radius  of  the  oscillating  circh\ 
The  equation  y  =  a*  being  diflTerentiatcd  twice,  gives 

dx      7n''      dx^      W^* 
These  values  lieing  substituted  in  (333)  give 

(w«  +  y'Y 


R^  =  '     ^-^ 


2t#a        ' 


If  =    ,  .r*  =  a?  —  VI 

^  J/  rn 


liH 
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PROP.  CXCVII. 


(404.)  To  find  the  point  of  greatest  curvature. 
The  point  of  greatest  curvature  is  that  at  which  the  radius 
of  curvature  is  a  minimum.     To  find  this,  let  the  value  of  r, 
found  in  the  last  proposition,  be  differentiated,  and  equated 

with  zero.     The  result,  divided  by  ^m^m-  -H  jy*)*,  is 
which  gives 


m 


Hence  the  point  sought  is  that  whose  ordinate  is  equal  to 
the  side  of  a  square,  whose  diagonal  is  the  subtangent. 


PROP.  CXCVIII. 

(405.)  Of  the  quadrature  of  the  logarithmic. 
By  (323),  A  =fydxy  \y\x\.ydx  =  wrfy,  •.• 

A  =  mif  +  ( • 
To  find  c,  suppose  the  area  to  commence  from  ?/'  =  t'm', 
•.*  when  y  =  y,  A  =r  0,  '.•  c  = —  m}f.     Hence 

A  =  w(.?y — y), 

that  is,  the  area  included 
between  any  two  ordi- 
nates,  pm  and  p'm',  is 
equal  to  the  rectangle 
under  the  subtangent, 
and  the  difference  be- 
tween the  ordinates.  The 
area  pmmV  =  the  rect- 
angle CF. 

(406.)  Cor.  1.  The  area  mcluded  by  the  curve  p.'m',  ex- 
tending indefinitely,  and  approaching  the  asymptote,  the 


T> 

^ 
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asymptot  and  ttie  ordinate  pm  is  equal  to  the  rectangle  dm 
under  the  subtangent  and  the  ordinate :  for  in  this  case 

y  =  0,  •••  A  =  my, 
(407.)  Cor.  2.  The  area  extending  from  db  indefinitely, 
is  equal  to  the  space  bmf. 

On  the  conchoid  ofNicomedes. 

(408.)  Def.  A  right 
line  xx'  being  given  in 
position,  another  right 
line  passing  through  a 
given  point  p  revolves 
in  the  plane  passing 
through  the  given  right  line  and  the  given  point.  Let  bm 
and  bm'  be  assumed  of  a  constant  magnitude,  and  the  loci  of 
the  points  m,  m'  is  called  a  conchoid.  The  locus  of  m  is 
called  the  superior^  and  that  of  m'  the  inferior  conchoid. 

The  line  xx'  is  called  the  rule  of  the  conchoid. 

The  line  bm  is  called  the  modulus  of  the  conchoid. 

The  point  f  is  called  the  pole  of  the  conchoid. 

PROP.  CXCIX. 

(409.)  To  find  the  equation  of  the  conchoid. 

Let  PM  =  z,  bm  =  w,  pa  =  6,  apm  =  u.     Hence 
PB  =  (2;  +  m\  •.•  {z  Hh  fn)  COS.  w  =  6,  (1), 
which  is  the  polar  equation  of  the  curve.     The  upper  sign 
applies  to  the  superior,  and  the  lower  to  the  inferior  con- 
choid. 

The  equation  related  to  rectangular  co-ordinates,  of  which 
xx'  is  axis  of  x  and  a  the  origin,  may  be  found ;  for 

z'^  =  (y  -}-  b)-  +  x^y  and  cos.  w  =  - — ,  and  by  these  sub- 

z 

stitutions  we  find 

o 


\ 
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/ 

5^^*  +  (y«  -  m«)  {y  +  bY  =  0. 
This  equation  includes  both  superior  and  inferior  conchoids, 
since  both  +wi  and  —  m  are  involved  in  fn*. 

The  conchoid  is  therefore  a  curve  of  ^he  fourth  degree. 

PROP.  cc. 

(410.)   To  Jind  the  equation  of  a  tangent  to  the  conchoid. 

Let  the  point  on  the  curve  through  which  the  tangent 
passes  hej/afy  and  the  equation  being  differentiated  gives 

daf  .    i/^  +  m^b 

Hence  the  equation  of  the  tangent  is 

Cy  -y)  (y*  +  m«5)  +  (a?  -  a/) (m«  -  y«)V'  =  ^• 

PROP.  cci. 

(41 1.)  To  investigate  the  figure  of  the  conchoid. 

1°.  Let  m  >,ft.  l(y  =  ±  wi,  x  =  0,  and  for  all  values 
of  y  beyond  these  x  is  impossible.  Therefore,  if  ad  =  +»i, 
Aiy  =  —  m,  and  through  the  points  d,  d'  parallels  to  xx'  be 
drawn,  the  entire  curve  will  be  included  between  these  pa- 
rallels. Also,  if  y  =  —  6,  X  =  0,  •.•  the  curve  meets  the  - 
axis  of  ^  at  p  the  pole. 

du 
Since,  for  y  =  ±  m,  -^  =0^  the  parallels  through  d,  d' 

to  the  axis  of  a;  are  tangents  to  the  curve  at  the  points  d,  D^ 
And  since  y  =  0  renders  x  infinite,  the  axis  of  a?  is  an 
asymptote  to  both  inferior  and  superior  conchoids. 

If  y  =  —  6,  -^  =  +  J- ;  therefore  the  pole  is  a 

double  point,  and  the  values  of  -p  for  that  point  evidently 
show  the  geometrical  method  of  determining  them. 
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On  dd'  as  dia* 
xneteTy  let  a  circle 
be  described,  and 
through  the  pole  p 
let  cc'  be  drawn 
perpendicular  to 
j>i3/f  and    let  the 


T' 

I> 

T 

XT 

rv>< 

X 

~^^ 

P< 

tfr 

x- 
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lines  AC  and  Ad  be  drawn.  Linies  drawn  from  the  point  p  to 
tlie  points  of  bisection  of  the  lines  ac  and  ac'  are  tangents  at 


the  point  p.     For 


6  AP       ^ 

— =  —  =  tan.  ACP  =  tan.  tfc  : 

therefore  pt  is  a  tangent,  and  for  the  siEune  reason  pt'  is  also 
a  tangent.  The  figure  of  the  conchoids  is  therefore  in  this 
case  represented  as  in  the  preceding  figure. 

5B.  If  m  =  6,  as  be- 
fore^ the  curve  is  in* 
duded  between  the  pa« 
ridlels  to  the  asymptote 
through  D  and  p.     If 

y  =  +  tw,  ^  =  0,  •."  the  parallel  through  d  is  a  tangent  to 

dy 
the  superior  conchoid.  If  y  =  —  in,  ^  is  infinite,  there- 
fore the  tangent  through  the  point  p  is  the  line  pd.  This 
forms  as  it  were  the  union  of  the  two  tangents,  in  the  last 
case  the  oval  pd'  being  supposed  to  vanish,  by  its  <£ameter 
m  —  b  becoming  equal  to  zero.  The  point  p  is  in  this  case 
a  cusp  of  the  first  kind.  The  figure  of  the  conchoids  in  this 
case  is  represented  in  the  preceding  figure. 

S.  If  m  <  6.     The  co-ordinates  of  the  pole  p  satisfy  the 

equation  of  the.  cuiye,  but  they  render  ^  impossible ;  hence 

o  2 
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the  point  p  is  a  conju- 
gate point.   The  points 

DD'bothgive^  =  0,  *.• 

the    tangents  through 
these  points  are  parallel 
to  the  asymptote.     The  figure  of  the  conchoids  is  in  this 
case  represented  in  the  preceding  figure. 
Kb  s=  0,  the  conchoid  becomes  a  drcle. 
If  m  s  0,  it  becomes  a  right  line. 


OftihC  cissoid  qfDiocles. 

(412.)  Def.  A  circle  being  described 
upon  a  given  diameter  (ab),  and  any 
chord  (am)  being  drawn  from  the  point 
(a)^  and  the  ordinate  mp  being  dtawn^ 
let  af'  =  BP,  and  the  perpendicular  p'm' 
being  drawn  to  meet  the  chord,  the  locus 
of  the  point  m'  is  called  the  cissoid,. 


PROP.  ecu. 
(413.)  To  find  the  equation  of  the  cissoid. 

Let  AB  =  2r,  MAP  =  w.     By  the  conditions  of  the  de- 
finition 

AM  =  2r  cos.  a;, 

am'  =  BP  sec.  a;  =  PM  tan.  w  sec.  «/. 
But  PM  =  am  sin.  w,  •.•  am'  =  am  tan**  w:  hence  the  equafion 
sought  is 

2  =  2r  tan.  oo  sin.  w,  (1.) 
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If  it  be  related  to  rectangular  co-ordinates^  wc  find,  by 
the  usual  substitutions, 

3^^(2r  -  x)  -  x^  =  0,  (2.) 

PROP.  CCIII. 

(414.)  To  find  the  equation  of  the  tangent  to  a  given  point 

on  tJie  cirsoid. 
By  differentiating  the  ecjuation  (2), 

di/     (3r  —x)x^ 

"•^      {2r  —  x)  *' 
therefore  the  equation  of  the  tangent  is 

iy  —  ;/)  (2/-  -  ^0''  —  (T  -  ^)  (8r  -  af)cA  =  0. 

(415.)  Cor.  1.  The  diameter  ab  is  a  tangent  to  the  curve 
at  the  point  a,  and  since  the  curve  extends  above  and  below 
the  diameter,  the  point  a  is  a  cusp  of  the  first  kind. 

(416.)    Cor,  2.    As  x  approaches  to  equality  with  2r, 

-7-  approaches  to  infinity ;  and  when  j;  =  2r,  -^  is  infinite; 

but  at  the  same  time  y  is  infinite,  and  therefore  a  {xjrpen- 
dicular  ab  through  b  is  an  asymj)tote. 

PROP.  cciv. 

(417.)   To  investigate  the  figure  of  the  cissoid. 

Since  for  each  value  of  j:*  there  arc  two  equal  values  ofy, 
with  different  signs,  the  brant-hus  of  the  curve  on  each  side 
of  AB,  the  diameter  of  the  generating  circle,  are  equal  and 
similar.  Since  for  every  negative  value  of  x,  and  for  all 
positive  values  greater  than  ab,  the  value  of  ^  is  impossible, 
the  curve  must  be  included  between  the  parallels,  which  are 
perpendicular  to  ab  through  the  points  a  and  n. 

Since,  by  differentiating  twice,  we  find 
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(fty_        3r^         _^^ 

(2r— jr)*x^ 
this  having  always  the  sign  of  ^  shows  that  the  curve  is  con- 
vex towards  the  axis  ab. 

Of  the  lemniscatcu 

(418.)  Dg/r  The  curve,  which  is  the  locus  of  the  inter- 
section of  a  tangent  to  an  equilateral  hyperbola  with  a  per- 
pendicular from  the  centre  upon  it,  is  called  the  lemniscata. 

PROP.  ccv. 

(419.)  Tojind  tJie  equation  of  the  lemniscata. 
Tlie  equation  of  the  equilateral  hyperbola,  referred  to  its 
axes^  is 

y«  —  a/«  =  -  a\ 
The  equations  of  the  tangent,  and  the  perpendicular  to  it 
from  the  centre,  are 

j/t/  —  a:'x  =  —  a*, 

By  these  equations  t/x'  being  eliminated,  the  result  is 

(y  -  a:>«  +  (y -f- :r«)' =  0,  (1), 
which  is  the  equation  sought,  and  the  locus  is  therefore  a 
curve  of  the  fourth  order. 

The  polar  equation  may  be  found  by  making  the  neces- 
sary substitutions  in  the  above  equation,  and  is 

z^  —  a'(cos.*  w  —  sin.*  w)  =  0, 
or  ancc  cos.*  tv  —  sin.*  w  =  cos.  ^w, 

2*  -  a*  cos.  2a;  =  0,  (2.) 

PROP.  CCVI. 

(420.)  To  investigate  thejigure  of  the  lemniscata, 

ft       Sv 
By  the  polar  equation  (2),  when  z  =  0,  w  =  jj-,  or-j-,  or 
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-T,  or  ■^.  These  values  of 

o)  show  that  the  asymptotes 
of  the  equilateral  hypcrliola 
are  tangents  to  the  curve  at 
the  centre  through  which 
the  curve  must  pass.  Also, 
uncc    z   is  imposuble   for 


-T-,  and  between  +  -7-  and  0,  the  curve  must  he  included 

between  the  tangents  passing  through  the  centre,  as  repre- 
sented in  the  foregoing  figure. 

By  diiTerentiating  the  jwlar  equation,  we  find 

-J—  =  —-  X  tan.  gw. 

Hence  by  the  formula  in  (327), 

tan.  tz  =  cot.  3w,  -,■  tz  +  Zw  =  — , 


Hence  when  «i  =  0,  (s  =  -^,  therefore  the  tangent  to  the 

hyperbola  through  die  vertex  is  also  a  tangent  to  the  lem- 
niscata. 

If  the  tangent  be  parallel  to  the  axis  tz  =  u,  '•'  w  =  -^, '.' 

if  from  the  centre  c,  ca  be  drawn,  making  acv  one  third  of  a 
right  angle,  the  tangent  to  the  cur\-e  at  a  is  parallel  to  cv, 
and  it  is  clear  tliat  the  curve  is  included  within  the  rectangle 
bb',  one  ude  of  which  equals  the  transverse  axis   (Sa), 

andthe  other -T^)  or  the  nde  of  a  square,  of  which  the 

transverse  axis  is  the  diagonal 

It  is  obvious  also  that  the  centre  is  a  double  point. 
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PROP.  CCVII. 

(421.)  To^ndthe  areaqftfie  lemniscaUi. 
By  (330), 

A=/-2-. 

But  z^dw  — ;7-%  and  since  cos.  2a;  =  -^,  therefore 

tan.  2uy  a*' 

(a*-a*)-i 
tan.  2ft;  =  ^^ r— ^  . 

Hence  we  find 

_  ^/7«»  I 

2(a*  -  2^)^ 
This  integral  being  extended  to  the  entire  curve,  gives 

A  =  a*. 
Hence  the  entire  area  is  equal  to  the  square  of  the  semiaxiB. 

Of  the  sinusoid,  Sfc. 
(422.)  Def.  A  curve,  represented  by  the  equation^ =sin.a:, 
related  to  rectangular  co-ordinates,  is  called  the  ctirve  of 
sincSy  or  the  sinusoid. 


PROP.  CCVIII. 

(423.)  To  find  the  equation  of  a  Uwffent  to  a  given  point. 
By  difterentiating  the  equation,  wc  find 

d.y      COS.  0^ 
dx  r 

r  being  the  radius  of  the  arc  x.     Hence  the  equation  of  the 
tangent  is 

COS.  af 

If  jr  =  2nnr  where  n  is  any  integer  number,  cos.  *  =  1. 
At  these  points  the  tangent  makes  with  the  axis  of  j?  an  angle 
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!i01 


=  45^,  and  if  x  =  (8n  +  1  )7V,  the  tangent  is  inclined  at  the 
angle  13£°  to  the  axis  of  j-,  these  angles  being  measured  in 
the  positive  direction. 

PROP,  ccix, 
(424.)  To  inveatiffiUc  the  figure  of  the  sinusoid. 
Dy  differentiating  the  equation  a  second  time,  wc  find 
d^y  un.  X  y 

^~  ~  ~  ~~r^' 

Hence  the  curve  is  always  concave  towards  the  axis  of  x. 
If  x=tins,if  =  0, 

lhereforeifAA'=rff,      _^ 

^^^  _^ 

AA'''=Snr,  &c. 

the  curve  intersects  the  axis  of  jr  at  the  points  a,  a',  a",  a", 
&c. 

For  all  values  of  x,  from  x=.Olox  =  rr,  t/'ia  poativc ; 
for  all  values  from  x  =  rt  to  x  =  2rv,  y  is  negative,  and 
so  on  alternately  ;  therefore  between  a  and  a'  the  curve  bes 
above  the  axis  of  x,  from  a'  to  a"  below  it,  from  a"  to  a"* 
above  it,  Sec. 

The  maximum  positive  and  negative  values  of  sin.  x  are 
+  r  and  —  r,  of  which  +  r  corresponds  to 

■«  =  g- .  «  =  -jj-.  *  =  -«->  an"  -  J-  to  -r  =  -3-.a'=g ,  8cc. 

Hence  if  aa',  a' a',  a" a"',  be  respectively  bisected  at  a,  b',  b", 
&c.,  and  perpendiculars  BV,  bV,  bv",  &c.  erected  equal  to 
r,  and  a  parallel  v,  v"  to  aa''  drawn,  this  parallel  touches  the 
curve  at  the  points  vv",  &£. ;  the  same  is  true  of  a  parallel 
through  V,  and  the  curve  is  included  betveen  these  parallels. 

If  a:  =  nrr,  j^  =  0,  hence  the  pwnts  a,  a',  a",  &c.  ore 
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points  of  inflection,  the  tangent  through  these  points  inter- 
secting the  axis  of  Xj  as  has  been  already  shown,  at  an 
angle  of  45°  degrees. 

PROP.  ccx. 

(425.)  To  find  tJte  area  of  the  sinusoid. 
By  the  usual  formula, 

which  being  integrated  gives 

A  =  — r(r»— y)^+  c. 
When  A  =  0,  J/  =  0,  •.•  c  =  r*,  hence 

A  =  r(r  —  Vr^  -  y). 
If  a?  =  AB,  y  =  r,  •,•  A  =  r%  hence  the  whole  area  ava'  is 
equal  to  twice  the  square  of  the  radius  of  the  arc  x. 

(4^.)  Other  trigonometrical  curves  may  be  imagined, 
with  equations  analogous  to  that  which  we  have  just  de^ 
scribed.     The  curve  ^  =  cos.  x  is  of  tlie  same  species,  ance 

it  may  be  expressed  y  =  sin.  (—  —  x). 


PROP.  ccxi. 

(427.)  To  investigate  th€  figure  of  a  curve  wlvose  equation 

is  y  =  tan.  x. 

If  J?  =nrr,^=:0, 
*.*  the  curve  must 
meet  the  axis  of  «  at 
the  pomts  a,  a',  a'^, 
&c.,  where  a;  =  0, 
X  =srr,      J?  =5  Stnr, 

&C. 

the  equa^  twice. 
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dy  _     r* 
dx      cos.*a:' 
ffy  _  tan,  a: 
(ir'~cos,"  x' 
dv 
\ix  —  nnt,  COS.*  i  =  r«,  v  ^f-  =  1,  and  tan.  *  =  0,  v 
'  *       ds  ' 

■j^  =  0.     Hence  the  poinu  a,  a',  a",  Sic.  are  points  of  in- 

flecUon,  the  tangents  through  thcro  intcrsecdng  the  axis  of 

X  at  an  angle  of  45". 

(3n  +  l)rr      du     r-        .  .,        .„  . 

If  x=: 5- ,     -r-  =  ---jand^  =  go  .     Hence  if  the 

intercepts  aa',  a'a",  a'a"*,  be  bisected  at  b,  b',  b",  perpen- 
diculars through  these  points  are  asymptotes. 

Since   -j—^  has  always  the  same  sign  as  y,  the  curve  is 

convex  towards  the  axis  of  a:. 

The  figure  of  this  curve  is  therefore  as  represented  in  the 
preceding  figure. 

PROP.  CCXII. 

(428.)  Tojind  the  area  of  the  curve  (f  tangents. 

By  the  general  formula 

A  =ytan.a:.(fx. 

„       ,     .     .      „                        ,      *■  sin.  X 
By  substituting  for  tan.  x  its  value , 

pr^  .  d  COS.  X 


=-/•= 


Hence  by  integrating 

A  =  —  r"  .  / .  COB.  X. 

No  ooiutuit  is  added,  because  when  a  =  0,  a?  =  0,  *.' 
.  COB.  jr  =  1>  '.'  log.  COS.  X  =  0.  Hence  the  area,  included 
between  the  curre  and  its  asymptote,  is  infinite. 
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PROP.  CCXIII. 


(429*)  To  investigate  the  Jiffure  qfthe  curves  wliose  equation 

is  y  =  sec.  x. 

By  differentiating  the  equation  twice, 

dy      r  .  sin.  a: 
rfr""    cos.^a:  ' 

d*y      fir*  -f  sin.*  x)        ^  ^        -    e>    ^       % 

-4  =  -^^ ; =  r(r«  -f  sin.^  x)  sec.'  x. 

ax*  cos.^  X 

Since   ^  has  always  the  same  sign  with  sec.  x  ory,  the 

curve  is  every  where  convex  towards  the  axis  of  x. 

Sec.  0?  is  a  minimum 
when  X  =  nnTy  which 
corresponds  to  y  =  ±r, 
•.  •  if  A  a' = *r,  A  a" = 2*r, 
A  V= Svrr,  and  through 
the  points  a,  a',  &c. 
the  perpendiculars 
Av  =  r,  aV  =  —  r, 
^ttyii  ==  ^  r,  &c.  be 
drawn  parallels  to  aa' 
through  the  points  v 
and  v'  are  tangents  to  the  curve  at  those  points,  and  the 
curve  extends  indefinitely  above  the  one  and  below  the  other. 


When  X  = 7: >  J/  is  innnite,   and  also  ~. 


o 


Hence,  if  the  intercepts  between  aV,  Va",  a^a*",  be  bisected 
at  B,  b',  b",  &c.,  perpendiculars  through  these  points  are 
asymptotes  to  the  curve.  The  figure  of  this  curve  is  thesr^' 
fore  as  represented  in  the  preceding  figure. 
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Of  spirals. 

Of  the  logarithmic  spiral. 

(430.)  Dcf  The  curve,  whose  polar  equation  is  2?  =  a*^, 
is  called  the  hgarithmtc  spiral. 

PROP,  ccxiv. 

(431.)  Radii  vectores  which  makc^  with  the  aoAsfrom  which 
the  valiies  ofoj  are  measured,  angles  in  arithmetical  prO' 
gressiotiy  are  tliemselves  in  geometrical  progression. 

For  let  the  angle  under  any  two  contiguous  radii  vectores 
be  6',  then 

z  =^  a^^ys/  =^  a*^+  ^\  «''  =  aw  +  sd'j  &c. 
or 

s  =  aw,  2'  =  a'^fl^,  2"  =  a'^a-^i  &c. 
which  are  in  geometrical  progression,  a^  being  the  common 
multiplier. 

(432.)  Cor,  If  a  be  the  base  of  a  system  of  logarithms, 
and  z  represent  any  number,  uf  will  represent  its  logarithm, 
a  property  from  which  the  spiral  has  derived  its  name. 

PROP.  ccxv. 

(433.)  To  find  the  tangent  to  a  given  point  on  tlie  curve. 

The  equation  »  =  a'"  differentiated  gives 

mdz  =  zdw, 
m  representing  the  modulus  of  the  logarithm,  whose  base  is 
a.     Hence  by  the  formula  (327) 

tan.  tz  =  m. 
Therefore  in  the  logarithmic  spiral  the  radius  vector  is  in- 
clined to  the  tangent  at  a  constant  angle.    Hence  this  curve 
is  sometimes  called  the  equiangular  spiral. 
(4434.)  Cor.  The  polar  subtangent  =  mz. 
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(435.)  Def.  Similar  logarithmic  spirals  are  those  in  which 
the  radius  vector  is  equally  inclined  to  the  tangent. 

PROP,  ccxvi. 

(436)    To  find  the  locus  of  the  extremity  of  tlu  polar 

subtangent 

Let  the  polar  subtangent  =  2'.     Hence  tlie  equation  of 
the  locus  sought  is 

x;'  =  ma'^  =  tan.  6a»', 

the  axis  from  which  «/  is  measured  being  perpendicular  to 
that  from  which  w  is  measured. 

Hence  the  locus  is  a  logarithmic  spiral,  and  since 
mdz!  =  z!du;,  it  is  similar  to  the  given  spiral. 

PROP.    CCXVII. 

j(437.)  To  fiiid  the  length  of*  an  arc  of  the  logarithmic 

spiral. 

By  eliminating  dw  from  the  equations 

7ndz  =  zduf^ 

da  =  (rf2J«  -f  ;j;«da;'^)\ 
the  result  is 

da  =  (1  -f  m-Ydz^ 

-.'  a  =  (1  +  m^)^z  +  c. 
Let  the  value  of  z,  corresponding  to  the  extremity  from 
which  tlie  value  of  a  is  supposed  to  commence,  be  ;j/,  and 
supplying  thus  the  constant,  we  find 

a  =  (2;  —  z')  sec.  S, 

Hence,  if  from  one  extremity  (a)  of  the  arc  ab  a  tangent 
be  drawn,  and  a  radius  vector  (cb)  from  tlie  other,  and  with 
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the  centre  c,  and  the  radius 
CB,  the  arc\c  bd  be  described, 
and  from  tlie  point  d  a  tan- 
gent to  the  circle  be  drawn  to 
meet  the  curve  at  E,  the  arc 
BA  is  equal  to  the  right  line 

AE. 

Hence,  if  the  pole  (c)  of  a 
logarithmic  spiral  ab  be  the 
centre  of  a  circle  intersecting  the  spiral  at  any  point,  b,  and 
a  right  line  be  drawn  from  the  centre,  intersecting  the 
spiral  and  circle  in  a  and  d,  and  through  these  points  tan- 
gents be  drawn  meeting  at  e,  the  tangent  ae  is  equal  to  the 
arc  AB  of  the  spiral  intercepted  between  ca  and  the  circle. 

If  s/  =  0,  the  value  of  o  will  be  the  length  of  the  are  of 
the  spiral  continued  to  the  pole.     In  this  case, 

a  =  z  sec.  6. 
Hence  the  intercept  of  the  tangent  between  the  point  of  con- 
tact and  the  polar  subtangcnt,  is  equal  to  the  arc  of  the 
spiral  continued  to  the  pole. 

PEOP.  CCXVIII. 

(438.)  To  find  tlie  area  included  between  Uoo  radii  vectorei  of 
tfte  spiral. 
By  eliminating  dto  from  the  equations, 
dA  =  iz'dw, 
mdz  =  zdui, 
we  find 

dA  =c  ^mzdz. 


If  a*  be  the  value  of  k  when  A  =  0, 

_  m(z'  —  g")  _  tan,  fl .  (a*  -  ^) 
A  -        4        -  5  ■ 
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Let  CB  rr  2',  cA  =  z.  With  c  as  centre,  and  the  radius 
CB,  let  a  circle  be  described  meeting  ca  in  d,  d'.  The  area 
BCA  is  equal  to  half  the  area  of  the  triangle  d'ea.  For 
DA  =  2  —  s*,  •/  DE  =  tan.  6(«  —  sf)f  and  d'a  =  ;&  -f  2'. 

I(  sf  =  0y  the  corresponding  area  will  be 

tan.  6 .  2* 

In  this  case  d  and  d'  coincide  with  c,  and  the  area  is  half  the 
triangle  formed  by  the  radius  vector  and  polar  subtangent. 

<w  »ft   ^_  ^2 

(439.)  Cor.  1.   If  fl  =  -7-,  •••  tan.  9  =  1,  •.•  a  =  — 7— . 

Hence,  ifa  tangent  be  drawn  from  a  to  the  circle,  the  area 
is  equal  to  the  square  of  half  the  tangent. 

(440.)  Cor.  2.  In  the  same  case  the  area,  when  js'  =  0, 
is  equal  to  the  square  of  half  the  radius  vector,  at  which  the 
area  begins. 

PROP.  CCXIX. 

(441.)  Tojjnd  the  radhts  of  curvature. 
Differentiating  the  equation  of  the  spiral  twice,  we  find 

mdz  =  zdwy 
m'^d'^z  =  zdw\ 
By  means  of  these  equations,  that  of  the  curve  and  the  ge- 
neral equation  for  the  radius  of  curvature,  the  quantities 
dzy  dwf  and  a;,  may  be  eliminated,  and  the  result  is 

R  =  z  .  cosec.  5. 
(442.)  Cor.  1.     The  chord  of  the  osculating  circle,  which 
passes  through  the  centre,  is  equal  to  twice  the  radius  vec- 
tor.    For  c  =  2r  sin.  B  =  2z. 

(443.)  Cor.  2.     The  curvature  of  the  spiral  is  continually 
increasing  as  it  approaches  the  pole. 
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FKOP.  CCXX. 


(444.)  To  find  Gie  involute  and  evolitte  ^the  spiraL 

Since  the  pole  is  the  point  of  bisection  of  the  chord  of  the 
osculating  circle,  which  passes  through  it,  a  line  s/  from  it  to 
the  centre  of  curvature  is  perpendicular  to  z,  and  '.' 

z*  =  B  .  cos.  9  =  z  cot.  9  ; 
hence  the  equation  of  the  evolute  (the  values  of  «.  being 
measured  from  a  line  perpendicular  to  diat  from  which  thcj 
are  measured  in  the  oii^nal  curve),  is 
::  =  cot  6  .  Oar. 
Ilunce  the  involute  of  the  logarithmic  spiral  is  a»milar 
one,  whose  equation  is 

a*  =  tan.  S  w, 
the  axis  from  wliich  to  is  measured  being  perpendicular  to 
that  from  which  it  is  measured  in  the  original  curve. 

Of  the  spiral  of  Archimedes,  Ssc. 

(445.)  Def.  A  spiral,  whose  equation  is  i-  =  au,  is  called 
the  sjAral  of  Archimedes. 

(440.)  Cor.  a  is  tlje  value  of  r,  corresponding  to  lu  =  1, 


riioi'.  ccxxi. 

(147.)  If  any  number  Rvalues  ofz  bedrawti,  dividing  Utc 
apace  rmmd  the  pole  qfHu  spiral  into  equed  angles,  those 
values  wUl  be  in  arilhmetical  progression. 

For,  since  a  is  constant, ;:  «  w,  and  therefore  if  m  varies 
urithmodcally, ::  will  also  vary  aiithnieticully. 


210  ALGEUUAIC    GEO.MJ:tKV. 

PROP.  COX XII. 

(448.)  To  determine  tfie  ])ositiofi  of  the  tangent. 

By  differentiating  tlie  equation, 

dz  =  culw. 
Hence,  by  the  general  formula  (327), 

tan.  ;:/=-—  =  a/. 
a 

Hence  the  angle  zt  is  continually  increasing  as  en  increases. 

(449.)  Cor.  1.     If  »'  =  the  polar  subtangent, 

2'  =  2  tan.  zt  =  Z'j)  z=z  aur. 

(450.)  Cor.  2.     The  locus  of  the  extremity  of  the  polar 

subtangent  is  a  spiral,  whose  equation  is 

z!  =  awS 

u)  being  measured  from  an  axis,  perpendicular  to  that  from 

which  it  is  measured  in  the  given  spiral. 

PUOP.  CCXXIII, 

(451.)  To  find  the  urea  of  the  spiral. 

By  the  general  formula 

/'Z'dz_  z^ 
'  2a  "■  &r  +  ^'• 
Let  z  =  Jj  when  a  =  0,  •.* 

A  = 


6a    ' 
and  if  the  area  begin  ironi  the  pole  z'  =  0, 


•  3 


A   —   ^,    • 

Ga 


(452.)  The  spiral  of  Archimedes  belongs  to  a  class  of 
spirals  included  in  the  general  equation  z  =  aw*',  ra  I)eing 
any  positive  number.  The  quadrature  of  this  class  of  spirals 
can  be  effected ;  for,  by  the  general  formula. 
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Hence,  by  integration 

Substituting  in  this  for  u  its  value,  derived  from  the  equa- 
tion of  the  curve,  and  introducing  the  valueof  c,by  z'b^ng 
the  value  of  z,  where  a  =  0, 


%(n  +  \)a" 
(453.)  By  (450)  it  appears  that  the  locus  of  die  ex- 
tremity of  the  pohir  subtangcnt  of  the  spiral  of  Archiiii(!de3 
is  one  of  this  class,  acM.  z  =  ato-  where  n  =  2.  Again,  the 
locus  of  the  extremity  of  the  polar  subtangent  of  this  last 
spiral  is  =  =  \aui^;  and,  in  general,  the  lot-iis  of  the  ex- 
tremity of  the  polar  subtangent  of  z  =  aw",  is 


For  by  differentiating 

Hence,  by  the  general  formula, 

ton.  z^=  — 
n 

If  therefore  the  polar  subtangent  be  z*,  z'  =  z,  ton.  zt,  *.* 

z'  =  —  .  w"+', 

which  is  the  equation  of  the  locus  of  its  extremity,  the 
values  of  (u  being  measured  from  an  axis  at  right  angles  to 
that  from  which  it  is  measured  in  the  equation  z  =  tKu". 

In  this  class  of  spirals,  the  angle  zt  is  continually  ap- 
proximating to  90"  as  the  curve  recedes  from  its  pole,  but 
never  becomes  actually  equal  to  90°. 

Of  the  hyperioSc  spiral,  flv. 

(454.)  Def.  The  spiral,  whose  equation  is  z^  =  a,  is 
called  the  hyperbolic  spiral. 
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(435.)  Car.  Since 
zu  is  the  arc  of  a  cir- 
cle, whose  radius  is 
z^  subtending  the  an- 
gle w,  it  follows  that 
this  spiral  may  be 
conceived  to  [be  ge- 
nerated by  taking 
any  portion  (am)  from 
the  pole,   and  J  with 

the  radius  am  describing  a  circular  arc  mp  always' equal 

to  a,  the  point  p  will  be  always  in  the  spiral. 


PROP,  ccxxiv. 

(456.)  If  through  the  pole  of  the  spiral  ab  =  a  be  drawn 
perpendicular  to  thrjixcd  axis,  a,  parallel  to  am  through 
B,  is  an  asymptote  to  tJtc  spiral. 
Let  pm  be  a  perpendicular  from  a  point  of  the  spiral  on 

tlic  fixed  axis,     pm  =  z  sin.  ec;.     Hence 

sin.  vj 
wi  =  a  . . 


U) 


Now,  as  ct;  is  diminished  without  limit,  the  limit  of 


sin.  (*} 


UJ 


IS 


unity,  therefore  the  limit  of  vm  is  a,  sciL  ab.  Hence  the 
curve  is  continually  approaching  the  parallel  through  b,  but 
never  meets  it. 


PROP,  ccxxv. 


(457.)  To  find  tlie  tangent  to  any  point  in  the  hyperbolic 

spiral. 

By  differentiating  the  equation 

-            z^dw 
dz  =z . 
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Hence,  by  the  general  formula 

a 

Urn.  zt  =  — . 

(458.)  Cor.  I.  Hence  follows  a  geometrical  method  of 
drawing  a  tangent  to  this  curve. 

From  the  point  b  on  the  asymptote  take  hn  =  ap,  and 
draw  an;  then  i't,  making  the  angle  apt  equal  to  anb,  and 
FT  will  be  a  tangent 

(4590  f^f^f-  ^-  Hence,  as  the  spiral  approaches  the  pole 
A,  the  angle  at  approaches  90". 

PBOP.  ccxxvi. 
(460.)  To  find  ifte  polar  mbtavgmt  (fthc  hyperhoUc  spiral. 

lA:t  ^  he  tlic  polar  subtangent, 

s"  =  s  tan.  2/  =  a. 
Hence  the  subtangent  in  this  spiral  is  constant. 

(461.)  Cor.  1.  The  locus  of  the  extremity  of  the  polar 
subtangent  in  this  spiral  is  a  circle,  whose  radius  is  a,  and 
whose  centre  is  the  pole. 

(462.)  Cor.  2.  If  the  polar  subtangent  of  a  spiral  be 
constant,  it  must  be  die  hyperbolic  spiral ;  for,  let  ^  be  the 
polar  subtangent. 


5"  = 

js  tan.  ,^( 

= 

Hence  wc  find 

s's-«ifc 

=. 

-*., 

and  by  integrating 

—  S^-'  =  —  10, 

»'  =  ;:«-, 
which  is  the  hyperbolic  spiral. 

PROP,  ccxxvii. 
(463.)  Tojind  ike  area  included  by  two  valuta  q^z. 
By  (457), 

.n'dw  :=  —  adx. 
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Hence  by  the  general  formula  (330),  we  find,  after  in- 
tegration, 


A  =   -  -   +  C. 


Let  z  =  d  when  a  =  0, 


A  = 


If  the  area  be  measured  from  the  centre,  ;^  =  0,  •.• 


da 


Hence,  if  bn  =  ap,  and  bn'  =  Ar',  app*  =  ann',  and  the 
area  continued  from  p  to  the  centre,  is  equal  to  the  triangle 
abn. 

(4G4.)  The  hyperbolic  spiral  is  one  of  a  class  of  spirals 
included  in  the  equation  z  =  «tu"^'.  One  of  the  most  re- 
markable  of  this  class  is  the  lituus,   whose  equation   is 

z  =  «a;~i,  or  z^uj  =  a*. 


PKOP.  CCXXVIII. 


(4(55.)  If,  xvHh  any  value  of/.  In  the  lituu^  as  radius,  a  cir- 
cular  sector  be  described,  nJiose  angle  is  w,  the  area  of 
this  sector  is  invariable. 
For,    zw  being  the  arc  of  the  sector,  its  area  is  {«'a;, 

which  is,  by  the  equation  of  the  lituus,  equal  to  4a®. 


PROP,  ccxxix. 

(46G.)  The  axis ^f rain  which  tlic  values  of  w  are  measured 

is  an  asymptote. 

For,  by  the  last 
proposition,     the 

arc  PM  =  ;?£«= — > 

— ' 1 K^ i LJ Z 

which  continually 
diminishes    as   ;:: 
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increases  and  as  u  <1iniinislica»  and  the  condition  w  =  0  gives 
;;;:  =  00,  and  m  =  0. 


I'KOP,  C'CXX.V. 

(4ffl'.)  Tif/iml  the  posHlon  of  a  taii^tiil  to  the  lituus. 
\ly  dilTcrcntiating  the  c<{uatioi), 
'l^  __-_ 

Hence  hy  tlm  general  formula, 

tan.  xt  =  -^  =  2iu, 

Ilcncc  in  tliis  s))iral  zt  continually  approaches  00"  as  t)ie 
curve  approaclicii  its  pole. 

(468.)  Cor.  1.  Hence  the  polar  subtangent  z'  may  Iw 
found, 

^  =  ^  tan.  zt  :=  2(iai'^. 

(4C9.)  Cor.  S.  The  locus  of  the  extremity  of  tlie  polar 
subtangcnt  is  a  spiral,  whose  equation  is 

:"  =  4a'Br, 
which  b  called  the  parabolic  spiral,  and  is  one  of  the  class 
mentioned  in  (WO). 

(470.)  Car.  3.  The  triangle  contained  by  the  polar  sub- 
tangcnt and  X  is  equal  to  a^,  and  is  therefore  coiutant. 

OfCyclmda. 

(471.)  Def'  The  curve,  traced  out  by  a  point  (p)  in  the 
plane  of  a  circle,  which  rolls  in  a  ^ven  plane  upon  a  right 
line  given  in  position,  is  called  a  cycloid. 
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If  the  generating  point  be  within  the  circle,  the  curve 
is  culled  the  prolate  cycloid :  if  without  it,  the  curtate 
cycloid ;  and  if  on  it,  the  common  cycloid. 


(  f  c 

^ 

W 

"^^ 

^^ 

^>^ 

y 

^ 

\.    MIE 

B 

PROP.  CCXXXI. 

(472.)  To  find  the  equation  of  a  cycloid. 
Let  a'b'  be  the  right  line  on  which  the  gencradng  circle 
is  supposed  to  roll.  Let  a  be  the  generating  }x)int  when  the 
radius  caa',  ]iassiiig  through  it,  is  jierpendicular  to  the  right 
line  a'b',  and  through  a  let  a  parallel  ab  to  a'b'  be  drawn. 
Let  p  be  the  position  of  the  generating  point  after  tlie  circle 
has  i-olled  over  any  portion  aV,  and  let  cp  be  produced  to 
meet  the  circle   at  i**,     Jly  the   definition  a'u'  =  lis',  '.' 
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AD  =  dV.  Let  the  distance  of  tlie  generating  pmnt  from 
the  centre  che  r,  and  ]et  the  circle  with  this  radius  be  de- 
scribed. Let  the  angle  dcp,  related  to  the  radius  unity,  be 
A,  and  the  radius  of  the  generating  circle  mr, 
•,-  p'd'  =  mrA  =  AD,  MD  =  r  «n.  A.  If  ab  and  AC  be  taken 
as  axes  of  co-ordinates,  the  preceding  concluGions  are  ex- 
pressed in  the  equations 

j;  =  rf.mA  —  sin.  a),  (1), 

3/  =  r(l   —  COS.  A),   (g). 
Bliminating  A  from  tliese  equations,  we  find 

^  +  ,c».e±^^Z?_,  =  o,  (3). 

If  tn  >  1,  this  is  the  equation  of  the  prolate  cycloid  ;  of  the 
curtate,  if  m  <  1 ;  and  of  the  common  cycloid,  if  m  =  I. 
(473.)  Cor.  1.     To  find  the  point  where  the  cycloid  meets 

the  axis  of  x  (ad),  let  1/  =  0,  ■■•  cos,  —  =  1,    ■.-   x  =  0, 
\      •       .1  mr         '  ' 

X  =  &jrmr,  x  =  imir,  &c. ;  and  since  Sirmr  is  equal  to  the 
circumference  of  the  generating  circle,  it  is  evident  that  the 
curve  meets  the  line  ab  after  every  revolution  of  that  circle, 
and  the  intercept  ah  between  two  points,  where  it  meets  it, 
is  called  the  base  of  the  cycloid,  and  is  equal  to  the  circum- 
ference of  the  generating  circle. 

{474.)  Cor.  2.  The  ordinate  to  the  middle  point  of  the 
base  may  be  found  by  making  a  =  w  in  (2),  which  gives 
y  =  3r.  This  ordinate  is  called  the  axis  of  the  (peloid,  and, 
as  is  manifest  from  the  same  equation,  is  the  greatest  or- 
dinate, 

(475.)  Cor.  8,     If  the  on^n  be  removed  to  the  middle 

point  of  the  base  by  substituting  x  +  irtnr  for  ;i;  in  the  equa- 

.  uon  (1),  and  the  angle  a  measured  from  the  vertex  v  by 

Bubstltuting  «■  +  A  for  A  in  (1)  and  (2),  the  results  ore 

,x  =  r(mA  +  «n.  a),  (4), 

y  -  r(l  ■(-  COS.  a),  (5), 
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from  which  a  being  eliminated, 


y  -  r  COS. -^ ^ —  r  =  0,  (6). 

^  mr  '  ^  ' 

(476.)  Cor.  4.     If  the  origin  be  removed  to  the  vertex  v, 
by  substituting  y  +  9,r  iory  in  the  last  equation,  we  find 

y-r cos. -r^^^ ^ ^=^»  (7). 

TBOP.  CCXXXIJ. 

(477.)  A  circle  (vpo)  being  described  on  tfic  axi^  as  dia-- 
mctcr^  and  a  pcrpendicidar  Jrom  any  point  (a)  of  the 
a^i^  being  drawn  to  meet  the  cycloid  at  r,  and  the  circle 
at  p,  then  pp  =  m  .  ^v. 

V  The  origin  being  assumed  at 

the  centre  of  the  base,  the  equa- 
^      tion  (6)  gives 


cos. 


«,  J/-r_.r-  y/Ury^y* 


r 


vir 


COS. 


But  by  (5) 

_^y^r  _yp 


And 


Hence, 


-^—    nlll.  • 

mr  r 


va—pa     vp 

'  7n  m 

\'  Tp  =  m,  \p. 


In  the  common  cycloid  therefore  vp  =  v^,       .  .j» 

(478.)  Cor,  Hence,  if  the  ordinate  to  the  duimeter  of  a 
circle  be  produced,  until  the  produced  part  bear  a  given 
ratio  to  the  arc  intercepted  between  the  ordinate  and  the 
extremity  of  the  diameter,  the  locus  of  the  extremity  of  the 
produced  part  is  a  prolate  cycloid,  if.  the  ratio  be  of  major 
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inequality ;  a  curtate,  if  of  minor  inequality ;  and  a  common 
cycloid  if  it  be  a  ratio  of  equality. 

PROP.  CCXXXIIT. 

(479.)  To  find  the  equation  of  a  tangent  to  a  given  point  an 

a  cycloid. 

By  differentiating  the  equation  (3)  of  the  curve,  we  find 

d^      mr^r+y 
Hence  the  equation  of  the  tangent  sought  is 

(i/ -y) (mr  -  r  +  y)  -  (x  -  a/) {Zry'  - yn*=  0. 
For  the  common  cycloid  this  equation  becomes 

(j/  -  2/)/'  -  (^  -  .r')  (2;-  -  y)^  =  0, 
since  in  this  case  wr  —  r  =  0. 

PROP,  ccxxxiv. 

(480.)  To  investigate  tlie  figure  of  the  cycloid. 
By  differentiating  the  equation  a  second  time^ 

(fy  _  r{mr  —  r  —  mi/) 

c/i*  ~    (m?-  —  r  +  yY 
1.  If  the  curve  be  the  prolate  cycloid. 

At  the  vertex  V,  J/ =2r,  *.'  -p^  <  0,  •.•  at  this  [)oint  the 

curve  is  concave  towards  the  base. 

_,,        ,        -£pt/                                        .,           w  — 1 
The  value  or  -^^  contmues  negative,  until  y  = r, 

d^u 
for  whidltlAlue  -j--  =  0 ;    the   point   therefore   whose  or- 

«i  —  1 
dinate  is  .  r,  is  a  point  of  inflection.     After  passing 

through  this  value  yr^  becomes  positive,  and  then  the  curve  is 
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convex  towards  the  base.  Whenj/=0,  y^  =0,  v  the  base 

touches  the  curve.  Hence  the  figure  of  the  prolate  cycloid 
is  as  represented  in  the  first  figure  of  page  SI  6. 

2.  If  the  curve  be  the  curtate  cycloid. 

In  this  case,  as  before,  at  the  vertex,  the  curve  is  concave 

towards  the  base,  and  the  value  of  -7—,    continues   negative 

from  this  until  it  becomes  infinite,  which  it  docs  when 
y  =  r(l  —  wi),  that  is,  at  the  point  where  y  is  equal  to  the 
distance  of  the  generating  point  from  the  circumference  of 
the  generating  circle.     The  same  value  of  y  also  renders 

-^  infinite,  and  therefore  at  this  point  the  tangent  is  perpcn- 
dx 

dicular  to  the  base. 

dy 
Jfy  =  0,  -^  =  0,  therefore  the  base  touches  the  curve. 

Hence  the  figure  of  the  curtate  cycloid  is  as  represented 
in  the  second  figure  of  page  216. 

3.  If  the  curve  be  the  common  cycloid. 

The  value  of -~  is  always  negative,  except  for  y  =  0, 

which  renders  it  infinite.  Hence  the  curve  is  always  con- 
cave towards  the  base  and  at  the  points,  where  it  meets  the 
base,  has  cusps  of  the  first  kind. 

The  figure  of  this  cur>x  is  represented  in  the  third  figure 
of  page  216. 

PROP,  ccxxxv. 

(481.)  To  draw  geometrically  a  tangent  to  a  gisen  point  m 

a  cycloid. 

1.  If  the  curve  be  the  prolate  cycloid. 

Let  AB  be  the  base,  dv  the  axis,  and  dV  the  diameter  of 
the  generating  circle. 
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Let  FT  be  a  tangent  at  the  pcnnt  p.     By  (479), 

(2/7/  -  fy«)^ 
tan.  Tpa  =  ^—^ —  '^-^. 

Now  pa  s  (2rj/  — y')^,  arf  =  mr  —  r  +  3/,  tlierefore  if  ^ 
be  drawii,  tpo  =  jid's;  therefore  if  n'p  be  produced  to 
meet  the  generating  circfe  at  jJ',  and  pi'y'  be  drawn,  ffv"  is 
poralld  to  pt  :  hence  Oie  manner  of  drawing  ft  is  obvious. 
3.  If  the  curve  be  the  curtate  cycloid, 

As  before,  pa  =  {^ry  —  ^)^,   acf  =  mr  —  r  +  t/,   •.• 
pT^a  =  TPO,  ".•  }f\-'  is  parallel  to  pt. 
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3.  If  the  curve  be  the  common  cycloid. 

In  this  case  j)  and  p''  coincide,  *.*  the  tangent  is  parallel 
to^;v. 

(482.)  Cor.  1.  In  the  prolate  cycloid,  if  a  tangent  be 
drawn  from  d'  to  the  circle,  described  upon  vd,  and  from 
the  point  of  contact  e  a  parallel  to  the  base  be  drawn, 
meeting  the  cycloid  in  i,  the  points  i  are  the  points  of  in- 
flection. 

(483.)  Cor,  2.  In  the  curtate  cycloid,  if  a  parallel  to  the 
base  be  drawn  through  the  point  t>\  meeting  the  cycloid  at 
I,  the  points  i  are  those  at  which  the  tangent  is  perpen- 
dicular to  the  base. 

(484.)  Cor,  3.  The  normal  of  the  cycloid  for  the  point 
p,  is  equal  to  that  part  of  po',  intercepted  between  p  and 
the  base  of  the  cycloid  in  all  the  cycloids.  In  the  common 
cycloid  the  normal  is  equal  to  pn. 

(485.)  Cor.  4.  If  tangents  be  drawn  at  any  two  points 
p,  p',  of  a  cycloid,  and  the  parallels  p/j,  p'//,  to  the  base  be 
drawn,  the  angle  vTi^  under  the  tangents  is  equal  to  the 
angle  in  the  segment  of  the  generating  circle,  intercepted 
between  the  line  jJp  and  d'/?',  (produced  if  necessary.)  In 
the  common  cycloid,  this  angle  is  the  angle  contained  in  the 
segment  pv//. 

(486.)  Cor.  5.  If,  in  the  common  cycloid,  a  parallel  gg' 
to  the  base  be  drawn  tlirough  the  vertex,  the  part  of  it  in- 
tercepted between  the  tangents  pt,  p't,  is  equal  to  the  arc 

PROP,  ccxxxvi. 

(487.)  Tojind  ilic  area  of  the  cycloid. 
By  differentiating  (1)  in  (472),  and  multiplying  the  result 
by  (2), 

ydx  =  ^*  I  wiJa — (1  +  m)d  .  sin.  a + cos.  d .  sm.A  J  y 
which  being  integrated,  and  the  integral  taken  between  the 
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limits  A  =:  0  and  A  =  2r,  and  observing  that 
y  COS.  Atl  sin.  A  =  *, 
■rfydx  =  (Qm  +  IK*. 
Hence  the  area  of  the  cycloid  is  (2m  +  1)  times  tlic  area  of 
the  circle  described  upon  the  axis. 

The  area  of  the  common  cycloid  is  three  times  that  of  the 
generating  circle. 


(488.)   Tojlnd  the  length  of  an  arc  ofQic  common  cycloid. 

By  the  general  formula  for  the  rectification  of  curves, 

a  =yv^(^»  +  <U^  +  c. 

%»  +  dx^  =  2^^  ■  '¥■ 
Hence,  by  integrating, 

'J  V^r  ~  y 
the  arc  being  measured  from  the  vertex,  no  constant  need  be 
added  ;  for  when  a  =0,Sr  —  ^  =  0. 

Since  td  =  2r,  and  va  =  itr  —y,  •.-  vd  .  vn  =  2r(2r  —y), 
but  VD .  va  =  pv',  •.'  Pd  =  2/>v. 

(489.)  Cor.  Hence  vb  =  2vd,  ■.*  avb  =  -tvo,  that  is, 
the  circumference  of  the  common  cycloid  is  e<iual  to  four 
times  the  diameter  of  the  generating  circle. 

PROP.    CCXXXVIII. 

(490.)  To  find  the  evolute  <^the  comvum  cycloid. 

The  values  of  the  first  and  second  differentials,  found  in 

(479),  (480),  being  substituted  in  the  general  formula  for 

the  co-ordinates  of  the  centre  of  the  osculating  circle  (334), 

give 
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Hence  we  find 


y  =  - y,  a;  =  y  -  2 v/-  2n/  - ys 

which  being  substituted  in  tlie  equation  of  the  cycloid,  give 

y  -  rcos. ii ^  +  r  =  0, 

/*  ' 

which  is  the  equation  of  a  cycloid, 

whose  generating  circle  is  equal  to 

that   of  the  given  one,  and  whose 

vertex  coincides  with  the  extremity 

of  the  base,  lying,  however,  below 

the  base. 

(491 .)  Cor.     The  involute  of  a  cycloid  is  an  equal  cycloid, 

the  extremity  of  whose  base  coincides  with  the  vertex  of  the 

^ven  one. 


TROP.  ccxxxix. 

(492.)  Tojind  the  radhis  of  curvature  for  any  point  in  a 

canivion  cycloid. 
The  values  of  the  differentials,  already  found,  being  sub- 
stituted in  the  general  expression  for  the  radius  of  curvature, 
found  in  (335),  give 

R«  =  4ry. 

Hence  the  radius  of  curvature  is  equal  to  double  the  chord 
pD,  or  to  twice  the  normal. 

(493.)  Cor.  1.  Hence,  at  the  extremities  of  the  base  the 
radius  of  curvature  vanishes,  and  therefore  tlie  curvature  at 
these  points  is  greater  than  that  of  any  circle. 

(494.)  Cor,  2.  At  the  vertex  the  radius  of  curvature  is 
equal  to  twice  the  axis. 

(495.)  Cor,  3.  The  base  is  the  locus  of  the  point  of 
bisection  of  the  tangents  to  the  evolutc  from  points  in  the 
eur>'e. 
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(4G6.)  ji  parallel  to  Ihc  hone  of  the  common  cycloid  being 
drazi-n,  iitterseclin^  it,  inul  thr  circle  described  upon  the 
axis  in  i-p,  tojind  ihc  loeiis  of'r,  the  point  of  intersection 
qftau^'nh  (u  the  curie  (iml  circle  at  these /xttnts. 
Since,  by  (181),  vp  is 

V    tL 


parailfl  torp, 

ypT 

=  /)TP, 

and     vpa  — 

ip/j, 

lint 

ypa  =  \yr, 

-.-Tp-^JA- 

-  ,n 

Henc-c  tlio  Ii. 

■lis 

)f    tllL- 

point  T   is  the  in 

olute 

upon  tlic  axis 

Trilin''  circle  described 


()fthe  companion  of  the  cycloid. 
(497.)  Def.  II-  an 
ordinate  [tip)  to  tlie 
diameter  of  a  circle 
be  produced,  until  it 
is  eijual  to  the  arc 
(py)  of  tlie  circle  in- 
tercepted between  it  and  the  extremity  v  of  the  diameter, 
the  locus  of  its  extremity  p  is  called  the  companioti  ^  Uie 
cycloid. 


PttOP.  CCXI.I. 

(498.)  To  Jind  the  equation  of  tlie  cotnpanion_of  the  cycloid. 
Let  the  radius  cv  of  the  generating  circle  be  r,  the  angle 
vcp  =  A,rp  =  ri..     If  D  be  taken  as  ori^n,  dm  =  x,  and 
PM  =1/,  -.■ 

y  =  r(l  +  COS.  a),  (1), 
x  =  TA,  (S. ) 
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Eliminating  a  from  these  equations,  we  find 

j^-rcos.— -r  =  0,  (3), 

which  is  the  equation  sought 

(499.)  Cor.  1.  The  base  of  the  curve  is  equal  to  tlie 
drcumference  of  the  generating  circle. 

(500.)  Cor.  %  If  a  common  cycloid  be  described  on  the 
same  axis,  it  will  have  also  the  same  base,  and  ap  being  pro- 
duced to  meet  it,  ap  =  pp'. 

(501.)  Cor.  3.     If  the  origin  be  at  the  vertex,  the  equa- 

tion  is  V  +  r  cos. r  =  0. 

r 

PROP.  CCXLIl. 

(502.)  To  find  the  equation  of  a  tangent  to  the  curve. 
By  differentiating  the  equation,  we  find 

^^  ^  _  (g/yy  ~.y^)  "• 

dx  r 

Hence  the  equation  sought  is 

riv  -  y)  +  (2^  -  y^)'"  (^  -  ^)  =  0. 

PROP.  CCXLIII. 

(503.)  To  investigate  the  figure  of  the  curve. 
Let  the  equation  be  differentiated  a  second  time,  and  the 
result  is 

dry      f  ^  y 

which  being  negative  for  all  values  of^  between  y  =  3r  and 

y  =  r^  shows  that,  if  through  the  centre  ci  be  drawn  parallel 

to  the  base,  the  curve  from  v  to  i  is  concave  towards  the 

d^y 
base.     If  ^  =  r,  ^  =  0.     Hence  the  point  i  is  a  point  of 
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inflection,  and   from  i  to  b  the  value  of  -j^  is  positive ; 

therefore  the  curve  is  convex  towards  the  base,  and  for 

^=0,-^  =  0,  which  shows  that  the  curve  touches  the 

baac  at  a  and  b.     Hence  the  figure  of  the  curve  is  as  re- 
presented  in  the  preceding  figure. 


I'EOP.  CCXLIV. 

(504..)   To  f  lid  llu-  arm  afthe  curve. 

The  equation  (S)  hcing  diSercntiated,  and  tlie  rcsuh  mul- 
tiplied by  (1),  we  find 

yd.K  —  r'((/A  +  COS.  A(/a), 
which  by  integration,  gives 

f^dx  =  r*(A  +  sin.  a), 
no  constant  being  added,  as  the  area  is  supposed  to  be^n 
when  A  =  0.  Now  t-'a  is  equal  to  twice  tlie  area  of  tlie 
sector  /jcv,  and  r'  sin.  a  is  twice  the  area  of  the  triangle 
pcv ;  therefore  the  area  vphd  is  equal  to  twice  the  sum  oi 
the  sector  and  triangle. 

If  a  tangent  be  drawn  tlirough  v  meeting  up  produced  in 
m',  tlie  area  vm'mu  is  equal  to  2r°A  *.■  VM'F=r''A— r^  sin.  a, 
•-•  the  area  vm'p  equals  twice  the  difference  between  the 
sector  vc/»  and  the  triangle  vr;>,  which  is  twice  tlie  seg- 
ment v^. 

The  whole  area  of  the  curve  is  equal  to  twice  that  of  the 
generating  drcle. 

It  is  plain  that  the  semidrcle  -vpM  bisects  the  area  dvpb, 
and  also  that  the  semicydudal  area  dvp'b  is  trisected  by  the 
semicircle  and  the  curve  vpb. 

If  right  lines  be  drawn  connecting  the  vertex  with  the 
extremities  of  tlie  base,  the  area  of  the  curve  is  equal  to 
that  of  the  triangle  avb  ;  and  hence  the  segments  of  the 
a8 
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curve  cut  off*  by  these  lines  are  e(|ual.  It  is  also  plain  from 
the  last  proposition,  that  these  lines  intersect  the  curve  at 
the  points  of  inflection. 

From  what  has  been  said,  it  may  also  be  proved  that  if 
ca  =  ca'y  the  area  i*' vi»  is  equal  to  the  rectangle  under  ^^a 
and  the  axis. 

(505.)  All  the  cydoidal  curves  which  have  been  treated 
of  are  embraced  in  tlie  general  equation 

y  +  r  COS. '^—^  —  r  =  0. 

If  w  =  ?;i  =  1,  the  curve  is  the  common  cycloid. 

If  n  =  1  and  in  >  1,  the  curve  is  the  prolate  cycloid. 

If  w  =  1  and  m  <  1,  the  curve  is  the  curtate  cycloid. 

If  n  =  0  and  m  =  1,  the  curve  is  the  companion  of  the 
cycloid. 

As  the  other  cycloidal  curves  do  not  possess  any  particular 
interest,  it  is  sufficient  merely  to  have  stated  their  equations. 

Ofcpitroc/iahlSy  cpwyclouh,  cJt. 

(506.)  Dcf.  The  curve  traced  by  a  point  in  the  plane  of 
a  circle,  which  is  supj)Obed  to  roll  u|X)n  the  periphery  of  a 
given  circle,  and  in  the  same  plane  with  it,  is  called  an 
epitrochouL  If  the  generating  point  be  upon  the  periphery 
of  the  generating  circle,  the  curve  is  called  an  epicycloid. 

If  the  generating  circle  be  supposed  to  roll  upon  the 
concave  part  of  the  given  circle,  it  is  called  an  hypotrochotd. 

If  in  this  case  the  generating  point  be  upon  the  circum- 
ference, the  curve  is  called  an  hijpocycUnd. 

PROP.  CCXLV. 

(507.)   To  find  the  equation  of  an  epitrochoid. 

Let  A  be  the  centre  and  ab  the  radius  of  the  base,  c 
the  centre  and  cd  the  radius  of  the  generating  circle,  and 
let  BDC  be  the  position  of  the  generating  circle  when  the  line 
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connecting  the  centres  a,  c,  passes  tlirougli  tlie  generating 
point  at  V.  Let  c'  be  the  centre  of  the  generating  circle 
in  any  other  position,  and  p  the  generating  point;  let 
AB  and  AX  perpendicular  to  it  be  assumed  as  axes  of  co- 
ordinates.    Let  CAC*  =  Y  and  vc'  be  produced  to  e. 


By  the  manner  in  which  the  ciir^'e  is  generated  bb'  - 
If  AB  =  c,  Bc  =  i',  c'p  =  d,  bb'  =  rS  =  b'k  ;  but 


B'c'B    =    -;r=^ 

=  Kc'e. 

Let  c'a 

be  parallel  an 

1  PMper 

pendicular  to  ax, 

•-■  PC'«  = 

IT 

'^^-■ 

(•'a  =  d . 

5IH. 

:,  and  v(i 

=  „„../-±^ 

:M  =  (r  +  i')  cos.  tf,  am'  =  {r  +  i')  sin.  0. 
Hence  the  etiuatious  of  the  cpilrochoid  are, 

y  =  (p  +  /)  COS.  9  +   C  COS.  —J-  i     I 

x  =  ir  +  t')  am.  p  +  v  sm.  -p~9  ) 
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If  the  curve  be  the  hypotrochoid,  r'  is  negative,  and  these 
equations  become 

y  =  (r  —  /^  cos.  f  -j-  a  COS.  —j-  f    I 

X  =•-  (r  — tO  sin.  ^  —  d  sin.  — j-^J    i 

If  the  curve  be  the  epicycloid,  c  =  ;■',  and  the  equations 
are 

y  =:  {r  -^  r')  COS.  f  +  r  cos.  —j-^    I 

jx      •  .        I     •         '■  +  '''         i 

.r  =  (r  -I   r)  sm.  <p  +  r  sin.  —j-  ^    1 


If  the  cur\'e  be  the  hypocycloid,  the  equations  are 
y  =  (r  —  /^)  COS.  <p  +  /-'  cos.  —J-  ^ 

. .-.  ^«- 

,1'  =  (/•  —  r')  sin,  ^  —  r'  sin.  — j-  p 

(608.)  Cor.  1.  If  with  the  centre  a  and  the  radius  ad  a 
circle  be  described,  and  ii,  h'  be  the  points  where  the 
cpitrochoid  meets  the  circumference.  To  find  the  angle 
DAH,  let  the  equations  (1)  be  squared  and  added,  and  since 
for  the  points  h  and  h',  ^*  +  j;«  =  ad^  =  (/•  +  r^  —  d)^y  :.• 

(r  -r  tO®  +  d*  +  2d{r  +  r')  (cos.  <?  cos.  ^-^^^ 

+  sin.  <p  sin.  —r<p)  =  {r  -^  t^  --  d)\ 

But  by  trigonometry, 

r-{-r'  r  +  n  r 

COS.  9  cos.  — 7- 9    +  sm.   <p  sm.   — 7~  *P  =  cos.  ~r9 ; 

r 
hence  after  reduction,  cos.  -j-<p  =  —  1, 

r  r^K 

•.•—<;>=  ir,  •.•9  =  — . 

The  same  result  appUes  to  the  hypotrochoid. 
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(509.)  Cor.  S.  If  in  die  equations  (4)  we  substitute 
-TT-  for  r*  we  find 

and  if  in  the  same  equations  wc  substitute  —3—  for  r'  and 

0  =  fi*,  the  result  is 

r—e 

^  =  -g-  ~«-  P*  +  -g-  sin.  — ?>'. 

r—e  .      ,      r+e   .      r-e 
a:  =  -^  sin.  ?>'  -  ^-  sin.  — ^^'. 

These  equations  being  the  same  as  the  preceding,  show 
that  the  generating  circles,  whose  radii  arc  — ^  and  — ^ , 
give  the  same  hypocycloids. 


PROP.  CCXLVI. 

(510.)  Tojind  the  equation  of  a  tangent  to  an  epitroctioid. 

The  equations  (1)  being  differentiated,  the  result  after 
division  is 

,  rsin.  p+  asm.  — j — (p 

dx  T  '\-  7^ 

¥  cos.  0  +  Jcos.  — -. — ^ 

r 

The  equation  of  the  tangent  to  the  epitrochoid  is  there- 
fore 

iy  —  y)  ('^^^s.  ;p  +  d  COS.  -J7-?) 

+  (x — J)  (r*  sin.  ^  +  <2  sin.  —-7—^)  =  0, 
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which  iur  the  hypotrochoid  is 

4  (j:  —  a/)  (r'  sin.  p  +  J  sin.  —j-  ^)  =  0. 

The  equations  of  the  tangent  to  the  epicycloid  and  hy- 

pocycloid  may  be  found  from  these  by  making  c  =  r'  and 

observing  that 

r±r^ 
sm.  ^  ±  «n.-^^  ^^^^ 

Hence  the  equation  of  the  tiingcnt  to  the  epicycloid  is 

{!/  -  y)  +  tan.  — -^  .  V  :>  -  x')  =  0, 
and  that  of  the  hypocycloid  is 

il/  -  !/)  -  tun.  -TT^-rO*''  -  '^)  =  0. 

(511.)  Cor.  1.       Hence  for   the   epicycloid  the  angle 

7'4-ilr 
PTM  =  ir o7~"y,  arid  for   the  hyjx)cycloid  the  corre- 

f OfJ 

sponding  angle  =  — rr-^?. 


cos.  <p  +  cos. 


(512.)  Cor,  %     III  ilic  epitrochoid  and  hypotrochoid  if 

p  =  0,  the  e(]uation  of  the  tangent  becomes  ( j^  —  y)  =  0, 

therefore  at  the  point  v,  where  the  curve  meets  ay,  the 

tangent  is  perpendicular  to   ay.     In   the  epicycloid  and 

r  4"  Iv/"' 
hypocycloid,  in  this  case  tan.  —^j—  «?  =  ^' 
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PROP.  CCXLVII. 


(513.)  Tojind  (lie  length  of  an  arc  of  an  epicycloid. 
By  'differentiating  the  equations  (3), 

rfy  =  —  (r  -f  r')  (sin.  9  +  sin.  -^^)rff, 

dr  =  (r  +  r')  (cos.  <p  +  cos.  —j-<p)d<p ; 
but  by  trigonometry 

sin.  <p  +  sin.  -j^p  =  2  sin.  -gp-p  cos.  ^^, 

r+7-t         _        r+2r'  r 

cos.f  +COS.— ^p  =  2cos. --p^^Jcos.  ^^. 

After  making  these  substitutions,  squaring  and  adding  the 
above  ecjuations,  we  find 


^/df  +  dx"  =  2(r  +  r')  cos.  jr-,^  .  c/;. 

Hence  by  integration, 

..    -; 7-       4r'(r  +  r')   .       r 

No  constant  is  necessary,  the  arc  being  supposed  to  begin 
from  the  point  where  9=0. 

For  the  hypocycloid  tlie  expression  becomes 

/x/(7j/-  -f  dx'  =  — ^-^  sin.  ^?. 

(514.)  Cor.     If -^  =  Kc'p  =  /3, 

4/(r:h/^)   . 
VI*    r:  — i Sin.  !d. 

/• 

If  6  =■  IT,  the  generating  ])oint  coincides  with  ii,  and  we 
find 

4/'(/+/'') 
vi'ii  =  —    "•      . 
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PROP.  CCXLVIII. 

(515.)  To  find  the  evcHutc  of  an  epicycloid. 

By  twice  diifcFentiating  the  equations  we  find 

dj/  r+2r^ 

^-=-tan.  -^9, 


djfi  r-{-2r^  r 

Mr  +  Ocos.^  -gjj-  ^  COS.  gp-p 

Substituting  these  in  the  general  formulae  for  the  co-or- 
dinates y^''  for  the  centre  of  the  osculating  circle, 

r+2/''  r 

4fr'{r-\-f^)  COS. -g^9.cos.^p 

y  =  y  -  jr+gp  * 

r+2r'  r 

4!r^(r+7^)  sin.  "g^J-^^os.^^ 

^  =  •*•  TIjI^p  • 

But  by  trigonometry, 

2  cos.    -^-j-  V?  cos.  ^f  =  COS.  —J-  (p  +  COS.  ^, 

^  ,     r^^r^  r  .  .     r+r^ 

2sm.  -o-j-P*cos.~Tp  =  sin.  0  -f  sin.  — j-^. 

And  by  the  equations  of  die  curve  itself  j 

r+  r* 
j^  =  (r  +  y-')  COS.  »p  t  r*  cos.  — f-^, 

X  =  (r  +  ^)  sin.  <?  +  r'  sin.  — j-  ^. ' 

By  these  substitutions,  the  equations  of  the  evoAut 

7*(r-hr')  r;-'  r  +  ^V 

y  =  n^j"  C'^S.  ^ -77-,  COS.   — -r 

•^         r+2r'  r-f2?-^  r' 

r{r-\-r^    .  rr'       .      r  +  r\ 

^  =  — T-BTT  sm.  p t-tTj  sin.  — -,— v> 

r-\-9,t^  ^       r+2;''  r*    T' 

which  are  the  equations  of  an  epicycloid,  the  Aadius  of 
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835 


whose  base  is        ^  ,,  and  the  radius  of  whose  generating 


rH 


circle  is  — 77-;,  and  rince  these  are  in  the  ratio  of  r  to  /, 

the  evolute  is  similar  to  the  epicycloid.  It  is  obvious  also, 
that  the  centre  of  the  base  of  the  epicycloid  is  also  the 
centre  of  the  base  of  its  evolute. 


To  construct  the  l)ase  of  the  evolute  geometrically,  let  the 

circle  whose  radius  e(|uals  r  -h  ^r'  meet  the  epicycloid  at  v, 

and  draw  av  :  from  v  let  a  tangent  to  the  l)asc  be  drawn, 

and  from  the  point  of  contact  let  kl  be  drawn  perpendicular 

to  Av,  the  circle  described  with  the  radius  ac  is  the  base  of 

r*  Zrr' 

the  evolute  for  al  =  — ^r-,.    Also  lb  =  ab— al= :r-.» 

r  +  Sr  r-^-Zf^ 

therefore  lb  is  the  diameter  of  the  generating  circle  of  the 

evolute,  which  is  represented  in  the  preceding  figure. 

For  the  hypocycloid  the  result  is  by  the  same  pnxess, 

y  =  71:27  cos.  ^  -f  ;32pcos.  -p~p, 


(r — 7')r  . 


rr" 


^  =  7Z27^"^-^-';^ 


r  — r' 


g^  sin.  -^ 


Hence  the  evolute  of  an  hypocycloid  is  an  hypocycloid,  the 
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radius  of  whose  base  is  — >r-i,  and  the  radius  of  whose  ge- 

nerating  circle  is  — —,^  and  since  these  arc  in  the  ratio  of 

r — xr 

r  to  r',  the  evolute  is  similar  to  the  hypocycloid.     It  is  ob- 
vious also  that  their  bases  are  conccntrical. 


Let  Av  =  r  —  2r\  and 
V  the  point  where  a  circle 
with  the  radius  r  —  ^r' 
meets  the  hyfxwycloid;  lei 
VK  be  drawn  {)orpendicular 
to  AV,  and  kl  touching 
the  base  at  k,  al  is  the 
radius  of  the  base  of  tlie 
evolute,  and  since 

BL  =  AL  —  An  =  — '-^'-,  —  r  =  .  ,,  BL  is  the  diameter 

of  the  generating  circle  of  the  evolute,  which  is  ropresentc*d 
in  the  figure. 

Of  the  cardioidi'. 

(516.)  The  epicjjchidy  the  radii  of  whose  base  and  gene- 
rating circle  are  e(|ua],  is  called  the  cardioidc. 

(ol7.)  Cor.  The  hypocycloid  corres]X)nding  to  the  car- 
dioidc is  the  base  itself. 


r- 


PROP,  re  XL  IX. 

(518.)  Tojind  the  cquatUm  of  the  airdioide. 
For  this  curve  tlie  equations  (JJ),  after  changing  x  into  y 
and  i/  into  .r,  l)econie 

X  —  /•  (2  cos.  <p  +  COS.  ii^) ; 
1/  =  r  {2  sin.  f   I-  sin.  il<p). 


al(;ebrai(:  ckometuy. 


9jn 


from  which  by  eliminating  0,  we  find 

(y-  +  j:"-  -.r«)^  -  ^r%f  +  {x  +  ry)  =  0, 
If  the  origin  be  removed  to  the  jioint  where  the  curve  meets 
the  base,  the  equation  becomes 

(3^«  +  x^  -  2r.ry'  -  4r(2/-  +  .r'O  =  0. 
The  polar  equation  is  therefore 

-  =  2r(l  +  COS.  w). 


The  point  p  being  the 
pole,  and  px  the  axis  from 
whicli  (o  is  measured ;  the 
curve  being  placed  as  in 
the  annexed  figure. 


PROP.  CCL. 

(519.)  If  a  line  (pm)  be  drazcnjrom  the  pole  to  the  ctirvc, 
th€  part  m'm  intercepted  bcturen  the  cui-ve  and  circle  is 
equal  to  th€  diameter  of  the  circle. 

T 


For  pm'  =  2r  cos.  u;  but  by  the  polar  equation, 

PM  —  pm'  =  2r. 
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PROP.  CCLI. 

(520.)  To  find  the  equation  of  a  tangent  to  tJic  cardioidc. 

The  polar  equation  being  diifcrcntiated,  gives 

dz  =  —  2r  sin.  a; .  doo. 
Hence  by  the  general  formula, 


tan.  tz  = 


2r .  sin.  w 


(521.)  Cor.  1.     Hence  follows  a  geometrical  construction 
for  drawing  a  tangent^  bm'  =  2r  sin.  w,  therefore 

PM 


tan.  tz  = 


bm'  ' 


Let  Mc'  be  assumed  on  tlic  radius  vector  equal  to  bm',  and  a 
perpendicular  c't  drawn  equal  to  pm,  tm  will  be  the  tangent 
to  the  point  m. 

(522.)  Cor,  2.     The  tangent  at  x  is  perpendicular  to  px. 

(523.)  Cor.  3.  px  is  a  tangent  to  the  curve  at  p,  and  p 
is  therefore  a  cusp  of  tlic  first  kind. 

(524.)  Cor.  4.  If  a  perpendicular  to  px  be  drawn 
through  p  meeting  the  curve  in  d,  the  tangent  at  d  is 
inclined  to  pd  at  45*\ 

PROP.  CCLII. 

(525.)  To  find  the  area  of  the  cnrdtohle. 

By  squaring  lx)th  sides  of  tlie  polar  equation, 

2«  =  4r*  (1  +  COS.  cy)*, 

and  multiplying  both  sides  by  rfw,  and  integrating 

/*Z'du) 

/— ^r—  =  2r-a;  +  4r*  sm.  w  +  2ry*cos.  wr/sin.  w. 
*./     ^ 

Taking  this  integral  between  the  limits  a*  =  0  and  w  =  2ify 

we  find  the  entire  area  a,  •.• 

A  =  4rV  +  2ry*cos.  wd  sin.  a/ ; 

but  the  last  term  is  manifestly  twice  the  area  of  the  circle, 

•.•  A  zz  6r*Jr ; 
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that  is,  the  area  of  tlie  curve  is  six  times  the  area  of  the 
generating  circle. 

PROP.  CCLII1. 

(5S6.)   Tojind  Hie  length  of  the  arc  of  a  cardioide. 

By  substituting  in  tlie  general  formula  for  rectification 
the  particular  values  of  the  terms,  in  this  case 

/{z'doj*  +  dz^V  =  2ry{(l  +cos.  a;)*  +  sin.^  wj^rfw; 
but  by  trigonometry, 

(1  +  COS.  w)-  +  sin.^  «  =  2(1  +  cos.  w), 
1  +  cos.  w  =  2  COS.-  i-w. 
Hence  we  find, 

fiz'dw'^  +  {fc«)^  =  4r/cos.  ^wdw. 
which  by  integration  is 

/{z'dut*  -h  dz*)^  =  8r  sin.  ;«;. 
And  if  this  be  assumed  between  the  limits  a;  =  0  and 
01  =  ir,  we  find  the  length  of  half  the  curve  to  be  8;-,  and 
therefore  tliat  of  the  entii-e  curve  16r. 

PROP.    CCLH'. 

(527.)  Tojind  the  evolutc  of  the  cardioide. 
By   (515^   the  radius  of   the    base    of  the  evolute  is 

-^y  which  is  also  the  radius  of  its  generating  circle.    Hence 

if  CE  ==  -J-CB,  the  cardioide,  whose  base  is  the  circle  with  the 
radius  ce,  is  the  evolute  sought. 

5S8.  Cor,  The  involute  of  a  cardioide  is  a  cardioide 
the  radius  of  whose  base  is  three  times  that  of  the  base  of 
the  given  curve. 

Of  the  quadratrix  ofDinostratus. 

Def,  A  right  line  being  supposed  to  revolve  with  an 
uniform  angular  motion  round  a  fixed  point,  and  an  in- 
definite right  line  at  the  same  moving  uniformly  parallel  to 


244) 
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itself  meets  the  former,   the  locus  of  their  intersection  is 
called  the  Quadratrix  of  Dinostratus. 


PROP.  CCLV. 


(5S9.)  To  find  the  equation  of  the  quadrairixy  and  de- 
termine Us  figure. 


Let  c  be  the  fixed  centre  round  wliich  the  revolving 
radius  turns.  Let  ca  and  ay  be  the  positions  of  it,  and  the 
parallel  where  they  intersect  at  right  angles,  and  let  tliese  be 
the  axes  of  co-ordinates.  Let  cp  and  ay  be  their  position 
after  the  revolving  line  has  described  the  angle  pca.  Let 
ca  =  r.  Kfi  =  jr,  a?  =  y.  By  the  conditions  of  the  question, 


X  :  r 


PCA  :   ^-. 


The  angle  pca  being  expressed  in  relation  to  the  radius 
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unity ;  the  equation  of  the  curve  is  therefore 

y-ir-x)  tan.  -^. 

If  J?  =  0,  ^  =  0,  •.'  the  curve  passes  through  a. 

As  X  increases  from  0  to  r,  ^  continually  increases^  and 
as  X  passes  from  r  Xo^ir^y  continually  d'uninishcs^  and  when 
a?  =  2r  .  y  =  0. 

The  value  of  y  corresponding  to  x  =  r,  assumes  the  form 

— ,  its  real  value  will  be  found  by  differentiating  both  nu- 

T 

merator  and  denominator ;  by  this  we  find  it  to  be  -7-. 

In  passing  through  0^  y  changes  its  sign  and  becomes 
negative,  and  continues  so  as  x  passes  from  9,r  to  3r^  since 
in  that  case  the  factors  of  ^  have  different  signs ;  and  when 
X  ^^r^y  is  infinite.  Hence  a  perpendicular  to  the  axis  of 
X  at  this  point  is  an  asymptote. 

Similar  observations  apply  to  the  negative  values  of  x 
intercepted  between  0  and  — r,  and  therefore  a  perpen- 
dicular to  the  axis  of  x   intersecting  it  at  distance  =  r 
on  the  negative  side  of  the  origin  is  another  asymptote. 
The  values  of  x  between  a:  =  3r  and  a:  =  4r  give  positive 
values  for  y^  for  this  case  the  factors  of  y  have  like  signs. 
For  J?  =  4r^  j^  =:  0,  and  at  this  point  the  curve  intersects 
the  axis  of  x ;    and  from  j:  =  4r  to  a:  =  5r  the  values  of  ^ 
are  negative ;   and  for  x  :=^^r  the  value  of  y  is  infinite, 
which  points  out  another  asymptote.     By  continuing  this 
reasoning,  it  appears  that  there  exists  on  either  side  of  the 
origin  an  infinite  series  of  asymptotes,  and  that  the  figure 
of  the  curve  is  as  represented  in  the  figure. 
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PROP.  CCLVI. 


(530.)  If  mth  the  centre  c  and  tlie  radius  ca  a  circle  be 
described^  and  the  line  cp  produced  until  it  meets  this  circle 
at  p',  then  ap'  lAaiiijeil. 


*KX       VSX 

For  Ap'  =  r.  •q-="o"  *.*  ap':  Kaw  \ic\\. 


PROP.    CCLVII, 

(531.)  The  ordinate  cb  :  ca  : :  1 :  -i**. 

r 
For,  by  (529),  cb  =  -^—  •.•  cb  :  r  : :  1  :  JLtc. 

(532.)  Cor.  1.  Hence  cb  is  a  third  proportional  to  the 
quadrant  ap'b'  and  ac.     For  cb  :  r  : :  r :  \nc  =  cp'b'. 

(533.)  Cor.  2,  cb  :  2ca  =  aa'  : :  the  diameter  of  a  circle  : 
its  circumference. 

(534.)  Cor.  3.  The  area  of  the  circle  on  aa'  :  4fr* : : 
ir :  cb.  Hence,  if  this  curve  could  be  described  geometri- 
cally, the  quadrature  of  the  circle  would  be  effected,  and 
from  this  property  tlie  curve  has  derived  its  name. 

PROP.  CCLVIII. 

(535.)  Ify  xvith  c  as  centre^  and  cb  as  radius^  a  circle  be 
described^  the  arc  Dp  =  Aa. 
^  Ttx  2r 

FoTDp  =  CB    X     2^,      cb  =  — ,  -.'  Dp  =  X. 

(636.)  Cor.  The  quadrant  DpB  =  ac. 

PROP.    CCLIX. 

(587.)  To  find  the  equation  of  a  tangent  to  a  given  point  in 

the  quadratrix. 

By  differentiating  the  equation  of  the  curve,  the  result  isi 
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Hence  the  equation  of  a  tangent  through  the  point  i/jf  is 
y  -y  =  (  sec.^  —  .  ^(1 «-)  «  tan.  -^  j(a:  -  a/). 
If  a;'  =  0.     The  equation  of  the  tangent  is 


3'=  g-.^; 


and  if  j;^  =  2r,it  is 


Hence,  if  ce  be  assumed  equal  to  the  quadrant,  ab',  ae,  and 
a'e,  are  tangents  at  the  points  a,  a',  which  may  be  effected 
by  drawing  b'a,  and  drawing  b'e  perpendicular  to  it.     For 

b'c  :  ca  :  ce  : :  1  :  -5-. 

Also  if  a/  =  Qnr.     The  equation  of  the  tangent  is 

y  =  ^(1  -  2n)  (.r  -  2nr). 

At  the  point  f  the  tangent  of  the  inclination  of  the  tangent 

to  the  axis  of  ^  is  —  -77. 

And  in  like  manner  tlie  tangent  of  the  inclination  at  f'  is 
Sir 


+ 


The  position  of  tlie  tangents  at  these  points  is  determined 
by  drawing  b'f,  d'f',  perpendiculars  to  which  are  the  tan- 
gents at  these  {>oints. 

The  succcsbive  hyperbolic  branches  of  the  curve  therefore 
intersect  the  axis  ax  at  angles  continually  approaching  to  a 
right  angle,  and  the  angles  at  which  branches  equidistant 
from  c  on  each  side  intersect  it,  are  supplemental  angles. 

The  subtangents,  corresponding  to  the  successive  points 


b2 


S44 
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where  the  curve  intersects  ax,  and  measured  upon  at,  are 
obviously  the  quadrant  ab  multiplied  by  1,  8,  5,  1,  8cc. 

PROP.  CCLX. 

(dS8.)  To  divide  an  angle  in  any  number  qf  eqtud  parts  bj/ 

the  quadrairix. 

Let  pca'  be  the  angle,  let  A!a  be  divided  into  the  required 
number  of  equal  parts,  and  lines  drawn  from  c  to  the  cor- 
responding points  of  the  curve  divide  the  angle  into  the  re- 
quired partSr 

OftliC  quadratrix  of  Tschimhauften, 
(599.)  Def.  Suppose  a  right  line  ay,  touching  a  ^ven 
circle  at  a,  to  move  uniformly  parallel  to  itself,  until  it  coin- 
cides with  CB  >  at  the  same  time,  suppose  the  line  a  a'  to 
move  parallel  to  itself,  so  that  its  intersection  with  the  circle 
moves  uniformly  from  a  to  b,  while  the  ibrmer  line  moves 
from  A  tQ  c.  The  point  p  of  intersection-  of  these  two  lines 
traces  a  curve,  called  the  quadrairix  qf  Tschimhausen* 


PROP.    CCLXI. 


(540).  To  find  the  equation  of  this  quadrcUrtx. 
Let  AY  and  ax  be  the  axes  of  co-ordinates.     Let  ac 
By  the  definition,  ad  :  ab  : :  am  :  ac,  or 


=  r. 
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nt  itx 


AD  :  -3- : :  J? :  r  •/  AD  =  -g-. 

Hence  the  equation  of  the  curve  is 

Itx 
3^  =  ^sin.gj:. 


PROP.  CCLXIl. 


(541.)  Tojind  the  equation  of  a  tangent  through  a  given 

point. 

By  differentiating  the  equation 


di/ *  ifx_^  It  ^/r*  -  y* 

di^'2  ^^'  '2?"        a'r        • 


The  equation  of  the  tangent  is  therefore 
y-lf^l^  COS.  2j:.(dr  — a/), 


or 


2r 


PROF.  CCLXIII. 

(542.)  To  investigate  tliejrgure  of  this  qtiadratrix. 

If  X  =  ^nVf  ^  =  0.  The  curve  therefore  meets  the  axis 
of  X  at  intervals,  equal  to  the  diameter  of  the  circle,  and 
continues  so  to  intersect  it  ad  infinitum. 

The  equadons  of  the  tangents  to  the  points  x  =  0f 
X  =  4r,  X  =  8r,  &c.  &c.  are 

and  those  to  the  points  x  =  2r,x  =  Gr^  x  =  lOr,  &c.  are 

Hence    the    subtangcnt    ci  =  the    quadrant    ab.      If 


U\6  ALGEBRAIC    GEOMETRY. 

dy 
X  =  (2n+  \)rj  J-  =  0,  therefore  at  the  points  b.  b',  b^  &c. 

the  tangents  are  parallel  to  aa'. 
By  difTerentiating  a  second  time, 

(hy  _      «^     .      vx 

<Zr^  ""  "  17  ""•   2r"' 
This  is  =  0,  if  j:  =  2wr,  hence  a,  a',  a",  &c.  are  points  of 

inflection;  and  since  y^  has  always  the  sign  opposite  to 

that  of  J/,  the  curve  is  always  concave  towards  the  axis  of  x. 


PROP.    CCLXIV. 

(543.)  To  find  the  area  of  the  quadratrix. 
By  the  formula  for  quadrature 

icx 


which  integrated  gives 

2r"   .        ifx 

a  = cos.  —,—  -f  c. 

r  ^2r 

To  determine  c,  when  a  =  0,  j:  =  0  '.•  cos.  -zr-  =  1; 

o^2 

hence  c  =  -^^5  *.• 

It 

A  =  —(1  -  COS.  — ). 

The  area  acb  is  found  by  assuming  x  .=  r,  and  is  •/ 

A  =  . 

K 

Hence  the  square  of  the  radius  is  a  mean  proportional  be- 
tween the  area  afbc  and  that  of  the  semicircle. 
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PROP,  CCLXV. 

(544.)  To  divide  an  angle  into  any  required  number  of' 

equal  parts  by  the  quadratrix. 

Let  the  angle  be  aco,  and  from  the  point  p'  the  perpen- 
dicular p'm'  being  drawn  to  aa',  let  am'  be  divided  into  the 
required  number  of  equal  parts,  and  the  corresponding  or- 
dinates  being  drawn,  paraUels  to  a  a'  through  their  extremities^ 
divide  the  arc  of  the  circle  into  the  required  parts,  as  is 
evident  from  the  genesis  of  the  curve. 

Of  the  catenary. 
(545.)  Def.  A  curve  such  that  the  arc,  intercepted  be- 
tween two  tan- 
gents, one  of 
which  passes 
through  the 
vertex,  is  pro- 
portional to  the 
tangent  of  the 
angle  at  which 
they  are  inclin- 
ed, is  called  tlte 
catenary. 

Thus  if 

AT  =  f,  and  APT  =  9,  ^  X  tan.  f. 


PROP.  CCLXVI. 


(546).  To  find  the  equation  qftJie  catenary. 
By  the  definition 


da       s 
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y  being  a  constant  magnitude,  and  is  called  the  parameter. 
Hence  it  follows,  that 

dyg -f  dr*     y*  +  ^« 
dx'       ■"      *«     • 

But  rince  dy*  +  dr«  =  d*S  •.' 

sds 
ax  =  — , 

which  by  integration  gives 

j?=  ^/7Mr^_y,(2), 

which  is  the  equation  of  the  curve  expressed  by  x  and  s  as 
variables. 

By  equation  (1)  it  follows  in  like  manner  that 

whence  we  find 

_      ^dt 

which  by  integrating,  ^ves 


y  =  a*'- p (3)- 

By  solving  equation  (3)  for  s,  we  find 

s  =  i^\e^-e~'^\     (4), 
which  is  the  equation  of  the  curve  between  the  variables 
s  and  J/. 

By  eliminating  s  by  (2)  and  (3),  the  result  is 

,   ,  x-\-s'+  ^/^»+27r 

which  solved  for  x  gives 

a:  =  iy{^^4.r^}  ^y    (5), 
in  which  e  is  the  base  of  the  hyperbolic  logarithms,  and 
which  is  the  equation  of  the  cur>'e  between  the  variable  co  - 
ordinates  xy, 

\ 
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I'ROP.    CCLXVII. 

(547.)  To  draw  a  tangent  to  tJie  catenary. 

Let  the  point  of  contact  be  j/af ;  by  (1)  the  equation  of  the 

tangent  is 

y 

and  by  (2),  

hence  the  equation  sought  is 

This  equation  points  out  the  geometrical  construction  for 
drawing  a  tangent.  Let  ac  =  y,  and  with  c  as  centre  and 
AC  as  radius,  describe  a  circle,  and  draw  md  touching  this 

circle,    md  =  ^ixf^  +  9Ja^ ;   therefore  the  tangent  tp  is 
parallel  to  md. 

Hence  as  x  recedes  from  a,  the  tangent  continually  ap- 
proaches to  parallelism  with  the  axis. 

PROP.  CCLXVIII. 

(548.)  To  find  tftc  length  of  an  arc  of  tJie  catenary 

measurcdjrom  the  vertex. 

By  equation  (2), 

s  =  ^a:«  +  2s' x; 
hence  the  arc  at  =  md. 

(549.)  Cor.  1.  If  with  c  as  centre  and  ca  as  semiaxis  an 
e(iuilateral  hyperbola  be  described,  its  ordinate  mt'  is  equal 
to  the  corresponding  arc  at  of  the  catenary. 

(550.)  Cor.  2.  tt'  =  at  —  tm. 
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PROP.  CCLXIX. 

(551.)  To  find  the  radius  of  curvature  to  the  catenary. 

By  substituting  for  s  its  value  as  a  function  of  x  and  y, 
and  differentiating  equation  (1),  we  find 

and  by  making  the  proper  substitutions  in   the  general 
formula  for  the  radius  of  curvature^  we  find 

(y+^)* 

R=-^. 

(552.)  Cor.  1.  Hence  a  parabola  and  catenary  having 
a  commcHi  vertex  and  common  vertical''tangent,  will  have  at 
that  point  the  same  osculating  circle  when  they  have  equal 
parameters.  Hence  the  catenary  near  its  vertex  is  nearly 
coincident  with  a  parabola. 

PROP.  CCLXX. 

(553.)  To  find  the  evolute  of  the  catenary. 

Let  t/x'  be  the  centre  of  the  osculating  circle,  and  yx  the 
corresponding  point  on  the  curve  by  (334), 

dy^+dx^ 

^-'^  =  -^dy-' 

''-'^-      d^y      '  dx 
Now  by  what  has  been  already  established, 

r/y  =  —dx. 
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By  these  substitutions. 

By  these  and  tlie  ecjuations 
*«  =  a?«  +  gj-y, 

y-^l* ? ' 

eliminating  Sy  .r,  and  ?/,  the  result  solved  for  y  is 

2^  =  ^^- o? 2? ' 

the  equation  of  the  evolute  sought 

This  equation  will  assume  a  more  simple  form  by  chan^ng 
the  origin  to  the  point  c.  In  this  case  ^  +  x'  becomes  of, 
and  the  equation  of  the  evolute  is 


^ "  *^        2?  i>?       • 


PROP.  CCLXXI. 

{55i,)  To  find  the  area  qfilic  caicnary. 

By  the  general  formula  for  quadratures^yx^^  =  the  area 
ATM.     By  equation  (5),  prop,  cclxvi. 

fjcdy  =  i/J  \{c^dy  +  ie'^'dy  ^dyS 
which  by  integration  is 

which  by  equation  (4)  is 

fxdif  =  s\9  -  y). 
No  constant  is  added,  txxrause  the  area  vanishes  withy 
and  8. 

The  area  atm'  is  therefore  equal  to  the  rectangle  under 
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the  parameter,  and  the  difference  between  the  arc  and  the 
ordinate. 

The  area  atm  is  yisf  +  4?)  —  Ja.  Hence,  if  through  t 
and  c  parallels  to  cm  and  ap  be  drawn,  and  from  m  the 
tangent  mi^  be  drawn  to  the  circle,  and  through  tI  a 
parallel  to  cm  be  drawn,  the  rectangle  bt  is  equal  to  the 
space  ATM. 

Of  the  involute  of  the  circle. 

PEOP.  CCLXXII. 

(555.)  To  find  tlie  equation  qfilie  involvie. 

An  arc  of  the  circle  ap'  being  supposed  to  be  always 
measured  from  the  fixed  point  a,  and  through  its  extremity 
p'  a  tangent  p'p  drawn  equal  to  the  arc  ap',  the  locus  of  the 
point  p  is  the  involute. 

Let  cp=r,  cA=flr,  pca=», 

•••  p'cp  =  cos.-' — .    Hence 

r 

Pff  =  au)  •{-  a  cos.-*  — 9  and 

r 

therefore  the   equation  of  the 

curve  is 


U  := cos.—* • 

a  r 

(556.)  Cor.  It  is  obvious  that  the  area  of  the  triangle 
cp'p  is  equal  to  that  of  the  sector  acp'. 

PROP.  CCLXXIII. 

(557.)  To  apply  a  tangent  to  the  involute. 

Let  PT  be  the  tangent,  and  cpt  =  S ; 

^  rdo) 

tan.  0  = T— . 

ar 
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By  diiFcrentiatiDg  the  equation  of  the  curve,  we  find 

dr  ra 

dw     ^;rr^x' 

and  therefore, 

tan.  9  = . 

a 

Hence  the  angle  tpc  is  supplemental  to  p'cp,  and  therefore 

the  tangent  is  parallel  to  the  radius  ci*'. 

(558.)  Cor.  The  radius  ca  touches  the  curve  at  a. 

PROP.  CCLXXIV. 

(559.)  Of  (lie  quadrature  of  the  involute. 

By  the  general  formula  fortlic  quadrature  of  curves,  if  a 
be  the  area  of  the  sector  pca, 

^r'^dw 


/r'^ai 
"2 


which,  if  the  value  for  dm  already  found  be  substituted  first, 
becomes 


r  s^T'^a^  dr 

A 


which  by  integration  is 

_  (r*--fl»)'" 

which  is  the  area  of  the  sector. 

(560.)  Cor,  1.  Hence  the  area  is  equal  to  the  third  power 
of  the  arc  ap*  divided  by  the  radius,  or  may  be  otherwise  ex- 
pressed, thus;  let  p'ca  =  <p, 

A--g-. 
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I'ROr.    CCLXXV. 

(561.)  Of  the  rectification  of  the  involute. 

Let  a'  be  an  arc  of  the  curve  measured  from  a, 

a'  =f(r'du)^  +  Jr^)^. 
By  substituting  the  value  of  Jm  and  integrating,  we  find 


a'  = 


r^ 


2a' 

the  arc  of  the  curve  therefore  is  a  third  proportional  to  the 
diameter  of  the  circle,  and  the  radius  vector  of  the  curve. 

PROP.    CCLXXVI. 

To  find  the  polar  aubtangent. 

Let  p  be  the  polar  subtangent.     By  the  general  formula, 

_       r-du3  __       rx^r^-a'^ 

~         dr    ""  a        ' 

(562.)  Cor.  1.     The  intercept  of  the  tangent  between  the 

point  of  contact  and  the  polar  subtangent  is  therefore  a  third 

proportional  to  the  radius  of  the  circle  and  the  radius  vector 

of  tlie  curve ;  for  let  this  intercept  be  t, 

r» 
T^  =  P«  +  r'^  =  —      ^ 


a* 


a 


(563.)  Cor.  2.  By  the  last  cor.  and  prop.  (ipcLXXv),  itap- 
pi^ars  that  the  arc  of  the  curve  is  equal  to  halff  the  tangent. 

(564.)  Cor.  3.  If  ;•'  =  a  perpendicular  on  the  tangent 
from  the  point  of  contact,  r'  z=:  r  sin.  5  =  ^/'J^ST^.  This 
perpendicular  therefore  equals  the  arc  ap^  of  the  circle. 

(565.)  Cor,  4.  The  intercept  of  the  tangent  between 
the  perpendicular  r'  and  the  point  of  contact  is  always  equal 
to  the  radius  of  the  circle. 
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PROP.  CCLXXVII. 

(566.)  To  find  the  haa  of  the  extremity  of  the  perpen- 
diculurfrom  the  pole  iy«m  Hie  tangent. 
By  cor.  4  of  the  last  proportion,  if  cp  =  r'. 

Let  Acp  —  ^.     Since 

l^CP  =  COS."'  — , 

r 

—  +  p  =  «  +  COS.-—. 

By  means  of  these  equations 
and  that  of  the  curve,  r  and 
ot  being  eliminated,  tlie  result 
is. 

'^  =  "(^  +  P). 
If  CY  be  drami  at  right  angles  tu  ca,  and 
Yc;>  =  lai  =  —  +  p,  the  equation  of  the  locus  sought  is 

H  =  aai'. 
The  locus  is  therefore  the  spiral  of  Archimedes. 

Of  the  tractrix  and  equttangentitd  curves. 
(567.)  Def.  The  tractrix  is  a  curve  whose  characteristic 
property  is,  that  the  locus  of  a  piunt  on  the  tangent,  at  a 
given  distance  from  tlie  point  of  contact,  is  a  right  line ;  and 
this  line  is  called  Ute  directrix  of  the  curve. 


PttOP.  CCLXXVIII. 

(568.)  Tojind  the  equation  qfOie  tractrix. 
Let  the  intercept  of  the  tangent  Iwtwcen  the  directrix 


aw 
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and  the  point  of  contact  be  a.    By  the  general  formula  for 
the  subtangent, 


ydx 


-%=^«'-^'  (^^' 


which  by  integration,  gives 


^^    a+^,a>-^_^^—^    (2), 

which  is  therefore  the  equation  of  the  curve,  and  which  may 
be  otherwise  expressed  thus. 


.T4- V«'— y« 


a  +  y/a^—j/^  =  J/^ 


(3). 


PROP.  CCLXXIX. 

(569.)  To  find  ihe  equation  of  a  tangent  througli  a  given 

point. 
Let  the  given  point  be  j/af.     By  (1), 

dy  _        y 


The  equation  of  the  tangent  is  therefore 


(4). 


Va*-j/"- 


{x-jc')    (5). 
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The  geometrical  construction  for  applying  n  tangent  to  thi$ 
curve  is  obviously  pointed  out  by  this  equation.  With  the 
centre  a  and  the  radius  a  =  ab  let  a  circle  be  described ; 
through  any  point  p  of  the  curve  let  the  ordinate  fm  be 
drawn)  and  pp'  parallel  to  xx',  and  meeting  the  circle  in  p'^ 
and  let  p'a  be  drawn ;  a  line  pt  parallel  to  p'a  is  a  tangent  to 

the  curve  at  p.    For  tan.  p'am'  =  — — =  tan.  ptm. 

PROP.  CCLXXX. 

(570.)  To  investigate  thejigtire  of  the  tractrix. 
By  (3),  when  ^  =  0,  ^  =  ±  a,  therefore  if  ab  =  -f  a, 

ab'  =  —  ff,  the  curve  meets  the  axis  of  ^  at  the  points  b,  b'; 

and  in  (5),  if  y  =  ±  o,  and  j:'  =  0,  the  equation  becomes 

a;  =  0|  which  shows  that  the  axis  of  ^  touches  the  curve  at 

the  points  b,  b'. 

By  differentiating  (4),  the  result  is 

Therefore  (fiy  and  y  have  always  the  same  sign,  and  there- 
fore the  curve  is  every  where  convex  towanls  the  directrix. 
By  {2)  it  appears  that  for  each  value  of  y  tliere  arc  two 
equal  and  opposite  values  of  x,  and  for  each  value  of  x  there 
are  two  equal  and  opposite  values  of  ^.  Therefore  the  four 
branches  of  the  curve,  included  in  the  four  right  angles 
rouiid  the  origin,  arc  perfectly  equal  and  similar,  and  sucli 
as  if  placed  upon  each  other  would  coincide.  It  also  ap- 
pears by  this  e(|uati(m  that,  as  x  increases  without  limit,  y 
diminishes  without  limit,  and  therefore  the  directrix  is  an 
asymptote.  It  also  appears,  from  what  has  been  said,  that 
the  )ioints  b,  b',  arc  cu^ps  of  the  first  kind. 

PROP.  (TLXXXI. 

(571.)  The  quadrature  of  the  tractrix. 

By  (1)  

ydx  =  —   -/a*  —  J/'*  .  dy. 

s 
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I 

One  side  of  this  equation  is  the  differential  of  the  area 
ABPM,  and  since  —  JaT^^  =  am',  the  other  side  is  the 
differential  of  the  area  bA,  and  therefore  taking  the  in- 
tegrals BPMA  =  Bp'c. 

Also,  since  the  triangle  p'am'  =  ptm,  the  area  bpta  is 
equal  to  the  sector  bap'. 


It  foUows  also  that  the  whole  area  included  by  the  four 
branches  of  the  tractrix  is  equal  to  the  area  of  the  circle. 


PEOP.    CCLXXXII. 


(572.)  The  rectification  of  the  tractrix. 
By  (1)  we  find 

where  the  negative  sign  is  used,  because  the  arc  increases  as 
y  diminishes,  and  which  integrated  gives 

fVdf  +  di^  =  -  a/j^  +  c. 
To  determine  c,  let  the  arc  a  be  supposed  to  begin  at  b, 
so  that  when  the  arc  a  =  0,  ^  =  a ;  hence 
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—  ofo  +  c  =  0,  -.*  c  =  alOf  hence  we  find 


a 
A  =  a/ — . 


Hence  it  appears  that  if  with  the  axis  of  the  tractrix, 
and  —  a  as  subtangent,  a  logarithmic  be  drawn,  the  line 
pm  =  BP. 


3 


m 


PROP.  CCLXXXIII. 


(573.)  To  find  ih€  radius  ofairvaturc  of  the  tractrix. 

By  substituting  in  the  general  formula  for  the  radius  of 
curvature  the  values  of  the  first  and  second  differential  co- 
efficients, we  find 


__      av'o*— y 


Hence  by  geometrical  construcUon  the  radius  and  centre  of 
the  osculating  circle  may  be  found  thus:  let  Pc  be  perpen- 
dicular to  the  tangent  at  p,  and  produced  to  meet  a 
perpendicular  to  the  directrix  at  t,  the  intercept  pc  is  the 

sS 


860 


ALGEBKAIC   GEOMETRY. 


radius,  and  c  the   centre   of  the  oeculating  circle;    for 
FM  :  PT  : :  MT  :  PC,  by  the  similar  triangles. 


PROP.    CCLXXXIV. 

(574.)  To  find  the  evolute  of  the  tractri^. 
Let  tlic  co-ordinates  of  the  centre  of  the  osculating  circle 
be  i/jd.     By  substituting  in  the  general  formula?  for  the 
values  of  these  the  particular  values  of  the  differential  co- 
efficients, the  results  are 


y  = 


ar*  =  .r  -I- 


.y 


a  >/y «  —  a- 


y 


By  eliminating  y  and  x  by  means  of  these  equations,  and 
that  of  the  curve,  the  result  is 


a/  =  aZ 


y  H-  -v/y«  —  a- 


a 


which  is  the  equation  of  the  evolute.  The  evolute  is  there- 
fore a  catenary,  whose  parameter  is  o  =  ab,  whose  vertex 
is  at  B,  and  whose  axis  is  a  v. 
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Hence,  if  a  string  applied  to  a  catenary  have  its  extremity 
at  the  vertex,  and  be  wound  oiF,  its  extremity  p  will  describe 
the  tractrix. 

(575.)  Def.  The  locus  of  a  point  p  upon  the  tangent  of 
the  tractrix  at  a  given  distance  h  from  the  extremity  t  of 
the  tangent  is  called  the  syniractrix. 


PROP.  CCLXXXV. 

(576.)  To  find  the  equation  of  the  syntractrix. 
Let  the  co-ordinates  of  a  point  on  the  tractrix  be  j/J,  and 
those  of  the  corresponding  point  of  the  syntractrix  xy.     The 
conditions  of  the  definition  furnish  the  equations 

ay  =  6y , 

(jr  —  «')a  =  (a  -  b)  ^a«  -  y«. 
By  means  of  these  equations,  and  that  of  the  tractrix,  j/  and 
jcf  being  eliminated,  the  result  is 

6+  ./ft^"^="7 


X  =-  al . 


-^b^^y\ 


which  is  the  equation  of  the  syntractrix. 
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PBOP.  CCLXXXVI. 


(677.)  To  find  the  equation  of  a  tangent  to  (he  syntractrtx. 
By  differentiating  the  equation,  we  find 

dy  ^      f/Vl^-j/^ 
dx  ab  —  tf*  ^ 

hence  the  equation  of  a  tangent  through  the  point  ^a:^  is 

PROP.  CCLXXXVII. 

(678.)  To  investigate  tTie  figure  of  the  syntractrtx. 

P.  Let  i  <  0. 

By  the  equation  of  the  curve  it  appears  that  when  x  =  0, 
^  =  +  6,  and  by  that  of  the  tangent  that  the  tangent  to  this 
point  is  parallel  to  the  directrix.  It  also  follows,  as  in  the 
tractrix,  that  the  directrix  is  an  asymptote,  and  that  the 
branches  or  portions  of  the  curve  included  in  each  of  the 
four  right  angles  round  the  origin  are  symmetrical. 

By  differentiating  the  equation  a  second  time,  we  find 

This  equals  0  when 

and  the  corresponding  value  of  a:  is 

,  ^2a  -  6  +  ^a-^b       ^      /  a-^b 

"^^^^ :^ *v^rr^- 

Since,  by  supposition,  6  <  a,  these  values  are  real.     There 
is  therefore  a  point  of  contrary  flexure  at  the  point  whose 
co-ordinates  are  the  values  of  ^  and  x,  found  as  above. 
Let  AB  =  6,  and  am,  am'  be  the  values  of  a:,  which  give 

y  =  ft  V/  STZTI'  ^^^  ^^  values  of  x  between  a:  =  0  and 
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I  =  AM,  or  am',  the  second  differential  oi y  is  negative,  and 
therefore  tlie  intercept  of  the  curve  between  the  points  pp'  is 
concave  towards  the  axis  of  x^  and  beyond  these  limits  on 


p 

a 

V 

^ 

A,                       M 

each  ude  it  is  convex  towards  the  axis  of  x.  The  form  of 
the  curve  when  i  <  a  is  therefore  represented  above. 

2».  Let  b  >  a. 

In  this  case,  as  before,  when  y  =  b  and  j?  =  0,  the  tan- 
gent is  parallel  to  the  axis  of  x,  and  between  a;  =  0  and  that 
value  of  X  which  ^ves  ab^y*^  the  first  differential  coefficient 
is  increasing,  and  becomes  infinite  under  this  last  condition, 
which  shows  that  the  tangent  is  approaching  to  parallelism 
with  the  axis  of  x,  and  at  this  point  becomes  parallel  to  it 
Also,  between  these  points  the  second  differential  of  ^  is  ne- 
gative,  and  therefore  the  curve  is  concave  towards  the  axis 
ofx. 

Let  the  points  p,  p',  be  those  at  which  the  tangent  is 
parallel  to  the  axis  of  y.  The  portion  pbp'  is  concave  to- 
wards the  axis.  At  the  points  p,  p',  the  second  differential 
coefficient  passes  through  infinity,  and  therefore  changes 
its  sign,  and  becomes  positive,  and  remains  so,  and  therefore 
every  other  part  of  the  curve  is  convex  towards  the  axis. 
The  same  reasoning  applies  to  th^  part  of  the  curve  on  the 
other  side  of  the  axis. 


96* 
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(679.)  Equitangential  cueves  in  general  are  those,  tlie 
intercept  of  whose  tangent  between  the  point  of  contact  and 
any  given  line  of  any  proposed  species  is  of  a  given  mag- 
nitude, and  in  general  that  line,  of  what  kind  soever  it 
may  be,  which  is  the  locus  of  the  extremity  of  the  tangent, 
18  called  the  directrir.  The  consideration  of  these  curves 
presents  two  classes,  problems  to  the  analyst.  1^  Given  the 
nature  of  the  directrix^  ihe  magnitude  of  t7i€  tangent 
and  its  position  at  any  given  point  of  the  directrix^  to  find 
i^  curve  of  traction.  2^.  Given  the  nature  of  the  curve  of 
traction^  and  the  magnitude  of  the  tangent j  to  find  the  di^ 
rectrix.  Those  problems  which  come  under  the  latter  class 
ore  much  more  easily  investigated  than  the  former,  the  solu- 
tion of  which,  except  in 
a  few  instances,  involves 
difficulties  almost  insur- 
moimtable.  There  are  one 
or  two  instances,  however, 
in  which  the  solution  is 
obvious  enough.  Thus, 
if  the  directrix  be  a  circle, 
and  the  tangent  equal  to 
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half  the  chord  with  which  it  coincides  in  any  position,  the 
curve  of  traction  is  a  concentrical  circle,  the  square  of 
whose  radius  is  equal  to  the  difference  of  the  squares  of  the 
tangent  and  radius  of  the  directrix.  It  appears  also  (566), 
that  the  involute  of  the  circle  is  the  curve  of  traction  of 
which  the  directrix  is  the  spiral  of  Archimedes. 


SECTION  XX. 

The  nature  and  properties  of*  the  roots  of  equations  illus- 
trated by  the  geometry  of  curves, 

(580.)  Every  algebraical  equation  of  a  degree  expressed  by 
f»,  that  is,  where  m  is  the  index  of  the  highest  dimension  of 
the  unknown  quantity,  after  the  equation  is  cleared  of  surds, 
is  necessarily  included  in  tlie  general  formula 

xm  +  Aj;"*-*  +  Bar"*-*  +  caf"-^ tx  +  v  =  0. 

Any  value  whatever  being  assigned  to  x,  let  the  cor- 
responding value  which  the  first  member  of  this  equation 
assumes  be^,  and  the  result  is 

^  =  ar"»  -f  AX'»-*  +  bj:'"-*  +  cr*-^ tx  -f  v. 

If  this  equation,  related  to  rectangular  co-ordinates,  be 
supposed  to  represent  a  curve,  the  examination  of  the  course 
of  the  locus  will  point  out  several  important  theorems  con- 
cerning the  roots  of  the  proposed  equation.  But  before  we 
proceed  to  this  investigation,  we  shall  give  a  method  for 
constructing  the  values  of  ly,  corresponding  to  any  assumed 
value  of  Xy  and  thereby  constructing  the  curve  which  re- 
presents the  equation. 

Since  the  equation,  in  the  form  in  which  it  is  given,  is  not 
homogeneous,  let  n  be  the  linear  unit,  and  this  being  intro- 
duced  in  such  a  manner  as  to  render  all  the  terms  linear,  the 
equation  becomes 
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^7-5- TX  +  V  =  0, 

being  supposed  lioear. 

Let    AB  =  »,    AC  =  T, 

and  let  bd  and  ce  be 
paralleb  to  AY  :  let 
Ba  =  R,  and  tbrough  a 
draw  Aa  meeting  ce  at  g, 
and  draw  ffb  parallel  to 
AX.  Let  6c  =  A,  and 
draw  AC,  meeting  ce  in 
h,  and  draw  hd  parallel 
to  AX  as  before,  and  take 
de  =  B ;  and,  as  before, 
draw     A£    meetinir     the 


Une  CE  in  t,  and  continue  this  process  to  tx,  and  finally  from 
the  point  where  the  last  of  the  lines,  drawn  from  a,  meets 
the  line  ce,  take  a  porUon  on  it  equal  to  v,  and  the  extremity 
of  this  is  that  of  ^. 

For  since  ab  :  AC  : :  Ba  :  eg,  ■.•  eg  =  x. 

Also        AB :  AC  : :  BC  :  cA,  •■•  cA  =  bc  .. — 

,       X         X*        AX 

And  AB  :  AC  : :  BC  :  c»,  •.'  ci  =  B£  .  —  ; 

n 

but  BC  =  Bii  +  dc  =  H +  B, 


And  it  is  plain  that  by  a  similar  process  the  successive 
intercepts  between  c  and  the  lines  drawn  from  A  are  found 
by  adding  to  each  former  intercept  the  next  coefficient,  and 
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multiplying  the  result  by  — ,  •.•  the  successive  intercepts  will 


be 


a:. 


n 

+ 

AT 

n 

x^ 

+ 

AX"- 

+ 

sx 

n  ' 

1 

+ 

ax" 

71' 

+ 

71= 

+ 

ex 
n 

> 

+ 

AX^ 
71* 

+ 

n' 

+ 

ex- 

+ 

Djr 

a:"*        AX"^^      Bx"*^  Tx 


+  T:=r  + 


^m-l  ^    j^m^l      T    ^m-2        ^ 


Adding  then  to  the  last  intercept  the  line  v,  the  result  is 
the  value  o(  y;  for  any  negative  coefficient,  the  line  repre- 
seting  it  is  to  be  taken  in  an  oppo^te  direction :  thus,  if  A 
were  negative,  be  should  be  taken  from  b  towards  a. 

Being  thus  able  to  construct  the  values  of  ^,  correspond- 
ing to  every  value  of  Xy  the  curve  can  be  constructed  by 
points.  The  values  of  x,  corresponding  to  the  points  f,  i^,  p", 
Pf  f^9  P'''  when  the  curve  meets  the  axis  ax,  are  the  roots  of 
the  proposed  equation. 

Since  in  general  the  curve  cannot  pass  from  one  side  to 
the  other  of  the  axis  of  x  without  intersecting  it,  it  neces- 
sarily  follows  that,  between  two  points  of  the  curve,  atuated 
at  opposite  »des  of  the  ans  ax,  the  curve  must  at  least  in* 
tersect  that  axis  once,  and  may  intersect  it  an  odd  number  of 
times,  that  is,  between  two  values  of  Xj  which  give  values  of 
y  with  opposite  signs,  there  must  be  an  odd  number  of  in- 
tersections of  the  curve  with  the  axis  of  x,  and  there  must 
at  least  be  one  point  of  intersection  between  them.    Hence 
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^two  numberSy  substituted  Jbr  x  in  amy  equtUion^  produce 
results  xcith  opposite  signs,  there  must  be  an  odd  number  of 
real  roots  between  thenij  and  at  least  there  must  be  one. 

Y 


Between  two  points  of  the  curve,  situate  at  the  same  side 
of  the  aids  of  x^  there  must  be  cither  an  even  number  of 
intersections  with  that  axis  or  none.  That  is,  if  two  values 
of  X  give  corresponding  values  of  y,  affected  with  the  same 
ngn,  between  those  values  of  x,  there  must  either  be  no 
intersection  of  the  curve  with  the  axis  ax,  or  an  even  num- 
ber. Hence,  if  two  numbers  substitutedjbr  x  in  ofny  equa^ 
tion  give  results  affected  with  the  same  sign^  there  must  be 
either  no  real  root  between  them  or  an  even  number  of  real 
roots. 

The  intercepts  pp',  p'p'',  &c.  /}/?',  //p",  &c.  between  two 
consecutive  points  of  intersection  of  the  curve  with  the  axis 
of  07,  are  the  successive  difierences  between  the  consecutive 
roots  of  the  proposed  equation.  If  two  values  of  x  be  as- 
sumed, whose  difference  is  less  than  the  least  of  these  dif- 
ferences, there  cannot  be  more  than  one  point  of  intersection 
between  them ;  for  if  there  were  two  points  of  intersection 
between  them,  the  intercept  between  those  two  points  would 
be  necessarily  less  than  the  difference  of  the  assumed  values 
of  Xy  which  is  contrary  to  hypothesis.  Hence,  if  two  such 
values  of  x  give  values  of  y  with  different  signs,  there  will 
be  one  and  only  one  point  of  intersection  between  them ; 
tod  if  they  give  values  of  y  with  the  same  sign,  there  will 
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be  no  point  of  intersection  between  them.  Therefore,  \f 
two  numbers^  whose  difference  is  less  than  the  least  dif- 
Jerence  of  two  consecutive  roots  ()f  an  equation^  svbstHiUed 
Jbr  X  in  tlie  eqtiatiany  give  results  arreted  mth  different 
slgnSy  one  and  only  one  real  root  lies  between  them ;  and  if 
ihey  give  results  affected  with  tJie  same  sign,  no  real  root 
lies  between  them. 

When  any  of  the  intercepts  pp',  p//,  &c.  equal  nothing, 
the  curve  touches  tlie  line  ax  at  that  point.  The  intercept 
which  vanishes,  being  the  difference  of  two  values  of  ;r, 
which  give  1/  =  0,  these  values  must  be  equal,  and  therefore 
a  point  of  contact  with  the  axis  of  x  is  the  indication  of 
equal  roots  of  the  proposed  equation.  If  one  of  the  inter- 
cepts pp'  vanishes,  the  curve  at  each  side  of  the  point  of 
contact  lies  at  the  same  side  of  the  line  ax,  and  tliere- 
forc  two  values  of  x^  which  intercept  between  them  a  point 
of  contact  of  this  kind,  give  values  of  y  affected  with  the 
same  sign.  Hence,  if  two  numbers^  which  include  betioeen 
them  tioo  real  and  equal  roots,  be  substituted  for  x  in  any 
equation,  they  will  give  results  affected  with  tJie  same  sign. 

If  two  consecutive  intercepts  pp',  p'p'',  both  vanish,  the 
curve  also  touches  the  axis  of  j:  at  that  point ;  but  the  parts 
of  the  curve  on  'each  side  of  tlie  ]X)int  of  contact  lie  at  dif- 
ferent sides  of  the  axis  of  x,  and  therefore  the  point  of 
contact  is  a  point  of  inflection.  It  appears,  as  before,  that 
in  this  case  three  points  of  intersecUon  unite  in  one,  and 
that  the  values  on  each  side  of  the  point  of  contact  give 
values  of  y  with  opposite  signs.  Hence,  if  tzoo  numbers 
which  include  between  them  three  equal  and  real  roots  of  an 
equation  be  substituted  Jbr  x  they  will  give  results  with 
different  signs. 

In  general,  if  an  odd  number  of  consecutive  intercepts 
pi',  p'p'',  &c.  vanish,  and  therefore  an  even  number  of  points 
of  intersection   unite    in    one,   the   curve   will  touch    the 
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axis  of  JT,  and  the  parts  of  the  curve  on  each  side  of  the 
point  of  contact  will  lie  at  the  same  side  of  the  axis  of  x. 
It  follows  from  this,  that  if  two  numbers  subaiitutedjbr  x 
in  any  eqxioti&n  include  between  tfiem  an  even  number  of  real 
and  equal  roots,  tliey  will  give  results  wiih  the  same  sign. 

If  an  even  number  of  consecutive  intercepts  pp',  p'p'',  &c. 
vanish,  and  therefore  an  odd  number  of  points  of  inter^ 
section  unite  in  one,  the  curve  also  touches  the  axis  of 
X ;  but  in  this  case  the  parts  of  the  curve  at  each  ade 
of  the  point  of  contact  lie  at  different  sides  of  the  axis 
of  X,  and  therefore  that  point  is  a  point  of  inflection.  The 
values  of  x  on  each  side  of  the  point  in  this  case  ^ve  values 
<£  y  affected  with  contrary  signs.  Hence  it  foUows,  that 
two  numbers  which  include  between  them  an  odd  number 
of  real  and  equal  roots  of  an  equation,  substituted  in  it  for 
JT,  will  ^ve  results  afiected  with  opposite  signs. 

The  point  of  contact  corresponding  to  four  real  and  equal 
roots  is  called  a  point  of  simple  undulation.  If  it  cor- 
responds to  six  real  and  equal  roots,  it  is  said  to  be  a  point 
of  double  undulation. 

A  point  of  contact  corresponding  to  three  real  and  equal 
roots  is  called  a  point  of  simple  inflection ;  if  it  corresponds 
to  five  real  and  equal  roots,  triple  inflection,  &c.  The 
character  of  such  points  is  merely  algebraical,  there  being 
no  visible  geometrical  distinction. 

As  in  algebraical  curves,  the  number  of  intersections  are  in 
general  the  same  as  the  index  of  the  highest  dimension  of  x, 
when  the  equation  is  cleared  of  fractional  indices,  that  num- 
ber is  finite.  The  entire  of  the  curve,  therefore,  which 
extends  beyond  the  most  distant  point  of  intersection  on  the 
positive  side  of  the  origin  must  lie  at  the  same  side  of  the 
axis.  And  the  same  inference  is  applicable  for  the  same 
reasons  to  that  part  of  the  curve  which  lies  beyond  tlic 
most  distant  point  of  intersection  on  the  negative  side  of 
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the  origin ;  and  therefore  all  values  of  x  greater  than  that 
of  the  most  distant  point  of  intersection  give  values  of  y 
continually  affected  with  the  same  sign.  Hence,  if  num" 
bers  greater  tJuin  t/ie  greatest  root  of  an  equation^  whether 
poaitlve  or  negative^  be  substituted  Jbr  x,  tfiei/  will  coii" 
tinuaUy  give  results  mth  tlie  same  sigii. 

In  any  algebraical  equation,  a  value  of  a  may  be  assigned 
to  «  so  great,  that  the  first  term  shall  exceed  the  sum  of  all 
the  others,  and  its  excess  above  the  others  will  continually 
increase  with  the  increase  of  x.  The  sign  o(  y  will  there- 
fore ultimately  be  the  same  as  that  of  the  highest  dimension 
of  x^  and  will  continue  to  be  so  as  x  is  increased  without 
limit.  Consequently,  if  the  highest  dimension  of  or  be  even, 
and  therefore  its  sign  necessarily  positive,  whether  x  itself  be 
pomtive  or  negative,  it  follows  that  the  sign  of  ^  is  ultimately 
positive  on  both  sides  of  the  origin,  and  that  therefore  the 
two  parts  of  the  curve  which  extend  beyond  the  last  points  of 
intersection  on  each  side  of  the  origin  both  lie  above  the  axis 
o{  X,  and  that  therefore  either  no  point  of  intersection  or  an 
even  number  of  such  points  must  be  included  between  them. 
Hence  it  follows  that  every  equation  in  which  the  index  of 
the  higJiest  power  qfyi  is  eveny  ha^s  either  no  real  root  or  an 
even  number  of  them;  cmd  since  the  number  of  roots  alto- 
getlier  is  tJie  same  as  the  highest  indcxy  itjbllows  that  there 
must  be  either  an  even  number  of  impossible  roots  or  none. 

If  the  index  of  the  highest  power  of  x  be  odd,  the  first  term 
will  be  positive  or  negative  according  as  x  is  positive  or  n^a- 
tive,  and  therefore  if  continually  increasing  po^tive  values  be 
assigned  to  x,  the  value  of  ^  will  be  ultimately  positive,  and 
continue  so  as  the  positive  values  o(x  increase  without  limit : 
and  if  continually  increasing  negative  values  he  assigned  to 
Xf  the  value  of  y  will  be  ultimately  negative,  and  will  con- 
tinue so  as  the  negative  values  of  x  increase  without  limit. 
These  conclusions  obviously  follow  from  the  same  principle 
as  the  former  scil.,  that  such  a  value   may  be  assigned 
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to  X  as  will  render  its  highest  power  greater  than  all  the  re- 
maining terms  of  the  equation  together.  The  parts  of  the 
curve  lying  beyond  the  most  distant  points  of  intersection 
on  each  side  of  the  origin  therefore  lie  at  diflRsrent  sides  of 
the  axis  of  x ;  that  beyond  the  most  distant  point  of  inter- 
section on  the  positive  side  of  the  origin  lying  on  the  positive 
side,  and  that  beyond  the  most  distant  point  of  intersection 
on  the  negative  side  of  the  origin  lying  on  the  negative  side 
of  the  axis*  of  ;r;  therefore  the  numberof  intersections  of  the 
curve  with  the  axis  of  x  is  odd,  and  it  follows  therefore 
that  every  equation  in  which  the  index  of  the  highest  power 
of  X  is  odd,  must  have  at  least  one  real  root,  and  in  general 
has  an  odd  number  of  real  roots ;  and  rince  the  entire  number 
of  roots,  being  that  of  the  index  of  the  highest  dimension  of 
Xf  is  odd,  the  number  of  impossible  roots  is  even,  if  there  be 
any  such. 

It  follows  therefore  in  general,  that  the  number  of  im- 
possible roots,  if  tliere  be  any,  must  be  even,  and  there  can 
therefore  never  be  less  than  two. 

The  absolute  term  v  is  the  value  of  jy  corresponding  to 
a?  =  0,  and  is  tliercfore  the  distance  between  the  origin  and 
the  jx)int  where  the  cur\'e  meets  the  axis  of  y,  and  therefore 
the  curve  intersects  that  line,  above  or  Iwlow  tlie  origin,  ac- 
cording as  v  is  positive  or  negative.  If  v  =  0,  the  curve 
meets  the  axis  of  ^  at  the  ongin. 

Hence,  \f  any  equation  rcants  the  last  temiy  one  of  Us 
roots  must  he  equal  to  iwthing.  Also  since,  in  case  the 
index  of  the  highest  dimension  of  the  unknown  quantity  is 
even,  the  curve  ultimately  extends  above  the  axis^of  x  on 
both  sides  of  the  origin ;  if  the  absolute  term  be  negative, 
and  therefore  it  intersect  the  axis  of  1/  below  the  axis  of  .i*, 
it  must  necessarily  intersect  the  curve  at  least  once  on  each 
side  of  the  origin.  Hence,  if  in  any  equation  xchose  di- 
mension is  even  the  absolute  term  be  ne^fitixK^  it  ki//  have 
at  feast  tico  real  roofSy  one  positive  and  the  other  negative. 
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By  a  change  of  origiii  on  the  axis  of  ^,  that  is,  by  moving 
the  axis  of  or  parallel  to  itself,  any  of  the  intercepts  pp',  f'p^, 
&C.  may  be  made  to  vanish,  and  by  a  further  change,  the 
axis  of  ir  will  cease  to  meet  the  curve  at  those  points ;  thus 
by  changing  the  axis  of  x  without  altering  its  inclination,  ' 
two  pcnnts  of  intersection  will  first  ap[Hroach  each  other^ 
then  meet,  and  finally  disappear  altogether.  Also  by  the 
same  change  of  the  axb  of  x^  it  may  meet  the  curve  in  other 
points,  where  before  the  change  it  did  not  meet  it,  first 
touching  it,  and  then  intersecting  it.  This  change  in  the 
axis  of  ;r  is  efiected  by  increasing  or  diminishing  the  values 
of  j^  by  any  given  quantity,  which  is  equivalent  to  a  change 
in  the  magnitude  of  the  absolute  term  v.  Hence  it  follows, 
that  by  a  change  in  Hie  absolute  tertn^  any  two  real  atid  u$^ 
equal  roots  may  be  first  made  to  become  real  and  equaly  and 
afterwards  impossible ;  and  vice  versa,  any  two  impossible 
TToUs  may  J  by  a  similar  change,  he  made  to  become  fia-st  real 
and  equal,  and  q/ierwards  real  and  unequal.  It  appears 
therefore  that  the  minima  values  of  ^  indicate  the  impossible 
mots  of  the  equation. 

To  determine  the  maxima  and  minima  of  ^,  or  the  points 
of  the  curve  at  which  the  tangent  is  parallel  to  the  axis  of  x^ 
let  the  equation  be  differentiated,  and  its  differential  equated 
with  zero,  the  result  of  which  is 
i?M:*-^-i-(m— l)Aa:'»-«+(wi-2)Bx'«-3+ t=0    (a). 

If  the  consecutive  roots  of  this  equation  substituted  in  the 
proposed  equation  give  results  with  oppoMte  agns,  the  points 
at  which  the  tangent  is  parallel  to  ax  lie  alternately  at  the 
po^tive  and  negative  aides  of  ax.  Between  every  pair  of 
such  successive  values  of  x  the  curve  must  intersect  die  axis 
of  :r,  and  intersect  it  but  once,  because  if  it  intersected  it 
more  than  once,  there  would  necessarily  be  anodier  point  at 
which  the  tangent  would  be  parallel  to  the  axis  of  x  between 
the  two  assumed  values  of  x,  wliich  is  contrary  to  hy- 
pothesb.    Hence  it  appears,  that  if  all  the  roots  of  the  pro- 
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posed  equation  be  real,  all  the  roots  of  the  equation  (a)  are 
alfo  real,  and  cxxrre^nd  to  maxima  values  of  y;  and 
between  every  two  oonsective  roots  of  the  equation  (a),  a 
root  of  the  proposed  equation  must  be  contained ;  the  roots 
of  this  equation  are  called  Hmiis  of  the  roots  of  the  proposed 
equation,  and  the  equation  is  called  the  equation  ^ Hmiis  of 
the  proposed. 

If  three  consecutive  p(nnt8  of  the  curve,  at  which  the 
tangent  is  parallel  to  the  axis  of  <r,  be  situate  on  the  same 
side  of  that  line,  and  the  value  of  t/  for  the  second  is  less 
than  those  for  the  first  and  third,  there  must  be  two  im- 
possible roots  of  the  proposed  equation  intercepted  between 
those  values  of  or,  wluch  correspond  to  the  first  and  third 
values  oty;  this  is  plain  from  what  has  been  already  said. 
And  hence  it  follows^  that  if  three  successive  roots  of  the 
equation  (a)  substituted  in  the  proposed  give  results  with 
the  same  ngn,  the  second  being  less  than  the  first  and  third, 
there  will  be  two  impossible  roots  of  the  proposed  equation 
included  between  the  first  and  third  values  of  ^. 

If  an  even  number  of  successive  points  of  the  curve  at 
wUch  the  tangent  is  parallel  to  the  axis  of  jr  be  situated  at 
the  same  side  of  that  line,  half  their  number  will  be  points 
at  which  y  is  a  minimum,  and  since  every  such  point  in«> 
dicates  two  impossible  roots,  it  follows  that  if  an  even  num. 
ber  of  consecutive  roots  of  the  equation  of  limits  substituted 
in  the  proposed  equation  give  results  with  the  same  sign, 
the  proposed  equation  will  have  as  many  impossible  roots  at 
least. 

Since  for  every  minimum  value  of  y  there  are  two  im- 
possible roots,   the  number  of  impossible  roots  must  be 
double  the  number  of  such  values.     To  investigate  this,  let 
the  equation  (a)  be  differentiated,  and  the  result  is 
wi .  (w  —  1) .  x"*-*  -h  (m  —  1)  (w  —  2)ax~-» 
+  (m—  2)  (m  —  3)B.r"^  .  .  .  .  +  s  =  0. 
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Such  roots  of  the  equation  (a)  as  being  substituted  in 
this  and  the  proposed  equation,  ^ve  results  affected  witli 
the  same  sign,  correspond  to  minima  values  of  y ;  and  for 
every  such  value  there  are  two  impossible  roots  of  the  pro- 
posed equation. 

(581.)  Before  the  methods  of  approximation  to  the  values 
of  the  roots  of  equations  which  are  now  used  were  knc^n, 
they  were  frequently  represented  by  geometrical  constructions. 
This  method  of  representing  them  is  now,  however,  used 
only  as  an  illustration,  and  as  it  is  not  inelegant,  we  shall 
here  exphun  the  principles  on  which  it  is  founded. 

Let  the  equation  whose  roots  it  is  proposed  to  represent 
be  F(a?)  =  0,  and  let  any  part  of  the  first  member  be  F'(jr), 
and  let  the  equation  y\x)  =  F"(y)  be  assumed,  in  which  the 
form  of  the  second  member  is  arbitrary,  and  let  this  value  of 
"^{x)  be  substituted  in  the  proposed  equation,  the  result  wiH 
be  an  equation  Y\yx)  =  0,  between^ and  x.  It  is  obvious 
from  this  process,  that  if  ^  be  eliminated  from  the  equations 
y\x)  =  f"(^)  and  ^{xy)  =  0,  the  result  will  be  the  pro^ 
posed  equation;  and  it  follows  therefore,  that  if  two 
curves  be  constructed  which  are  the  loci  of  the  equations 
F'(ar)  =  r''(y)  and  f"(j:^)  =  0,  the  values  of  x  corresponding 
to  their  points  of  intersection  arc  the  roots  of  the  pro{X)sed 
equation.  The  investigation  which  we  have  just  given  on 
the  nature  of  the  roots  of  equations  may  be  looked  on  as  an 
example  of  the  application  of  the  principle,  since  the  equa- 
tions of  the  two  loci,  whose  intersection  gave  the  roots  of 
the  equation  sought,  were 

y  =  o> 

y  ■=.  x"^  ■\-  A^c***  +  Bj:^""* to:  -h  v. 

But  this  is  evidently  useless,  as  it  retjuires  the  solution  of 
the  equation  itself  to  construct  the  second  locus.  We  shall 
however  proceed  to  apply  the  principle  to  some  exam)>lc8 

t2 
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which  will  render  it  clearer  than  any  abstract  explanation 
oould  make  it. 


PEOP.  CCLXXXVIU* 

(582,)  To  represent  by  geometrical  conHruction  ike  roots  of 

a  quadnUic  ejtiotion. 
Let  die  pnqmed  equation  be 

«»  +  «Ar  +  B«  =  0. 
Let  one  of  the  lod  whose  intersection  give  the  roots  of 
the  equation  be  a  right  line  parallel  to  the  axis  of  or,  re- 
presented by  the  equation 

y  =  B. 
This  subsdtutioQ  being  made  in  the  given  equation,  {^ves^ 
when  B*  >  0, 

y«  +  «*  +  «Ax  =  0 
toft  the  equation  of  the  other  locus;  tins  is  the  e^uaticm  of 
a  circle  whose  radius  is  A,  and  whose  centre  is  on  the  axis  of 
0?  at  a  distance  from  the  origin  equal  to  —a*  Let  ac  =— a, 

and  with  the 
centre  c  and  the 
radius  Ac  let 
the  drcle  be 
described ;  let 
_  AB=B,  andlet 
the  parallel  B/^ 
be  drawn ;  the 
values  of  x  sciL 
AP,  Ap',  corr^ 
sponding  to  the  points  p^  j/y  where  this  parallel  meets  the 
circle,  are  the  roots  of  the  proposed  equation. 

The  centre  lies  at  the  positive  side  of  the  ori^n  if  a  <  0, 
and  at  the  negative  side  if  a  >  0 ;  therefore  in  the  one  case 
both  roots  are  pontive,  and  in  the  other  negative. 

AP  +  af'  =  2ac,  i.  e.  the  sum  of  the  roots  taken  with 
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thdr  proper  signs  is  equal  to  the  co-eiBcient  of  j?  in  the 
^ven  equation. 

AP  X  Ap'  =s  pp^  =  B%  f .  e.  the  product  of  the  roots  is 
equal  to  the  absolute  term. 

If  AB  =  AC,  p  and  y  coincide,  and  ap  =  ap',  t.  e,  if 
B  =  A  the  roots  of  the  equation  are  equal. 

If  AB  >  AC,  the  parallel  does  not  meet  the  circle,  *•*  if 
B  >  A  and  B^  >  0,  the  roots  are  impossible. 

If  B^  <  0,  the  second  equation  is 

5^«  -  jr2  +  2iLX  =  0, 
which  is  the  equation  of  the  equilateral  hyperbola,  the  trans- 
verse axis  of  which  coincides  with  the  axis  of  jt,  and  the 
origin  being  at  the  vertex. 

But  the  equation  can  be  constructed  in  all  cases  by  tlic 
circle  alone.  In  general  let  the  equation  of  the  right  line 
parallel  to  the  axis  of  or  be 

y  =  Vw*  +  B*. 
Making  this  substitution  the  equation  becomes 

f/^  +  a^  -{•  ^AT  —  m*  =  0; 
m  being  arbitrary,  it  may  be  supposed  =  0,  if  b*  >  0, 
which  reduces  this  case  to  the  former.  But  if  b^  <  0,  in 
order  that  y  may  be  real  in  the  equation  of  the  paraUel,  m 
cannot  be  less  than  b  ;  in  this  case  let  m  =  b.  The 
parallel  will  in  that  case  coincide  with  the  axis  of  x  itself, 
and  the  equation  of  the  drcle  is 

^*  +  «'  +  2A;r  —  B«  =  0. 
This  is  the  equation  of  a  circle  whose  radius  is  Va-  -|-  b% 
and  whose  centre  is  at  a  distance  from  the  origin  equal  to 
»A.    Hence  let  ac  =:  —  a,  and  the  circle  be  described 

with  the  radius  \/  a^  -f~  ^S  <^^  ^^  roots  of  the  equation  are 

AP,  AP'. 

The  equation  may  be  constructed  by  the  intersection  of 
the  right  line  with  any  line  of  the  second  degree  as  well  as 
the  circle.    Thus  let  the  equation  of  the  first  loais  be 
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B* 

^  =  ^  +  21' 
which  is  the  equadon  of  a  right  line  intersecting  the  axis  of 

B* 

y  at  a  distance  from  the  origin  expressed  by  - —  and  in- 
clined to  the  axes  of  coordinates  at  angles  of  45^  *  The 
equation  of  the  other  locus  will  be 

X-  +  2  Ay  =  0, 
which  is  the  equation  of  a  parabola  whose  axis  is  the  axis 
of  1/y  whose  vertex  is  the  origin,  and  whose  parameter  is 
— Sa.     The  intersection  of  this  with  the  right  line  gives  the 
roots  of  the  proposed  equation. 

PROP.  CCLXXXIX. 

(583.)  To  represent  by  geometrical  construction  tJie  roots 

of  a  cubic  cqiuUion. 

Let  the  proposed  equation  be 

a:^  +  Aa:«  +  B*a:  +  c'  =  0. 
Let  the  equation  of  one  of  the  curves  whose  intersection 
is  to  determine  the  roots  of  this  equation  be 

a:*  -f  AJT  =  By. 
By  substituting  y  in  the  proposed  equation  the  result  is 

Bxy  +  B*x  +  c"*  =  0. 
The  former  of  these  equations  represents  a  parabola,  the 

equation   of  whose  axis  is  a:  = ^,  which  is  therefore 

parallel  to  the  axis  of  ^.     The  value  of  ^  which  gives  the 

A* 

vertex  is  —  -7—,  and  the  principal  parameter  is  b. 

The  latter  equation  represents  an  hyperbola,  the  axis  of 
y  is  one  asymptote,  and  the  equation  of  the  other  is  3/= — b, 
which  IS  therefore  parallel  to  the  axis  of  .r ;  and  since  tlic 
asymptotes  are  rectangular,  the  hyperbola  is  equilateral. 
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Let  a  be  its  semi-axis,  its  equation  related  to  the  asym- 
ptotes is 


Hence 


Let  AD  =  —  -5-,  and  through  b  draw  a  parallel  to  ay  ; 

A* 

and  let  bv  =  —  -t-.    On  the  axis  vc  with  the  vertex  v,  and 

a  parameter  equal  to  b,  let  a  parabola  be  described.  Let 
AD  =  —  By  and  through  n  draw  a  parallel  to  ax.  Let 
ff'  be  drawn  bisecting  the  angle  n,  and  take 


DF 


=  ^/- 


2c^ 

B 


describe  an  hyperbola  whose  vertices  are  F,  F',  and  whose 
asymptotes  are  yy'  and  ee'.  The  roots  of  the  proposed 
equation  are  Ap^  a//,  AfPy  the  values  of  x  corresponding  to 
the  points  of  intersection  p,  f',  i^i  of  the  parabola  and 
hyperbola. 


If  the  equation  of  the  first  locus  be 

Kxy  +  c*  =  (^ 


Sf-T 
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the  other  will  be  by  substitudi^  for  c%  and  dividing  the 
result  by  x^ 

j:*  +  Aor  —  Ay  +  B*  =  0. 

The  former,  related  to  rectangular  co-ordinates,  is  the 
equation  of  an  equilateral  hjrperbola,  the  axes  of  oo-^mUnates 
being  the  asymptoteSf  and  its  semiaxis  equal  to 

"^ 

A 

The  latter  equalicHi  represents  a  parabola,  the  equation  of 
whose  axis  is  «  =  —  -5-,  and  the  co-ordinates  of  whose 

A  B«  A 

vertex  are  a?  =  —  2''*"T"'T' 

Through  the  origin  d  let  ff'  be  drawn  bisecting  the  angle 

—  —  =  df',  with  the  line  ff'  as  trans- 
Verse  axis,  and  the  points  f,  f',  as  vertices,  let  an  equilateral 
hyperbola  be  described.  Also  let  db's  -*  -x-,  and 


bV  = 


B*  A 

with  the  vertex  v,  the  axis  vc,  and  the  parameter  a,  let  a 
parabola  be  described ;  the  points  of  intersection  of  this  with 
the  hyperbola  will  give  the  roots  required. 

It  is  always  possible  by  a  transformation  to  remove  the 
second  term  of  the  equation.  Suppose  tliis  done  with  tlie 
proposed  equation,  and  that  it  is  reduced  to  the  form 

a:'  +  B«a?  +  c'  =  0. 

Let  it  be  multiplied  by  :r  =  0,  by  which  it  becomes 

a-*  +  B*a;*  +  c^x  =  0, 
If  the  equation  of  one  of  the  curves  whose  intersections 
determine  the  roots  be 

x'^  s  By. 


*\ 
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That  of  the  other  will  he,  when  i*  >  0, 

y'  +  JT*  +  ~jx  =  0. 

The  fanner  is  the  equation  of  a  parabola  whose  vertex  ii 
at  the  angia,  whose  axis  is  ay,  and  whose  parameter  is  B 


The  latter  is  a  drcle  passing  through  the  orig^  with  its 

centre  on  the  axis  of  ;c  at  the  distance  —  ;r— ,.  Therefore  let 
2b' 

a  parabola  be  desciibed  with  the  vertex  a,  the  axis  ay,  and 

the  principal  parameter  b;  and  a  circle  with  the  radius 

c* 
CA  =  —  s~i'    1^  point  of  intetaection  p  gives  the  root  of 

the  proposed  equation.  The  pcnnt  a  gives  the  root  x  =  0, 
which  was  introduced  bj  multiplying  by  x.  The  other  two 
roots  must  in  this  case  be  impoBedble.  The  circle  will  Ue  on 
the  negative  or  poutive  dde  of  the  <^^,  according  as  c'  is 
poutive  or  native;  and  theisfbre  the  real  root  will  in  the 
one  case  be  negative,  and  in  tlic  other  posiliYe. 
If  B"  <  0,  ^e  second  equation  fa 
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x  =  0. 


This  is  the  equation  of  an  equilateral  hyperbola  whose 
vertex  is  the  origin,  and  whose  transverse  axis  is  the  axis 

of  d?. 


Let  AC  =  5— J  =  ca',  and  with  the  vertices  aa'  let  an 

equilateral  hyperbola  be  described,  the  points  p,  p',  p'',  give 
the  roots  of  the  proposed  equation. 

The  centre  of  the  hjrperbola  lies  on  the  positive  or  ne* 
gative  side  of  a,  as  c*  >  0  or  <  0.  If  c  lie  on  the  positive 
side  of  a,  there  must  be  one  point  of  intersection  on  the 
negative  side ;  and  if  c  lie  on  the  negative  side,  there  must 
be  one  point  of  intersection  on  the  positive  side.  Hence  the 
equation  must  have  one  real  root  having  the  sign  contrary 
to  that  of  c'. 

Supposing  both  parts  of  the  hyperbola  to  intersect  the 
parabola,  the  roots  will  be  real  and  unequal  rand  two  will 
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be  positive  and  one  negative  if  c'  >  0,  and  two  negative 
and  one  positive  if  c^  <  0. 

If  the  parabola  and  h}rperboIa  touch,  there  will  be  two 
equal  roots. 

If  one  of  the  branches  of  the  hyperbola  does  not  meet  the 
parabola,  two  of  the  roots  of  the  equation  arc  impossible. 

PROP.  ccxc. 

(584.)  To  construct  the  roots  of  an  equation  of  tliejburth 

degree. 

Since  the  second  term  may  always  be  removed  by  a 
transformation,  the  equation  can  always  be  brought  to  the 
form 

ar*  +  B«a:«  +  c^x  +  d*  =  0. 

Let  one  of  the  curves  be  the  parabola  represented  by  the 

equation  x^  =  By, 

which  being  substituted  for  x^y  gives  for  the  equation  of  the 

other  when  b*  >  0, 

c*  D* 

y»  +  a:«  +—*+—=  0. 


C»  D* 


And  when  b*  <  0, 

y»  -  x«  +  -^x  +  -^  =  0. 

1.  Let  B^  >  0.     The  parabola  being  constructed  as  in 
the  last  proposition,  let  a  circle  be  described  with  its  centre 

at  c  on  the  axis  of  a?  at  the  distance  ac  =  —  — ,  and  with 


yc6        D* 
-r-\ 5"-     As  this  circle,  from  its  po- 
rtion, cannot  intersect  the  parabola  in  more  than  two  points, 
there  can  be  only  two  real  roots  to  the  equation  in  this 


case. 


«M 
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If  the  cirde  touches  the  paraboki  the  two  roots  are  equal ; 
and  if  it  does  not  meet  it,  they  are  impossible. 

If  CB  >  CA,  the  drcle  must  intersect  the  parabola,  there- 
fore in  this  case  the  roots  must  be  real ;  they  will  also  have 
in  this  case  difiFerent  ogns :  this  necessarily  happens  when 
the  last  term  in  the  given  equation  is  negative. 

2.  Let  B^  <  0.  The  equation  of  the  second  curve  is 
in  this  case  that  of  an  equilateral  h}rperbola,  its  centre  is  on 

the  axis  of  x  at  the  distance  —  ^  from  the  ori^n,  and  its 


.     .    .        /?       i? 

semiaxis  is     It-. j. 

V  4b*     b* 


This  curve  being  constructed  as  in  the  annexed  figure, 
gives  the  roots  required. 

The  observations  made  in  the  other  cases  as  to  the  real, 
equal,  and  ima^nary  roots  apply  here  also.  It  is  evident 
Ihat  since  the  hyperbola  may  intersect  the  parabola  in  four 
points,  all  the  roots  may  be  reaL  Also  it  is  plain  that  in 
this  case  one  of  them  at  least  must  be  negative,  and  two  at 
least  positive. 
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Since  one  or  both  branches  of  the  hyperbola  may  touch 
the  parabola,  there  may  be  one  or  two  pairs  of  equal  roots, 
and  nnce  neither  branch  may  meet  it,  all  the  roots  may  be 
imposable. 


PROP,  ccxci. 

(585.)  Tofini  a  cube  wTUch  shall  bear  a  given  ratio  to  a 

given  cube. 

This  problem  is  in  effect  to  construct  the  equation 

x^  —  ma?  =  0. 
Let  it  be  multiplied  by  x,  and  we  find 

a?*  —  ma^x  =■  0. 
Let  one  of  the  curves  whose  intersection  is  to  dctermiiie 
the  roots  be  the  parabola 

x'  =  ay. 
This  being  substituted  in  the  above  equation,  gives 

y*  =  max. 
Hence  the  root  is  determined  by  the  intersection  of  two 
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parabolas  having  a  common  vertex,  and  their  axes  at  right 
angles,  and  whose  parameters  are  in  the  given  ratio. 

PROP.  CCXCII. 

(586.)  To  find  two  mean  proportionals  behveen  two  given 

lines. 

Let  the  given  lines  be  a,  &,  and  the  sought  means  y  and 
«•    Hence  aiy  ix  :by  and  therefore 

±*  =z  by. 
Hence,  if  two  parabolas  be  described  having  a  common 
vertex  and  their  axes  at  right  angles,  and  whose  parameters 
are  equal  to  the  two  given  lines,  the  co-ordinates  of  their 
point  of  intersection  related  to  their  axes,  as  axes  of  co- 
ordinates, are  the  sought  means. 

FHOP.  CCXCIII. 

(587.)  To  trisect  an  angle. 

Let  A  be  the  given  angle.     By  trigonometry, 
COS.*  yA  —  ^  COS.  yA  —  ^  cos.  A  =  0 ; 
which  by  supplying  the  radius  r,  and  representing  cos.  j-A 
by  Xy  becomes 

4r*  —  3r*^  —  r*  cos.  a  =  0 ; 
which  multiplied  by  or,  gives 

4x*  —  3r*a;'  —  r*  cos.  a  .  a  ==  0. 
Lot  the  equation  of  one  of  the  curves  be 

^^  =  ry, 
and  the  other  by  substitution  will  be 

%2  ^Qry  -9.  COS.  ax  =  0. 
The  former  is  the  equation  of  a  parabola,  the  axis  6^ 
which  is  the  axis  of  ^,  the  origin  the  vertex,  and  the  prin- 
cipal parameter  equal  to  \-r. 
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•    The  latter  is  also  a  parabola,  the  equation  of  its  axis  is 
y  =  ^r,  and  the  coordinates  of  its  vertex  are  y  =  \ry 

ar  =  —  -^ ,  and  its  principal  parameter  is  cos.  A. 

These  parabolas  being  described,  their  points  of  inter- 
section give  the  roots  of  the  equation.  The  intersection 
at  the  origin  gives  the  root  j?  =  0,  which  was  introduced 
by  the  multiplication  by  x. 

The  equation  having  more  than  one  real  root,  it  might 
appear  that  there  were  more  values  than  one  for  the  tliird 
of  the  given  angle.  But  upon  examining  the  process,  it 
will  be  seen  that  the  question  really  solved  was  not  to  find 
an  angle  equal  to  the  third  of  a  given  angle,  but  to  find 
the  cosine  of  an  angle  which  is  the  tliird  of  an  angle  whose 
cosine  is  given.     Since  then  the  arcs 

A, 

9flt  —  A,  2t  +  A, 
4ir  —  A,  4*  +  A, 
Gr  —  A,    Gr  +  A. 

And  in  general  all  arcs  which  come  under  the  general 
formula  9mi'ic  +  a  have  the  same  cosine,  the  question  really 
solved  is  to  find  the  cosine  of  the  third  of  any  of  these  arcs. 
And  here  again  another  apparent  difficulty  arises.  If  the 
number  of  arcs  involved  in  the  question  be  unlimited,  shall 
there  not  be  an  unlimited  number  of  values  for  the  cosine 
of  the  third  parts  of  these  ?     To  account  for  this  it  should 

^tn  A 

be  considered  that  in  general  the  arc  -^  +  -^  must  have 

the  same  cosine  as  some  one  of  the  three  arcs, 

for  the  number  jr-  must  be  either  of  these  fonus»  n^  n  +  | , 


<v  *  +  T9  ^hc>^  n  is  an  integer.    If  it  haye  the  fonn  fif 
that  is,  if  8  measure  fit,  then 

-j-r  ±  4.A  =  Sfwr  ±  A ;  therefore 

COS.  -^-*  ±  |A  =  COS.  (xwr  +  ^a)  =  COS.  y a. 
If  it  have  thefimn  n  +  t9 

-gpr  ±  yA  =  2nir  +  y»  ±  |A ;  therefore 

0/gmm 

COS.  -g-*  ±  ^A  =  COS.  (2nr  +  ^^r  +  ^a)  =  cos.  |(2r+A). 
If  it  have  the  form  n  +  y ; 

2  .  a"''  ±  f  A  =  ^^*  +  T*  ±  yA  ;  therefore 

COS.  &±|A)  =  co8.(2„*  +  ^p±^)  =  cos.4<4r±A). 

V 

And  hence  it  follows  that  the  cos.  ( -^  +  a),  whatever  be 

the  value  of  iti,  must  be  equal  to  one  or  other  of  the  quan- 
tities 

COS.  "j-Aj 

cos.  ^(2*  —  a), 

COS.  -f  (4fir  —  a), 
which  correspond  to  the  three  roots  of  the  cubic  equation 
already  found. 

PROP,  ccxciv. 

(588.)  To  resolve  the  formula  x*  +  aT  into  its  simple  foe- 

^^  ^  geometrical  construction. 


Let  X  •=z  a  (cos.  9  +  V  —  1  .  an.  <p),  and  since  by  tri- 
gonometry, 

(cos.  <f>  -I-  \/  —  1  sin.  <}>)"•  =  cos.  m<^  +  y'  —  1  sin.  m<^ ; 
it  follows  that 
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«*  =  a*  (cos.  m^  -f  a/  —  1  sin  niif). 
Hence  subtracting  a"  from  both  members, 

jr«  —  a*"  =  a*  (cos.  nup  +  V  —  1  sin.  wif  --  1.) 
The  question  then  is  to  find  the  factors  of 

COS.  m^  +  V  —  1  sin.  iw^  —  1, 
which  will  be  found  by  investigating  the  values  of  f  whicli 
satisfy  the  ecjuation, 

cos.  nisf^  4-  V  —  1  sin.  ruip  —  1=0. 
This  condition   can  only  be  fulfilled  by  the  real  and  im- 
possible parts  being  separately  equal   to  nothing,  which 
gives 

cos.  m<p  —  1=0, 

y/  1  sin.  7/I<f>  =  0. 

And  hence  cos.  wif  =  1,  •/  fw<{>  =  ^nir*  *.•  <f>  =  n— . 

m 

Hence  the  factors  sought  are  found  by  supposing  n  in  the 
formula 

ar  —  a  J  cos.  n- 1-  -v/  —  1  sin.  n  ^^  > , 

c  m  m  > 

successively  to  assume  tlie  values,  0,  1,  2,  3,  .  .  .  .  7?i  —  1, 

which  give 

X  —  a, 

S           Qjt    ^       —r  ,       2ir  } 
X  —  ai  cos.  -f  v^  ■"  *  sni.  —  ^ 

X  ^  a)  cos. 1- V  — 1  sin. —  i 

I  in  my 

c  (w         , — q    .      6ir  > 

x  ^  ai  cos.  +  V  — 1  sm.  —  > 

I  m  my 


c  2Te  2ir  > 

^  —  a  )  cos.  (m  —  2) —  +  V— 1  sin.  («?i  —  2) —  ^ 
^  wi  m  ^ 

C  ,v2*  -— ■   .     .  ,2*  J 

JT  — a  Jcos.  (w— 1)—  +/-1  sm.  (m  -  1)— ^ 


V 


S90 


ALGEBRAIC   ttEOMETEY. 


After  tills  factor  the  values  recur ;  for  if  71  =  m, 

COS.  n  —  =  COS.  j&r  =  1,  and  sin.  n  —  =  sin.  2*  =  0, 
m  m 

which  gives  x  -^  a,  which  is  the  same  as  the  first  factor,  and 

in  like  manner  every  succeeding  factor  would  be  only  a 

repetition  of  the  former  one.  These  therefore  are  the  simple 

factors  of  x'*  —  a"*.  Their  forms  may  be  somewhat  modified 

by  observing  that 

cos.  (m  —  1)  —  =  cos.  — , 

m  tn 

sin.  (wi  —  1)  —  =  —  sin.  — , 
^  ^  m  m 

2ir  4 

COS.  (m  —  2)  —  =  cos.  — , 

sin.  (m  —  2)  —  =  —  sin.  — , 


and  therefore  omitting  the  factor  .r  —  «,  the  scries  of  re- 
maining factors  will  be 


Or-  Oi-   -V        \ 


.r  —  a  \  cos.  —  4-  \/  —  1  sin.  — 
(  m  m 


4?r 


X  —  a  y  COS.  -^  +  x/  —  1  sm.  -^^ 


X  —  a  )  COS. 


m 


&i: 


+  v/  — 1  sin.  — 
m  m 


X  — 


X  — 


X  — 


a  \  COS.  — 

i  m 

a  }  COS.  — 

a  I  COS.  — 

(.  m 


-  ^z— 


-  v/- 


-  a/- 


1  sm.  — 

1  Sin.  — 

1  sin.  — 
m 


)(B) 


^ 


\ 


^ 


ALOEBBAIC   CKOMETBT. 


891 


If  m  be  odd,  and  therefore  (m  —  1)  even,  we  find,  by 
multiplying  tlie  extreme  terms  of  this  series  and  every  pair 
of  terms  equidistant  from  them,  this  series  of  real  qua- 
dratic factors, 

m 


j?«  — 2a  COS. 


a:  +  a' 


4V 

jr*  —  2a  COS.  —  .  X  -\-  a^ 

m 

or-  —  2a  COS.  —  .  or  +  a* 

m 


1 


;(C) 


x^  —  2a  COS. 


It 
m 


.  ;r  +  a' 


Therefore  in  this  case  tlie  real  factors  of  o:^  —  cT  are 
(j  —  a)  and  the  above  scries  of  quadratic  factors ;  all  the 
simple  factors  except  (x  —  a)  being  impossible. 

If  m  be  even,  and  therefore  (w  —  1)  odd,  after  multiply- 
ing the  extreme  terms  of  the  series  (b)^  and  also  every  piur  of 
terms  equidistant  from  them^  a  solitary  term  will  remain  in  the 

2ir  .        .  ,  m 

middle.     The  coefficient  of  —  in  this  term  will  be  -77-,  and 

in  2 

therefore  the  term  will  be 


X  —  a{cos.  It  +  V  —  1  sin.  *|  =  x  +  a. 
Hence  in  this  case  x^  —  a'*  has  two  real  simple  factors  x  —  a 
and  j:  +  a ;  all  the  other  simple  factors  being  impossible.   It 
has  also  the  real  quadratic  factors  expressed  in  the  series  (c). 
These  results  may  be  thus  expressed. 
P.  If  m  be  odd, 

j;«  —  a"*  =  (JT  —  a)  (a:*  —  2a  cos.  — x  +  a*) 


f/i 


2*  21* 

(.r«  —  2a  COS.  2  —  .  x  +  a"^)  (ar«-2fl  cos.  3  -77  . a:  +  a«). . . 


m 


m 


(«*  —  2a  COS.  — X 


m-1     2«' 


m 


.  X  +  a*). 


v2 
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2^.  If  fit  be  even, 


2ir 


ar«  —  a"*  =  (a:  —  fl)  (a:  +  fl)  (x*  ~  2fl  cos.  -^^—  H-  a') 

21*  2ir 

(a:«  —  2acos.  2-^^.T  +  a«)  (jr*-2a  cos.  3-:;::-.x  +  a-)... 


HI 


97t 


(j7*  —  2a  cos.  — g-  .  -:;^  +  a*). 


m 

To  represent  these  factors  geometrically,  let  a  circle  be  de- 
scribed with  the  radius  ca  =  a,  and  let  cp  =  x,  and  let  the 
drcumference  be  divided  into  2m  equal  parts  at  the  points 

A,  Ai,  A«,  •  .  •  A2m— 1,  and  let  PA  =  Xo,  PAj  =  XTi,  PAg  =  Zaj  ••  • 

^^am^i  =  ^am^v     Hence, 
Zo  =  a:  —  a, 

21* 
xj  =  a?«  —  2a  cos.  -^^  .  a:  +  a% 

97t 


;rj  =  a:*  —  2j  cos. 


4«' 


m 


.  X  +  «*, 


29 


If  w  be  even,  one  of  the  points  of  division  will  coincide 
with  B,  so  PR  =  .r  +  a  =  z^„,.  Since  ;:;,  =  z.^^iy  z,  =  Z2„,^, 

Zj  =  ;32m-xj*  .  .  .  .  wc  find 

2'ir 
!^r^2m-2  =s  jt"  —  2a  cos.  -^  .  .r  +  a«, 

V2m-4  =  ar^  —  2a  COS.  —  .  a:  +  a^. 


I 
^ 
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Hence  in  general, 

/mM  ^^   />"    —     ijf        fif         rf        m*  <v 

•^  **       —   *0»  ^ii  **^f  *'6    •     •    •     •    '^2W— »• 

To  find  the  factors  of  of"  +  a"*,  it  is  necessary  to  proceed 
in  a  similar  manner,  which  will  give 

ic»  +  a*"  =  a**  (cos.  m<p  +  ^/  —  i  sin.  m<}>  +  1)« 
Therefore, 

COS.  wi^  +  1  =  0, 

sin.  m<{>  =  0, 
which  gives  9  =  = ,  the  result  of  which  is 

X  =  a  (cos. +  \/  —  1  8in« ), 

m  m 

n  being  supposed  successively  to  assume  the  values,  0,  1,  S^ 

•  .  .  97t  —  1  as  before,  the  umple  factors  will  be 

X  •-  a  (cos.  —   +  V— 1  sin.  — ), 
m  m 

ar         _-  .     ar, 
X  —  a  (cos.  —  +  V  —  1  sin.  — ), 
^         fit  •» 

ftr  — =-  .      &r  . 

a:  —  a  (cos.  —  +  V  —  1  sm.  — ), 


or  beginning  with  n  =  m  —  1,  &c.  the  series  will  be 

It  —     .  IB* 

X  —  a  (cos.  —  —  a/— 1  sin.  — ), 
m  m 

3r  _.   .     3r 

jr  —  a  (cos.  —  —  V  —1  sm.  — ), 

BfC  — -   .      Bt 

X  —  a  (cos. V  —  1  sm.  — ), 

in  tn 


And  by  uniting  the  extreme  factors  and  those  equidistant 
from  them,  we  find 
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X*  +  a*  =  (o:*  —  Saoos.  — .  x  +  a*) 

(i?«  —  2fl  COS.  —  .  j:  +  a«)  (j«  —  2a  cos.  ■ — .  a?  +«')... . 

The  last  factor  being  simply  x  +  a  when  m  is  odd,  and 

_  (fn— l)ir  ^     ,  .  , 

a:*  —  2a  cos. ^- .  «  +  ^    when  m  is  even ;  the  num- 

m 

ber  of  real  quadratic  factors  being  in  tlie  former  case 

— 3—,  and  in  the  latter  -3-. 

As  before,  let  the  circumference  of  the  drcle  with  the 
radius  a  be  divided  into  2m  equal  parts,  and  the  lines 
drawn  from  a  point  f  at  the  distance  x  from  the  centre 
to  the  sucoes^ve  points  of  division  being  denominated  as 
before, 

«*  =  j;«  —  2a  cos.  —  ,  X  +  aK 

ir*  =  0?*  —  2a  COS.  — x  +  a*, 

«•  =  a:*  —  2a  cos.  — x  +  a*. 
*  m 


And  since      ;r,  =  z„^i,  z,  =  2,„_j,  &c. 

a:*"  -f  a"*  =  2,  .  jsr,  .  ar^ 

(589.)     Cor.  1.  The  formula, 

ar  =  a  (cos.  2n  .  —  +  ^/  -  1  sin.  2n  — ), 

is  a  general  formula  for  the  mth  roots  of  a*". 

(690.)     Cor.  2.  The  with  roots  of  unity  are  expressed  by 
the  formula, 

cos.  %n H  v'  —  1  sin.  2n  — • 

in  m 

(591.)     Cor.  3.  If  a  =  1,  this  proposition  gives  tlie  reso- 
lution of  x^  —  1  into  its  simple  factors. 
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SECTION  xxr. 

Of  tM  general  properties  of  algebraic  curves. 

(592.)  As  every  equation  between  two  variables  may  be 
conceived  to  generate  a  curve,  the  variety  of  curves  are  as 
infinite  as  the  variety  of  the  equations  by  which  tliey  are 
represented.  The  classification  of  curves  therefore  should 
1)6  conformable  to  that  of  equations;  and  as  the  first  and 
principal  division  of  equations  is  into  algebraical  and  tran- 
scendental,tlie  cur\'es  represented  by  them  have  been  similarly 
divided  and  similarly  denominated.  An  equation  between  two 
variables  (^.r)  is  called  an  algebraical  equation  when  it  is 
reducible  to  a  finite  series  of  terms  involving  only  factors  of 
the  variables  {yx)  with  integral  and  positive  exponents. 
An  equation,  which  is  not  reducible  to  such  a  series,  or 
which,  when  reduced  to  a  series  of  such  terms,  will  consist 
of  an  infinite  number  of  terms,  is  called  a  transcendental 
equation.  Accordingly,  the  two  principal  classes  of  curves 
are  algebraic  and  transcendental.  Thus  the  Icmniscata, 
whose  e(][uation  is 

y*  +  2y-a:*  +  a'*  +  a^y"  -  a'x*  =  0, 
is  an  algebraic  curve.     The  logarithmic  and  tlic  cycloid 
whose  equations  are 

^/  =  «j 

V  —  /•  —  r  COS.  -^ — =^  =  0, 

•^  r 

are  transcendental  curves,  for  they  would,  if  resolved  to  a 

series  of  integral  and  positive  |X)wers  of  y  and  .r,  consist  of 

an  infinite  number  of  terms.      From  the  nature  of  tran- 
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aoendental  equations,  it  is  impossible  to  form  any  regular 
das^cation  of  the  curves  they  represent.  They  possess  no 
generic  properties,  and  the  peculiar  properties  of  each  curve 
may  be  investigated  by  the  rules  already  established.  This, 
however,  is  not  the  case  with  algebraic  curves.  The  means 
of  their  classification  are  obvious ;  they  possess  general  pro- 
perties which  may  be  discovered  from  the  nature  and  pro- 
perties of  general  algebraic  equations,  as  well  as  those  di- 
stinctive and  peculiar  properties  which  characterise  each 
subordinate  species,  and  are  derivable  from  its  particular 
equation. 

In  a  classification  of  equations,  with  a  view  to  a  cor- 
responding classification  of  the  curves  represented  by  them, 
we  should  use  such  a  means  of  distinction,  as  that  equations 
coming  under  different  classes  may  not  represent  the  same 
curve. 

Thus,  for  example,  if  the  equations  were  classed  according 
to  the  number  of  their  terms,  the  equations, 

y*  H-  a?*  =  r% 
y*  +  X*  -  2rx  =  0, 
would  come  under  different  classes,  and  yet  they  represent 
equal  circles.  Such  a  distinction  between  the  classes  of 
equations  must  theiyfore  be  adopted  as  will  prevent  the 
possibility  of  the  same  curve  coming  under  two  different 
classes.  We  shall  find  this  distinction  by  investigating  how 
the  transformation  of  co-ordinates  affc^cts  an  equation ;  for  as 
this  never  affects  the  curve  represented  by  the  equation,  any 
quality  in  tlie  equation  which  is  changed  by  this  operation 
cannot  be  used  as  a  distinction  of  classes ;  and,  on  the  other 
hand,  any  quality  which  the  transformation  does  not  affect, 
is  a  fit  one  for  the  purpose.  The  formulae  expressing  the 
co-ordinates  of  a  point  relatively  to  one  system  of  axes, 
as  a  function  of  those  relatively  to  another  being  of  the  first 
degree,  cannot  make  any  change  in  the  degree  of  the  equa- 
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tion  in  which  they  are  introduced.  They  may  change  the 
values  of  its  co-efficients  or  its  number  of  terms^  but  can 
never  change  its  degree.  Hence  it  is  that  algebraical  equa- 
tions between  two  variables  are  classed  according  to  their 
dimensions,  and  the  lines  represented  are  accordingly  de- 
nominated lines  of  the  first  or  second  or  mth.  degree.  The 
degree  of  an  equation  is  marked  by  the  sum  of  the  ex- 
ponents of  the  variables  in  that  tenn  in  which  it  is  highest. 
Thus, 

x^y  +  bx^  +  cf-  +  di/  +  ex  +J'=  0, 
is  an  equation  of  the  third  degree,  and  represents  a  curve  of 
the  third  degree. 

(593.)  Newton,  in  his  classification  of  lines,  made  a 
distinction  which,  however,  is  now  nearly  abandoned.  Con- 
sidering that  equations  of  the  first  degree  represent  only 
right  lines,  and  those  of  the  superior  degrees  curves,  he 
designates  the  order  of  a  line  by  the  degree  of  its  equation. 
According  to  him,  equations  of  the  second  degree  represent 
lines  of  the  second  order ^  those  of  the  third  degree^  lines  of 
the  third  order,  &c.  He  divides  curves  into  kinds  or 
genera^  and  denominates  Vmes  of  the  second  order,  curves  of 
the  first  kind,  lines  of  the  third  oi^dcr,  curves  of  the  second 
kind,  &C.  This  distinction  is,  however,  now  out  of  use, 
and  we  say  lines  or  curves  of  the  second  degree  or  order 
indifi\}rently. 

(594<.)  The  manner  in  which  the  equation  of  a  curve  in- 
dicates the  different  peculiarities  of  its  course  has  been  al- 
ready fully  explained.  By  the  principles  which  have  been 
estabhshed,  the  different  sinuosities  and  inflexions  of  any 
line  will  appear  as  plainly  by  its  equation  to  the  eye  of  the 
analyst,  as  if  they  were  traced  on  a  diagram,  and  actually 
exhibited  to  the  senses.  And,  indeed,  more  plainly,  as 
several  pecuUarities  of  a  curve  may  be  developed  in  the  dis- 
cussion of  its  equation,  which  would  escape   the   utmost 
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Hgacity  of  the  descriptive  geometer.  These  prind|des 
enable  us  to  follow  the  course  of  any  particular  curve  by  its 
equation ;  but  there  are  some  geueral  properties  of  algebraic 
curves,  arinng  from  different  principles,  which  have  not  yet 
been  noticed. 

(595.)  A  general  algebraic  equadon  of  the  nth  order  is 
one  which  includes  terms  in  which  the  Tariables  are  in- 
volved in  every  variety  of  dimensions  not  exceeding  n.  A 
method  of  determining  the  terms  of  a  general  equation  of 
any  proposed  order  has  been  given  by  Newton. 

He  supposes  the  space  included  within  a  right  angle,  whose 
ades  are  horizontal  and  vertical,  to  be  subdivided  into 
•quarea  by  parallels  to  the  ^des.  In  the  first  horizontal 
row  of  squares  the  succesnve  powers  of  x,  scil.  1,  x,  x\  x^, 
&C.  are  inserted,  and  in  the  first  vertical  column  the  powers 
of  jfj  sciL  1,  y,  y',  &c.  are  inserted.  Let  such  dimensions 
of  X  and  y  be  inserted  in  the  other  squares,  that  each  hori- 
zontal row  shall  contain  the  same  dimensions  of  x,  and  each 
vertical  column  the  same  dimensions  of  ^,  so  that  the  whole 
will  stand  thus : 


"1 

,    ^'  \  ^ 

jf 

J-' 

i" 

- 

- 

X"-' 

X" 

JL 
a' 

S' 

a-" 

y''  1  y 

.V^ 

f 

J,.,--' 

,,v 

!/V 

V"..' 

y.r-' 

y'^ 

yj7' 

„V 

,A' 

V'x- 

■A- 

,yV-' 

V-a- 

gV 

v-^- 

•/•'• 

T 

T 

y.- 

'/'■'■• 

.vv 

y'x— 

V>i- 

^ 

yt 

If 

^ 

,jV 

</'"' 

<;,— 

V'^- 

- 

y^ 

■ 

. 

- 

,-v- 

y^'' 

V-'r- 

y-.' 

./-..r- 

y-.r' 

,./-v 

V— X- 

r 

l.V- 

a''' 

.v.- 

/->* 

,V.r> 

.,v. 

V".r'-'  1  i/".r' 

Thus  each  vertical  column  consists  of  regularly  increasing 
powers  of  y  multiplied  by  the  same  power  of  x,  and  each 
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horizontal  row  consists  of  regularly  increasing  powers  of  x 
multiplied  by  the  same  power  of  ^.  By  reading  the  vertical 
columns  suocesnively,  and  supplying  the  co-effidents,  the 
terms  of  a  general  equation  ordered  according  to  the 
dimensions  of  x  will  be  found ;  and  by  reading  the  hori- 
zontal rows,  the  terms  of  an  equation  arranged  by  the 
dimensions  of  y  will  be  found.  By  reading  it  diagonally, 
the  terms  of  an  equation  arranged  by  the  dimenuons  of 
both  variables  are  obtained.  This  method  is  called  the 
anab/tical  parallelogram.  As  an  improvement  on  this, 
De  Gua  proposed  converting  the  parallelogram  into  a  tri- 
angle, thus : 


which  is  called  the  analytical  triangle.  This,  when  read 
horizontally,  the  co-efHcients  being  supplied,  will  give  a 
general  algebraic  equation  arranged  by  the  dimensions  of 
both  variables ;  and  when  read  parallel  to  either  side,  will 
give  one  arranged  by  the  dimensions  of  cither  variable. 
The  first  two  horizontal  rows  give  the  general  equation  of 
the  first  degree,  the  first  three  that  of  the  second  degree^ 
and  the  first  (n  +  1)  horizontal  rows  pwc  the  general 
equation  of  the  nth  degree. 
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(596.)  An  obvious  conclusion  from  this  arrangement  is, 

that  the  number  of  terms  in  a  general  equation  of  the  nth 

degree  is  the  sum  of  an  arithmetical  series,  whose  first  term 

and  common  difference  are  each  unity,  and  whose  number 

of  terms  is  n  +  1.     Hence  the  number  of  terms  in  the 

.      .   (n+l)(w4-2) 
equation  is ^ . 

The  enUre  number  of  constant  quantities  in  any  equation 
is  the  same  as  its  number  of  terms.  But  this  number  may 
always  be  diminished  by  one  by  dividing  the  whole  equation 
by  any  one  co-efficient,  and  from  this  it  appears,  that  if  two 
equations  of  the  same  degree  have  their  corresponding  co- 
efficients proportional,  they  will  be  in  effect  identical;  for 
by  dividing  each  by  the  co-efficient  of  the  same  term,  the 
new  co-efHcients  will  become  equal.  The  number  of  de- 
terminate and  distinct  co-efficients  in  a  general  algebrmc 
equation  of  any  degree  is  therefore  one  less  than  the  number  of 
terms,  and  therefore  the  number  of  determinate  co-efficients 

in  a  general  equation  of  the  »th  degree  is  — 5 — . 

(597.)  In  the  classification  by  the  degrees  of  the  equations 
it  should  be  observed,  that  although  tlic  angle  of  ordination 
does  not  affect  the  class  of  a  curve  nor  its  generic  properties, 
yet  that  different  curves  of  the  same  class  may  be  generated 
by  the  same  equation  related  to  systems  of  axes  of  different 
inclinations.     Thus,  for  example,  the  equation 

3/«  4-  ^*  -  r*  =  0 
always  represents  an  ellipse,  whatever  be  the  angle  of  or- 
dination ;  but  the  eccentricity  of  the  ellipse  represented  by 
it  will  be  a  function  of  the  angle  of  ordination.  If  the  co- 
ordinates be  rectangular,  the  locus  is  a  circle ;  if  otherwise, 
the  axes  of  co-ordinates  coincide  with  tlie  equal  conjugate 
diameters  of  the  ellipse  represented  by  the  equation.  Thus 
it  appears,  that  the  peculiar  properties  of  the  individual 
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curve  represented  by  any  equation  are  affected  by  the  axes 
of  co-ordinates  by  which  the  equation  is  constructed;  but 
the  class  to  which  the  curve  belongs  is  still  the  same. 

(598.)  It  should  also  be  obser\'ed^  that  it  does  not  follow 
that  every  equation  represents  a  curve  of  the  order  deagnated 
by  its  degree.  If  an  equation  of  the  nth  degree  can  be 
resolved  into  two  or  more  rational  factors  of  inferior  degrees, 
it  no  longer  represents  a  curve  of  the  order  expressed  by  its 
dimensions.  In  this  case  the  equation  is  equivalent  to  two 
or  more  equations  of  inferior  degrees,  and  instead  of  repre- 
senting one  curve  of  the  degree  expressed  by  its  dimensions, 
represents  a  number  of  curves  of  inferior  degrees,  whose 
equations  are  expressed  by  the  rational  factors  into  which  the 
given  equation  can  be  resolved.  Examples  of  this  occurred  in 
the  discussion  of  the  general  equation  of  the  second  degree. 
It  was  there  shown  that  in  some  cases  the  equation  repre- 
sented two  right  lines,  and  in  that  case  the  equation  is  the 
product  of  two  equations  of  the  first  degree.  Thus,  under 
the  conditions 

B«  —  4ac  >  0, 

AE-  +  CD^  +  B«F  —  BDE  —  4aCF  =  0, 

the  equation  was  found  to  represent  two  right  lines  ex- 
pressed by  the  equations, 

Bjr  +  D-f  (J^— -c')  x/b'-  — 4ac 
^  = 21. ' 


(BX  +  D)  -  (X—x")  M^B--  4ac 
y= . 

.   -  BD  — 2aE 

In  which  r  =  -      — .    If  these  equations  be  arranged 

thus, 

(2\y  H-  bo;  +  d)  -  (j:  -  ^Vb^  —  4ac  =  0, 
(2a^  +  bx  +  d)  +  (a:  —  a:')  v^b'^  --  4ac  =  0; 
and  multiplied  together,  and  the  result  divided  by  4a,  and 
arranged  by  the  dimensions  otx  and  y^  it  will  become 
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BOB  — AE*  — CD* 
Ay  -hBXJ/  -^   CX*  +  Dy  +  EX  +    STTiX^ =  ^i 

but  by  the  given  condition, 

BDE— AE*  — CD* 

b*-4ac       ""  ^' 

which  reduces  the  equation  to  the  fonn  of  the  general  equa- 
tion of  the  second  degree. 

(599.)  In  order  therefore  that  an  equation  of  any  pro- 
posed degree  should  represent  a  curve  of  the  same  degree,  it 
should  not  be  capable  of  being  resolved  into  rational  factors 
of  inferior  degrees.  If  the  equation  can  be  resolved  into 
two  or  more  such  factors,  it  will  really  involve  two  or  more 
equations,  each  of  which  will  represent  a  peculiar  curve. 
Such  equations  then  do  not  represent  one  curve  but  several, 
which  have  no  other  connexion  than  that  their  equations  are 
multiplied  together.  A  system  of  different  lines  thus  repre- 
sented by  one  equation  is  called  a  complex  curve.  An 
equation  of  the  second  degree  may  represent  a  complex  line 
composed  of  two  right  lines.  One  of  the  third  degree 
may  represent  a  complex  line  composed  of  three  right 
lines,  or  of  one  right  line  and  a  line  of  the  second  de- 
gree. And  in  general,  an  equation  of  the  Tith  degree 
may  represent  a  system  of  n  right  lines,  or  a  line  of  the 
second  degree,  and  n  —  2  right  lines,  or  any  number  of 
lines  of  inferior  degrees,  the  sum  of  whose  exponents  docs 
not  exceed  n.  It  should  be  observed  also,  that  in  some 
cases  the  factors  of  the  equation  may  be  impossible :  such 
factors  represent  no  loci. 

It  may  also  happen  that  two  or  more  factors  may  be 
identical,  or  that  all  the  factors  may  be  identical.  In  the 
former  case,  the  sum  of  the  exponents  of  the  different  lines 
which  the  equation  represents  will  be  less  than  the  exponent 
of  the  degree  of  the  equation  itself.    In  the  latter  case,  the 
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equation  being  a  complete  power,  will  only  represent  one 
line,  whose  equation  will  be  the  root  of  that  power. 

The  student  will  probably  form  clearer  ideas  of  these 
general  principles  from  an  example.  An  equation  of  the 
fifth  degree,  not  resolvable  into  rational  factors  of  inferior 
degrees,  will  represent  one  continued  line  of  the  fifth  order. 
If  it  be  resolvable  into  two  equations  of  the  first  and  fourth 
degree,  it  will  represent  a  right  line  and  a  line  of  the  fourth 
order.  If  it  be  resolvable  into  factors  of  the  second  and 
third  degree,  it  represents  two  lines,  one  of  the  second,  the 
other  of  the  third  degree. 

If  it  be  resolvable  into  three  factors,  two  of  the  first  degree 
and  one  of  the  third,  it  represents  two  right  lines  and  a  line 
of  the  third  degree.  If  two  be  of  the  second  degree  and 
one  of  the  first,  it  represents  two  lines  of  the  second  degree 
and  a  right  line. 

If  of  the  three  factors  two  be  identical,  scil.  those  of  the 
first  degree,  it  will  represent  a  right  line  and  a  line  of  the 
third  degree.  If  the  two  identical  factors  be  of  the  second 
degree,  it  will  represent  a  line  of  the  second  degree^  and  a 
right  line. 

From  these  observations  it  appears  that  every  general 
equation  of  any  order  embraces  under  it  all  curves  whatever, 
whetlier  simple  or  complex,  of  inferior  orders.  Thus,  a 
general  equation  of  the  nth  order  embraces  under  it  every 
combination  of  right  lines  from  one  to  n;  every  com- 
bination of  right  lines  with  a  line  of  the  pth  order  from  one 
to  p,  with  a  curve  of  the  (n  —  p)th  order,  and  in  general 
every  combination  of  lines,  the  sum  of  whose  exponents 
does  not  exceed  n. 
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PROP.  CCXCV. 

(GOO.)  To  determine  the  number  of  points  through  which 
an  algebraic  curve  of  the  nth  degree  maybe  drawn. 

Let  the  co-ordinates  of  the  several  points  be  supposed  to 
be  substituted  successively  for  the  variables  in  the  general 
equation  of  the  proposed  curve.  There  will  by  these  means 
be  as  many  equations  as  there  are  points.  In  order  to  de- 
termine the  equation  of  the  curve,  it  is  necessary  to  de- 
termine its  several  co-cfficicnts,  the  number  of  which  has 

been  already  proved  to  be  — ^ — .     To  determine  these 

will  require  as  many  independent  equations.     If  there  are 

therefore  — - —  given,  these  are  sufficient  to  determine  all 

/<« 

the  constants,  and  therefore  to  determine  the  curve.     A 

curve  therefore  of  the  nth  order  may  always  be  drawn 

,         ,  w(n+3)    . 
through  — - —  given  points. 

If  there  should  be  a  less  number  of  given  points,  they 
will  be  insufficient  to  determine  all  the  co-efiicients,  and 
therefore  an  infinite  number  of  curves  of  the  proposed  order 
may  be  made  to  pass  through  tlicm. 

It  should  be  observed  that  the  equation  of  the  proposed 
order,  determined  by  the  given  points  through  which  the 
line  is  required  to  pass,  may  not  represent  one  continued 
line  of  that  order.  The  values  of  its  co-efficients,  determined 
by  those  points,  may  be  such  as  to  render  the  equation  re- 
solvable into  rational  factors ;  in  which  case,  as  we  have  seen, 
it  is  not  a  line  of  the  required  order  which  is  drawn  through 
the  given  points,  but  several  lines  of  inferior  orders.  Con- 
siderations purely  geometrical  plainly  indicate  this ;  for  if  n 
be  the  number  of  points,  they  may  all  be  on  the  same  right 
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line,  and  in  that  case  the  sought  equation  will  be  a  complete 
nth  power,  whose  root  being  extracted,  gives  the  equation  of 
the  right  line. 

The  solution  of  the  problem  to  determine  the  equation  of 

a  line  of  the  nth  order  passing  through -^-5 —  given  points 

can  never  be  impossible,  as  the  several  co-efficients  are  de- 
termined by  simple  equations. 

The  practical  solution  of  the  question  in  particular  cases 
may  be  simplified  by  assuming  axes  of  co-ordinates  passing 
through  four  or  more  of  the  given  points ;  but  in  this  case, 
what  is  gained  in  simplicity  is  lost  in  symmetry,  for  the  re- 
sulting values  of  the  sought  quantities  are  never  symme- 
trical when  one  or  more  points  are  assumed  to  have  any 
peculiar  position  with  regard  to  the  axes  of  co-ordinates. 

PROP,  ccxcvi. 

(601.)  To  find  the  greatest  number  of  points  in  which  a 
right  line  can  meet  an  algebraic  curve. 

As  the  lines  assumed  as  axes  of  co-ordinates  are  entirely 
arbitrary,  it  is  always  possible  to  assume  them  so  that  the 
equation  of  the  curve  shall  be  a  complete  equation  of 
the  nth  degree  with  all  its  terms.  In  this  case,  if  ^  =  0, 
the  resulting  equation  is  of  the  form 

Aor**  +  bj:*^'  +  cx^* MO?  -f  N  =  0. 

Each  real  root  of  this  equation  determines  a  point  where 
the  axis  of  x  meets  the  curve.  The  number  of  real  roots 
cannot  exceed  n,  and  it  therefore  follows  that  the  number 
of  points  where  the  axis  of  x  meets  the  curve  cannot  exceed 
n.  As  some  of  the  roots  may  be  impossible,  there  may  be 
a  less  number  of  points  of  intersection  than  n,  or  tliere  may 
even  be  no  point  where  the  axis  of  x  meets  the  curve  if  n 
be  even ;  as  in  that  case  all  the  roots  may  be  impossible. 

X 
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Hence  wc  find  that  every  algehraic  curve  may  be  inter^ 
seated  by  a  right  line  in  as  many  points  as  there  are  units 
in  the  exponent  of  its  order,  but  not  in  more. 

Since  a  transformation  of  the  origin  to  any  other  point  on 
the  axis  of  ^  cannot  affect  those  terms  which  are  independent 
of  ^,  it  follows  that  the  greatest  number  of  points  in  which 
a  parallel  to  the  axis  of  a:  can  meet  the  curve  is  expressed 
by  the  exponent  of  the  highest  power  of  x^  which  is  not 
multiplied  by  a  power  of  y. 

Similar  conclusions  may  be  made  with  respect  to  the  axis 
ofy. 

PROP.  CCXCVII. 

(60S.)  To  determine  the  greatest  number  of  points  in 
which  two  algebraic  curves^  tlie  exponents  qf  whose  orders 
are  m  and  n,  can  intersect. 

Let  it  be  supposed  that  such  lines  are  assumed  as  axes  of 
co-ordinates,  that  neither  of  them  shall  be  parallel  to  a  line 
joining  any  two  points  of  intersection,  and  that  therefore 
there  shall  be  distinct  values  ofy  and  x  for  each  particular 
point  of  intersection.  Suppose  y  eliminated  by  means  of 
the  equatic..3  of  the  two  curves,  the  resulting  equation  will 
give  the  values  of  x  for  the  several  points  of  intersection, 
and  from  the  manner  in  which  the  position  of  the  axes  of 
co-ordinates  has  been  assumed,  there  will  be  one  point  of 
intersection  for  every  real  value  of  x.  Since  the  equations 
from  which  y  has  been  eliminated  are  of  the  mth  and  nth 
degree,  the  resulting  equation  in  terms  of  x  only  will  be  of 
the  winth  degree,  and  therefore  the  greatest  number  of  real 
roots  it  can  have  is  equal  to  the  product  of  the  exponents  of 
the  orders  of  the  two  equations.  Hence  we  find,  that  two 
algebraic  curves  may  intersect  each  other  in  a  number  of 
points  equal  to  the  product  of  the  exponents  of  their  orders, 
but  not  in  more. 
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In  the  actual  investigation  of  the  points  of  intersection  of 
two  curves,  it  should  be  observed,  that  it  cannot  be  inferred 
that  there  are  only  as  many  points  of  intersection  as  there 
are  real  roots  in  the  equation  found  by  eliminating  y.  For 
it  may  happen  that  a  right  line  passing  through  two  or  more 
points  of  intersection  is  parallel  to  the  axis  of  ^,  and  in  this 
case  for  such  points  there  is  the  same  value  of  x.  To  iind 
all  the  points  of  intersection,  therefore,  each  real  value  of  x 
^ven  by  the  elimination  of  y  should  be  substituted  in  the 
equations  of  each  of  the  lines,  and  the  corresponding  values 
of  ^  found ;  such  of  these  as  are  real  and  unequal,  give  points 
of  intersection. 

If  y  occurs  only  in  the  first  degree  in  one  of  the  proposed 
equations,  it  is  evident  that  for  each  real  value  of  x  found 
by  the  elimination  of  y,  there  can  be  but  one  value  of  y  in 
that  equation  in  which  it  occurs  in  the  first  degree,  which 
must  be  real,  and  therefore  in  this  case  there  are  as  many, 
and  only  as  many,  intersections  as  there  arc  real  values  of  x. 

A  ^ilar  conclusion  obviously  applies  when  x  occurs  only 
in  the  first  degree. 

(603.)  Cot.  1.  If  w  >  ?i,  and  it  be  required  that  the 
line  of  the  mth  order  shall  pass  through  a  number  of  given 

points  expressed  by 5 ,  whenever  a  number  of  these 

points  greater  than  mn  are  upon  the  line  of  the  nth  order, 
the  line  of  the  mth  order  passing  through  the  required  points 
must  be  a  complex  line  composed  of  the  line  of  the  nth  order 
and  other  lines.  For  if  not,  the  two  lines  would  intersect  in 
a  greater  number  of  points  than  mn. 

(604.)  Cor.  2.  Two  lines  of  the  mth  order  can  only  in- 
tersect in  a  number  of  points  expressed  by  m*. 

(605.)  Cor.  3.     If  fn»  be  not  less  than  -^-5 — -,  or  in 

other  words,  if  nt  be  greater  than  S,  it  follows  tliat  two 

x2 
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curves  of  the  mth  order  can  intersect  in  a  greater  number  of 
points  than ^ — ,  that  is,  in  a  greater  number  of  points 

than  are  in  general  sufficient  to  determine  the  curve.  In 
this  case^  some  of  the  co-efficients  arising  from  the  given 

points  assume  the  form  -rr ,  and  are  therefore  indeterminate. 

Hence  a  number  qf  points  not  exceeding  m*  may  be  so 
placed^  that  an  infinite  number  of  curves  qfthe  mih  order 
may  pass  through  them.    This  is  generally  true;  for  if 

m  <  3  it  is  true,  because  then  m^  <         ^ — \  and  therefore 

a  number  of  points  expressed  by  m^  is  insufficient  to  deter- 
mine the  curve;  and  if  m  >  2,  it  is  true  for  the  reason 
above  stated. 


PKOP.  ccxcviii. 

(606.)  Tzoo  right  lines  intersect  each  other  and  a  curve 
qfthe  nth  order  ^  to  investigate  the  relation  between  the  conr- 
tinucd  products  qf  tJie  intercepts  qfeach  between  their  com^ 
mon  point  qf  intersection  and  the  points  where  they  re- 
spectively  meet  the  curve. 

These  right  lines  themselves  being  assumed  as  axes  of  co- 
ordinates, and  y  and  x  being  successively  supposed  =  0  in 
the  equation  of  the  curve,  the  resulting  equations  will  have 
the  forms, 

\x^  -f  RT*^*  +  caf*^^  .  .  .  .  M^  +  N  =  0, 
aY  +  ^y*"'  +  ^!y'"  .  .  .  .  M'y  -f  N  =  0. 
The  continued  products  of  the  roots  of  these  equations  are 

respectively  —  and  — p,  which  are  as  a'  :  a  ;  that  is  to  say, 

A  A  ■' 

the  ratio  of  these  products  is  the  reciprocal  of  that  of  the  co- 
efficients of  the  highest  powers  of  x  and  y  respectively,  which 
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enter  the  equations  whose  roots  are  their  factors.  Now,  as 
no  change  of  origin  can  affect  the  values  of  a  or  a',  this  ratio 
remains  the  same  for  all  systems  of  secants  parallel  to  those 
assumed;  and  hence  follows  the  general  theorem^  that.  If 
two  right  lines  parallel  to  two  right  lines  given  in  position 
intersect  a  curve  of  the  nth  order y  the  continued  products  qf 
(heir  segments  intercepted  between  their  point  of  intersection 
and  the  curve  will  he  in  a  constant  ratio. 

The  particular  application  of  this  theorem,  and  its  con- 
sequences to  lines  of  the  second  degree,  has  been  shown 
in  (1S8). 

As  a  further  example,  we  shall  consider  the  application  of 
this  theorem  to  lines  of  the  third  order.     The  general  equa- 
tion of  the  third  degree  is 
A^*  +  Bxy*+ ca?*y -f  Da;*+ Ey« +Fyjr +Ga:*  H-HJT  H-iy  H-K =0. 

1(  y  and  x  be  supposed  successively  =  0,  the  resulting 
equations  are 

Ay  +  Ey*  +  ly  +  K  =  0. 
The  products  of  the  roots  of  these  equations  are  —   and 

— ,  and  therefore  they  arc  as  a  :  n,  and  as  a  change  of 

A 

ori^n  makes  no  change  in  a  or  d,  they  rcmsdn  in  the  same 
ratio  for  all  axes  of  co-ordinates  parallel  to  those  assumed. 
Hence  if  two  right  lines  in  ^ven  directions  intersect  a  line  of 
the  third  degree  in  three  points,  the  soUds  contmned  by  the 
three  segments  of  each  line  shall  be  in  a  constant  ratio. 

If  by  a  change  of  origin  two  of  the  roots  of  cither  equa- 
tion become  equal,  the  line,  instead  of  intersecting  the  curve 
in  three  points,  touches  it  in  one,  and  intersects  it  in  the 
other.  In  this  case,  instead  of  the  solid  contmned  by  the 
three  segments,  we  consider  that  whose  base  is  the  square  of 
the  tangent,  and  whose  altitude  is  the  secant. 
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If  two  roots  of  each  equation  become  equal,  we  conuder 
the  two  solids,  whose  bases  are  the  squares  of  the  taDgents, 
and  whose  altitudes  are  the  secants. 

If  the  three  roots  of  either  equation  become  equal,  they 
indicate  a  point  of  contact  formed  by  the  union  of  three  points 
of  the  curve,  and  which  is  therefore  a  point  of  inflecUon. 
In  thb  case^  the  solid  considered  is  the  cube  of  the  tangent. 

If  K  =  0,  one  of  the  roots  of  each  equation  s  0,  which 
shows  that  the  origin  is  on  the  curve. 

If  K  =  0  and  H  =  0,  two  roots  are  =  0,  which  shows 
that  the  axis  of  x  touches  the  curve  at  the  origin ;  and  if 
K  =  0,  H  =  0,  and  g  =  0,  the  three  roots  are  =  0,  which 
shows  that  the  ori^n  is  a  point  of  inflecUon. 

If  D  =  0,  the  first  equation  has  but  two  roots»  and  the 
axis  of  X  and  its  parallels  cannot  therefore  meet  the  curve 
in  more  than  two  points.  Hence  the  conclusion  is,  that  the 
solid  contained  by  the  three  segments  of  the  one  line  shall 
vary  as  the  rectangle  under  the  two  segments  of  the  other ; 
or  that  the  solid  contained  by  the  three  segments  of  the  one 
shall  bear  a  given  ratio  to  a  solid  whose  base  is  the  rectangle 
under  the  segments  of  the  other^  and  whose  altitude  is 
given. 

If  D  =  0  and  G  =  0,  the  first  equation  will  have  but  one 
root,  and  therefore  the  axis  of  x  and  its  parallels  meet  the 
curve  in  but  one  point.  In  this  case  the  solid  contained  by 
the  three  segments  of  the  one  line  shall  vary  as  the  segment 
of  the  other,  or  shall  bear  a  given  ratio  to  a  solid  whose 
base  is  given,  and  whose  altitude  is  the  other  line. 

Similar  conclusions,  mutatis  mutandis^  can  be  applied  to 
the  second  equation.  We  shall  not  pursue  this  example 
further.  The  student  can  with  facility  examine  all  its  ap* 
plications  by  proceeding  as  above,  and  as  we  have  proceeded 
with  the  equation  of  tlic  second  degree  in  (138). 

(607.)  If  the  general  equation  of  the  nth  degree  be  ar- 
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ranged  by  the  dimensions  of  ^9  it  will  be  of  the  form 
Ay^  -f.  (Bor  +  c)y^*  +  (iw?*  +  ej:  +  F)y»-*+  . . . .  n  =  0. 
For  the  same  value  of  x  the  sum  of  all  the  values  of  ^  is 
therefore 

BJT  +  C 

and  as  the  number  of  values  of  ^  for  any  value  of  x  is  in  ge- 
neral n,  it  follows,  that  if  a  right  line  be  drawn  represented 
by  the  equation 

UAy  +  BX  4-  c  =  0, 
it  will  possess  this  property,  that  if  it  be  made  the  axis  of  x^ 
the  sum  of  all  the  values  of  ^  on  one  rade  of  it  will  equal  the 
sum  of  all  the  values  of  y  on  the  other  side.  This  property 
points  out  an  extension  of  the  signification  of  a  diameter^ 
which  may  in  general  be  understood  to  be  a  line  intersecting 
a  system  of  parallel  chords  in  sttch  a  manner^  that  the  sums 
qfihe  intercepts  between  it  and  tJie  several  points  of  the 
curve  on  each  side  are  equal. 

As  the  variety  of  lines  which  may  be  assumed  as  axes  of 
co-ordinates  is  infinite,  so  every  curve  may  have  an  infinite 
number  of  diameters. 

For  the  same  value  of  x  the  sum  of  the  products  of  every 
two  values  of  ^  is 

A         ' 

«t  (n,  —  1  ^ 

and  the  number  of  such  products  is  "^"©^  •  Hence  a  line 

of  the  second  degree  represented  by  the  equation 

^'     I*     Ay  +  (n  —  1)  (bx  +  c)j^  +  dj:^  +  Ej;  H-  F  =  0, 

will  have  the  same  diameter  as  the  curve,  and  also  the  rect- 
angle under  the  coincident  values  of  y  will  be  equal  to 
the  nth  part  of  the  sum  of  the  rectangles  under  every  pair 
of  corresponding  values  of  y  in  the  proposed  line.    And 
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it  follows,  that  the  sum  of  the  positive  rectangles  under 
the  intercepts  between  this  line  of  the  second  degree  and 
the  proposed  line  is  equal  to  the  sum  of  the  negative  rect^ 
angles. 

In  like  manner  a  curve  of  the  third  order  whose  equa- 
tion b 

n.(n-l).(n-2)     ,  ,   (ii-l)(n-a)^ 

(n— 2) 
+  ^— = — (dx^  +  ex  -r  T)y^  +  Gar*  H-  hx^  -f  ij:  +  n  =  0, 

will  have  similar  properties,  that  is,  will  have  the  same  dia- 
meter, and  the  product  of  every  three  coincident  values  of  ^ 

will  be  equal  to  an  —^ — ~-q —  th  part  of  the  sum  of  the 

products  of  every  three  coincident  values  of  y  in  the  pven 
line,  and  ther^ore  the  sum  of  the  products  of  every  three 
intercepts  between  this  and  the  proposed  line  measured 
positively,  is  equal  to  the  sum  of  every  three  measured 
n^atively. 

Curves  thus  related  to  any  algebraic  curve  arc  called 
earvilinear  diameters.  And  from  what  has  been  shown 
above,  it  appears  that  a  curve  can  have  a  curvilinear  dia- 
meter of  any  order  inferior  to  its  own. 

A  rectilinear  diameter,  which  bisects  its  ordinates,  is  called 
an  absolvie  diameter.  Thus  all  diameters  of  lines  of  the 
second  degree  are  absolute  diameters. 

In  order  that  a  curve  should  admit  of  an  absolute  dia- 
meter, it  is  necessary  that  a  transformation  of  co-ordinates 
which  would  make  all  the  terms  involving  odd  powers  of  one 
of  the  variables  disappear  should  be  possible,  and  as  this  is 
not  always  the  case,  curves  of  orders  exceeding  the  second 
may  not  have  any  absolute  diameter. 

A  counter-diameter  is  a  line  which,  being  assumed  as 
axis  of  x^  will,  for  equal  and  opposite  values  of  ^,  give  equal 
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and  opposite  values  of  y.    Thus  an  axis  is  both  a  diameter 
and  a  counter-diameter. 

The  axis  of  x  being  a  counter-diameter,  and  the  aids 
of  y  properly  placed,  the  equation  ought  to  be  fulfilled 
after  chan^^g  x  into  —or,  and  y  into  —y.  This  always 
happens  when  the  even  rows  in  a  descending  order  in  the 
analytical  triangle,  beginning  from  the  highest  row,  are 
wanted  in  the  equation.  For  if  the  degree  of  the  equation 
be  even,  this  change  leaves  the  signs  of  all  the  terms  un- 
altered, and  if  it  be  odd,  it  changes  all  the  signs. 

As  a  transformation  of  the  direction  of  the  axes  of  co- 
ordinates without  changing  the  origin  does  not  introduce 
any  new  dimensions  of  the  variables,  it  follows  that  if  the 
co-ordinates  be  placed  as  above,  and  that  the  axis  of  ^  be  a 
counter-diameter,  all  right  lines  through  the  origin  are  also 
counter-diameters.  It  appears  therefore,  that  if  a  curve 
admits  of  any  counter-diameter,  it  admits  of  an  infinite 
number,  and  that  they  all  intersect  in  the  same  point. 

From  the  property  of  counter-diameters,  it  appears  that 
all  right  lines  through  their  point  of  intersection,  and  ter- 
minated in  the  curve,  are  bisected  at  that  point,  and  it  is 
hence  called  the  centre  of  the  curve. 

In  order  that  a  curve  should  admit  of  counter-diameters 
and  a  centre,  it  is  necessary  that  the  dimensions  of  tlie 
variables  which  enter  the  even  rows  of  the  analytic  triangle 
in  a  descending  order  should  be  capable  of  being  removed 
by  the  transformation  of  co-ordinates.  As  the  existence  of 
a  centre  and  counter-diameters  has  been  proved  to  be  inde- 
pendent of  the  direction  of  the  co-ordinates,  this  trans- 
formation can  only  be  effected  by  a  change  of  ori^n.  If 
then  a  transformation  of  origin,  which  will  make  the  neces- 
sary terms  disappear,  gives  finite  and  determinate  values  foe 
the  co-ordinates  of  the  new  origin,  that  point  will  be  the 
centre ;  otherwise  the  curve  admits  of  no  centre. 


314  ALOEBmAIC   GBOMBTKY. 

(606.)  The  disUnction  by  which  algebraic  lines  of  any 
proposed  order  are  subdivided  into  classes  is  the  number  of 
their  infinite  branches.  We  shall  not  enter  here  into  the 
detul  of  this  subject,  as  the  specific  properties  of  the  dif- 
ferent orders  of  lines  beyond  the  second  ofier  no  particular 
interest  to  the  student  The  general  methods  given  in  the 
preceding  part  are  suffidoit  to  determine  the  figure  and 
properties  of  any  particular  curve  which  may  present  itself 
to  our  inquiries.  It  may  not  be  uninteresting,  however, 
simply  to  detail  the  subdivi«on  of  lines  of  the  third  order. 

Newton  has  divided  the  lines  of  the  third  order  into  four 
principal  classes,  included  under  equations  of  the  forms ; 
Ax^  +  Bx^  +  ca:*  +  Dy  +  Ea:+F=0    (1), 
Ax^  +  lun/    4-  CO?*  +  Ea?  +  F  =  0  (2), 

A  J?*  +  By«    +  c  j:«  +  Ear  +  F  =  0  (8), 

Aar*  +  cj:*    H-  Dy  +  Eo?  +  F  =  0  (4) ; 

under  the  first  are  included  65  difierent  species,  to  which  8 
more  have  since  been  added. 

These  65  are  again  subdivided  into  the  eleven  following 
classes: 

S.  f  Redundant  hyperbolas.  Six  hyperbolic  branches  and 
S.  (      three  asymptotes,  characterised  by  a  >  0. 


IS 


5.  1  Defective  hyperbolas.     Two  hyperbolic  branches  and 

6.  )     one  asymptote,  characterised  by  a  <  0. 

^   ^  Parabolic  hyperbolae.    Two  parabolic  branches,  two 
Q    r     hyperbolic    branches,   and  one  asymptote,   chap- 
j     racterised  by  a  =  0. 

9.  Hyperbolisms  of  an  hyperbola.  Six  hyperbolic 
branches  and  three  asymptotes,  characterised  by  a  =  0, 
c  =  0,  E  >  0. 

10.  Hyperbolisms  of  an  ellipse.   Two  hyperlxdic  branches 
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and  one  asymptote,  characterised  by  a  =  0,  c  =  0, 
E  <  0. 

11.  Hyperbclisms  of  a  parabola.  Four  hyperboUc 
branches  and  two  asymptotes,  characterised  by  a  =  0, 
c  =  0,  E  =  0. 

The  second  equation  represents  a  curve  called  the 
Trident.  It  consists  of  two  parabolic  branches,  two  hyper- 
bolic branches,  and  one  asymptote. 

The  third  represents  curves  having  two  parabolic  branches. 

The  fourth  represents  the  cubical  parabola. 

This  classification,  numerous  as  are  its  parts,  does  not 
contain  all  the  species. 


SECTION  XXII. 

Geometrical  probkmsj  illustrative  of  the  application  of  (he 
preceding  parts  of  Algebraic  Geometry, 

PROP,  ccxcix. 

(609.)  Given  the  base  of  a  triangle^  and  the  ratio  of  the 
rectangle  under  the  sides  to  tlie  difference  of  their  squares , 
tojind  the  locus  of  Hie  vertex. 

The  base  and  a  perpendicular  through  its  middle  point 
being  taken  as  axes  of  co-ordinates,  and  the  given  ratio 
being  m  :  1,  and  half  the  base  being  expressed  by  a,  the 
condition  in  the  proposition  may  be  expressed  thus : 

Vy'  +  (J^  +  ay  '  \/y*  +  (.r  —  ay  =  Amaxj 
which  reduced  to  a  rational  form,  becomes 

(j/«  +  j:«  +  a«)*  -  4a«a:*  (1  H-  4w«)  =  0, 
which  is  resolved  into  the  fiM^tors 
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y«  +  a:«  -  «a  ^/l  -f-  4m«  .  a:  +  a«  =  0, 
y  +  a:«  +  ^  Vl  -h  4ii»^  .  x  +  a«  =  0, 

which  are  the  equations  of  two  circles,  whose  centres  are  on 

the  axis  of  x,  ai^d  determined  by 

and  whose  radii  are  equal,  each  being  Sma. 

If  m  =  If  the  two  circles  thus  determined  cut  the  base 
and  produced  base  in  extreme  and  mean  ratio. 

PROP.  ccc. 


(610.)  Two  right  UneSj  each  of  which  passes  Oirongh  a 
given  pointy  intersect  in  such  a  manner  as  to  intercept  be- 
tween  them  a  given  magnitude  of  a  right  line  given  in  po- 
sition to  find  the  curve  traced  by  their  intersection^ 

Let  AP  and  bp  be 
the  right  lines  passing 
always  through  the 
given  points  A  and  b, 
and  intercepting  cD, 
a  part  of  the  right 
line  xx'  given  in  po- 
sition^ always  equal 
to  the  given  magni- 
tude m. 

Assuming  the  line  x'x  as  axis  of  x^  and  a  perpendicular 
yy'  intersecting  it  at  any  point  0  as  axis  of  y^  let  the 
points  A  and  b  hej/af^  and  j/^a^y  and  let  the  equations  of  ap 
and  BP  be 

(y  -  /)  — oV  —  x"^)  =  0. 
By  supposing  ^  =  0  in  each  of  these^  we  find 
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y 

and  therefore  by  subtraction, 

^       ^       if       if 

By  means  of  this  equation  and  the  first  two,  the  quantities 
d  and  cp  being  ehminated,  and  the  result  arranged  by  the 
dimensions  of  the  variables,  we  find 

—  myy  =  0 ; 

which  being  an  equation  of  the  second  degree,  in  which 
c  =  0  and  e  =  0,  shows  that  the  locus  is  an  hyperbola,  and 
that  the  right  line  xx'  is  an  asymptote. 

The  position  of  the  centre  and  axes  may  be  found  with 
facility  by  the  general  formulae  already  given. 

PSOP.  ccci. 

(611.)  Given  the  base  and  t/ie  locus  of  the  vertex  of  a 
triangle,  to  investigate  the  locus  of  the  points  where  a  square 
inscribed  on  tJie  given  base  meets  the  sideSy  and  also  the 
locus  of  its  centre. 

The  base  and  a  perpendicular  through  one  of  its  ex- 
tremities being  taken  as  axes  of  co-ordinates,  let  the  co- 
ordinates of  the  vertex  bey^/,  and  those  of  the  point  where 
the  angle  of  the  square  meets  the  side  passing  through  the 
origin  be^jr.     By  (66),  we  have  the  conditions 

_  ay 

y 

where  a  is  the  base  of  the  triangle. 


818  ALOBBBAIC    GEOMETRY. 

The  values  o(f/cd  resulting  from  these  equations  are 

,        ax 

X  = 


a-y 

\i  yx  be  the  co-ordinates  of  the  centre  of  the  inscribed 
square,  these  formulas  become 

The  equations  of  the  loci  of  these  points  respectively  will 
therefore  be  found  by  substituting  the  values  oi^af  in  the 
equation  of  the  locus  of  the  vertex. 

From  the  form  of  the  values  otj/af^  it  follows,  that  if  the 
locus  of  the  vertex  be  an  algebraic  curve  of  any  proposed 
order,  the  loci  of  these  points  will  be  a  curve  of  the  same 
order.  But  it  is  not  necessarily  a  curve  of  the  same 
species. 

Thus  for  example,  if  the  locus  of  the  vertex  be  tlie  circle 
represented  by  the  equation 

ya  -H  a/2  -  a»  =  0, 
the  equation  of  the  locus  of  the  point  where  the  angle  of 
the  square  meets  the  side  of  the  triangle,  is 

a:*  4-  2ay  -  a^  =  0, 
which  is  the  equation  of  a  parabola,  whose  axis  is  the  axis 
oiy. 

The  student  will  easily  observe  various  other  particular 
applications  of  the  general  formulas  determined  above. 
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PROP.  CCCII. 


(612.)  A  given  righUangled  triangle  (bac)  is  so  movedj 
thai  the  vertex  (a)  qftlic  right  angle,  and  one  extremity  (b) 
tfthe  hypotenuse,  describe  right  lines  perpendicular  to  each 
other,  and  given  in  position,  tojind  tlic  nature  of  the  curve 
described  by  tlie  other  extremity  (c)  of  the  hypotenuse. 

Let  the  right  lines 
xx'  and  yV  described 
by  the  points  a  and 
B  be  assumed  as  axes 
of  oo-ordinatesy  and 
let  the  co-ordinates  of 
the  point  c  heyx,  and 
ab  =  d,  AC  =  a ;  then 
by  the  conditions  of 
the  question, 


X 


0 


X 


AO  = 


a 


bij 
...  3/^  +  (^  -  -^)«  =  flS 

which  being  arranged  by  the  dimensions  of  the  variables, 
becomes 

(a*  +  6*)  y  -  9,abxy  +  a«x*  —  a*  =  0. 
Since  b*  —  4ac  =  —  4a*  <  0,  the  curve  must   be  an 
ellipse,  whose  centre  is  at  tlic  ori^n  of  co-ordinates. 


PROP.    CCCIII. 


(613.)  To  determine  tfie  curve  in  which  the  sine  qfihe 
angle  at  wliich  the  radius  vector  is  inclined  to  the  tangent, 
varies  inversely  as  the  square  of  the  radius  vector- 

Let  zt  be  the  angle  under  the  radius  vector  and  tangent, 
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and  m^  being  assumed  as  constant,  the  oondiuon  of  the  pro- 
position is  expressed  thus : 

sin.  zi  =  — T- ; 

but  by  the  general  formula, 

xdw 


sm.  zi  = 


(2»dfa;«  +dz^)^ 

By  eliminating  sin.  zt^  the  result  will  be 

sfidw^  —  m^z^doi^  —  mWjs*  =  0, 

,             rn^dz 
\'  dttt  s= J. 

To  integrate  this,  let  z*  =  — ,  and  therefore 

if 


dz 

By  which  substitutions  we 

have 

dw 

rn^df/ 
2(l-my)^ 

The  integral 

of  which  is 

W     =     -; 

[  COS."'  ni^j/ ; 

and  therefore. 

m* 

COS.  2w  =       _  , 

z^ 

•k» 


•/  ^^(cos.*  w  —  sin.2  w)  =  m*, 
which,  related  to  rectangular  co-ordinates,  is 

j/2  _  ^ft  =  —  m^. 

The  locus  sought  is  therefore  the  equilateral  hyperbola. 
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PROP.  CCCIV. 

(614)  Tojind  the  locus  of  a  pointy  from  which  several 
rigfit  lines  being  drawn  to  several  given  points^  the  sum  of 
Hieir  2mth  powers  will  be  giveiiy  m  being  supj)oscd  a  po- 
sitive  integer • 

Let  the  co-ordinates  of  the  several  given  points  be  y x', 

jfx^j y''»>x^"^,  and  those  of  the  point  whose  locus  is 

sought  ^jr.     By  the  conditions  of  the  question, 

V  being  the  given  magnitude.  This  equation,  after  the 
terms  are  severally  expanded  and  arranged  according  to  their 
dimensions,  must  be  of  the  form 

Ay""  4-  By*-'jr  +  cy^*a:*  ....   — V  =  0, 
which  being  an  equation  of  the  2mth  degree,  shows  that  the 
locus  is  a  line  of  that  order. 

The  case  in  which  in  =  1  was  given  in  (263). 

PROP.  cccv. 

(615.)  To  find  tJie  locus  of  a  pointy  tJic  difference  qftlic 
^mth  powers  of  wJiose  distances  from  two  given  points  is 
givenj  m  being  supposed  a  positive  integer. 

The  co-ordinates  of  the  ^ven  points  being  as  before,  the 
condition,  expressed  algcbi^gipaHjr,  is 

{(y-yr+(^-^)'i'"--{(y-yo'+(^-^r}'"-v=o, 

whore  v  is  tlie  given  difference  after  expanding  the  terms 
and  expunging  those  which  destroy  one  another,  the  re- 
sulting equation  between  yx  is  one  of  the  2(m  —  l)th 
degree,  therefore  the  sought  line  is  one  of  the  2(wi  —  l)th 
degree. 

If  m  =  1,  the  equation  is  that  of  a  right  line,  and  becomes 

Y 
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which  is  the  equation  of  a  right  line  perpendicular  to  that 
which  joins  the  two  points,  and  which  divides  it  into  seg- 
ments, the  difference  of  the  scjuares  of  which  is  equal  to  the 
given  difference.  This  will  more  readily  appear  by  sup- 
pofflng  the  axis  of  x  to  pass  through  the  two  given 
points,  and  one  of  them  to  be  the  origin,  which  renders 
y  =  y  =  a:"  =  0,  by  which  the  equation  becomes 

a/*  -  2xaf  —  V  =  0, 

which  involves  the  condition, 

(J  —  xY  —  d?«  =  V, 

which  shows  that  the  right  line  divides  the  line  joining  the 
two  points  into  segments,  the  difference  of  whose  squares  is 
equal  to  v. 


PROP,  cccvr. 


(616.)  To  find  tlie  locus  of  a  point Jrom  which  the  sum 
of  the  vath  powers  of  right  lines  drazcn  at  given  angles  to 
several  given  right  lines  shall  be  given^  m  being  supposed 
a  positive  integer. 

Let  the  equations  of  the  given  right  lines  be 

A?/   -h   BX  +  c  =  0/ 
A'y  -f  b'x  -j-  c'  =  0, 
a"i/  4  b"x  -H  c''  =  0, 


and  the  given  angles  be  <p,  (p\  ^",  &c.  the  lengths  of  the 
several  lines  will  be 

Ay  +  BJ:  +  (! 

sin.  <p  -v/A'-hB-' 
a'j/  4-  b'x  +  d 
sin.  <p*  ^/a'*  +  b'«' 
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The  sum  of  the  mth  powers  being  taken  and  equated 
with  a  constant  quantity,  will  give  an  equation  of  the  mth 
degree  between  j/  and  or,  which  is  that  of  the  locus  souglitr 

The  case  in  which  m  =  1  was  investigated  in  (63). 

The  case  in  which  m  =  2  was  ^ven  in  art  (2G9)* 

PROP.  CCCVII. 

(617.)  Tojlnd  tlie  equaiion  of  a  curve  of  a  given  species 
passing  through  any  proposed  number  of  given  points. 

The  following  demonstrations  are  taken  with  some  in- 
considerable change  from  Lagrange,  Colliers  de  FEcole 
Normale. 

Let  the  co-ordinates  of  the  given  points  be  ii/af,tfx\ 
jfaP^  &c.  These  being  successively  substituted  for  y  and 
X  in  the  equation  of  the  curve,  will  give  as  many  equa- 
tions as  there  are  given  points,  which  will  eliminate  as 
many  constants  as  there  arc  points,  which  will  determine  the 
equation  of  the  required  curve. 

Although  the  circle  is,  after  the  right  line,  the  line  most 
ea»ly  described,  it  is  not  so  by  its  ecjuation  related  to  rect- 
angular co-ordinates.  In  this  respect  the  class  of  curves  which 
may  be  considered  as  the  simplest,  are  tliose  of  which  the 
values  of  y  are  integral  and  rational  functions  of  a*,  and 
which  are  therefore  included  in  the  general  equation 

y  =  A  +  BX  +  c:j:-  -h  dj:^.     .     .     . 
This  class  of  cur\'es  ore  called  parabolic,  because  the  equa- 
tion of  the  parabola  is  a  particular  case  of  this  equation, 
scil.  the  case  in  which  the  first  three  terms  only  occur.    AV^e 
have  already  pointed  out  a  striking  application  of  this  class 

y2 
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of  curves  in  illustrating  the  theory  of  equations  in  Sec.  XX., 
and  tliey  are  also  useful  in  the  investigation  of  curves  in 
general ;  for  a  curve  of  this  kind  can  always  be  made  to 
pass  through  any  number  of  points  of  the  proposed  curve, 
since  it  is  only  necessary  to  take  as  many  indeterminate  co- 
efficients, A,  B,  c,  1),  as  there  are  points  through  which  it  is 
required  to  pass,  and  to  determine  these  co-ef&cients  by  the 
values  of  the  co-ordinates  of  the  given  points.  Hence  it  is 
clear  that  whatever  be  the  nature  of  the  proposed  curve, 
the  parabolic  curve  thus  determined  will  differ  from  it  the 
less  the  greater  number  of  points  they  have  in  common. 

Let  the  co-ordinates  of  the  points  through  which  the 
curve  is  required  to  pass  be  y^,  y^,  y^y,.....,and  we 
have  the  following  equations : 

y  =  A  -f  Bar'  +  cr**  +  nr^ 
y  =  A  4-  Bi^  +  cr^2  ^  jyj^$^ 

y  =  A  -h  Bx'"  +  cx"^  +  jy'x"'\ 
t/"'=  A  +  Bxf'f+  car""«  +  Da:""^ 


from  which  equations  the  values  of  a,  b,  c,  d,  are  deter- 
m'med.     By  subtracting  each  equation  from  the  preceding, 
we  find 
y   -  y  =  B(a:'   -  ar'^  -f  c(aJ*   -  a:"^)  +  d(^^  -  a^'), 
f  -  3/'"  =  B(.r''  -  x*")  -f  c(j:"2  —  x"'^-)  +  D(a:''^  -  x^^)y 

By  dividing  these  equations  by  jr'  —  x^^  o^  —  x^^  &c. 
-^^  =  B  -h  c(x'  +  a/')  +  d(^*  +  x'af^  +  af% 

X  ^^  X 
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Subtracting  each  of  these  equations  from  the  preceding,  and 
dividing  the  results  respectively  by  x*  —  ^',  a:''  —  £^ 

tt—ti         , , .  .    _, 

j—^  =  C  +  u(^  +  x»  +  ;t*), 


In  which 


Dy  continuing  the  process,  the  quantities  a,  d,  c,  may  be 
successively  eliminated,  and  the  value  of  the  List  found,  and 
thence  the  yalucs  of  the  others.  As  an  example  of  this,  let 
the  curve  represented  by  the  equation 

y  =  A  4-  Ba:  -f  ex* 
be  required  to  pass  through  three  points  t/x'^  'if^y  jf^9 

^^  =  B  +  c(j:'  +  x\ 


«  — a' 


=  c. 


Substituting  the  last  of  these  in  the  first , 

And  substituting  the  values  of  b  and  c  in  tlie  equation, 
Uic  value  of  a  is  found, 
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a— a' 


A  =  3/  -  cm/  -  ^rz^/^. 

Hence  the  equation  of  the  curve  sought  is 

J/  =  y  +  a(a:  -  y)  +  T^;^!^-*^  (j:-x^. 

A  general  formula  for  the  equation  sought  in  these  cases 
may  be  found  with  somewhat  greater  simplicity.  Since  ^ 
must  successively  become  y,  y",  y...when  x  is  af^  afyof^:. 
the  value  of  y  found  by  eliminating  the  indeterminate  con* 
stants ;  the  expression  for  y  must  be  of  the  form 

y  =  Ay  +  By+ cy  +  ©y". . . . 

Where  a',  b',  c',  are  such  functions  of  x,  as  when  x  =^  J 

will  become  a'  =  1,  b'  =  0,  c'  =  0 when  x  =^  x"^ 

a'  =  0,   b'  =  1,  c'  =  0,  d'  =  0 when  x  =  x"', 

a'  =  0,  b'  =  0,  c'  =  1,  ly  =  0,  .  .  .  .  and  so  on.  Whence 
it  is  obvious  that  the  values  of  a'^  b',  d,  &c.  are 

^  _   (x-^x*^)  (g?'— x'^  (x-^x^)  .... 


b'  = 


c'  = 


(X'-X')  {x-x^)  (x^x"")  .... 
(ar^-o^)  (j;''-^''')  (a/'-j^'^)  .... 

(jr— a/)  (j:— j;^)  (x— a:^)  .... 
(aj^'-o/)  {jf"^x^)  {x"'^x^) .  .  .  .  • 


The  number  of  factors  in  the  numerators  and  denominators 
of  each  of  these  is  one  less  than  the  number  of  given  points. 
This  last  expression  for  y,  although  under  a  different 
form  from  that  found  by  the  first  method,  yet  ultimately  is 
the  same,  as  may  be  proved  by  arranging  the  result  given  by 
the  former  process  according  to  the  quantities  y,y,  y, .  .  . 
and  substituting  for  a,  a',  &c.  their  values.  But  the  latter 
metliod  is  preferable,  as  well  on  account  of  the  simplicity  of 
the  analysis  by  which  we  are  conducted  to  it,  as  on  account 
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of  tlie  elegance  and  symmetry  of  its  form,  and  its  com- 
modiousness  for  calculation. 

It  follows  also  from  this,  that  in  any  series  composed  of 
several  terms,  as  many  intermediate  terms  may  be  supplied 
as  may  be  required.  This  is  useful  in  supplying  the  links 
in  systems  of  observations  or  experiments,  or  in  tables 
calculated  by  formulas  or  by  constructions.  In  this  con^sts 
the  method  of  interpolation. 


PROP.  CCCVIII. 

(618.)  To  investigate  tliC  figure  and  area  of  a  curve  repre^ 
sented  by  the  equation  a^  —  t/^x*  —  IG^r*  =  0. 

By  differentiating  the  equation,  the  result  is 

dy       4j:(2a^-j:«) 

Hence  the  axis  of  x  touches  the  curve  at  the  origin. 

If  a?  =  a,  -J-  is  infinite,  and  for  this  value  of  j:,  y  is  also 

infinite.  Hence  the  lines,  whose  equations  are  x  =  +  a 
are  asymptotes,  and  between  them  the  curve  is  entirely  in- 
cluded. To  find  the  area,  let  the  equation  be  solved  for  y, 
and  the  result  multiplied  by  dx,  ^ves 

_  4jr'Ar 

To  integrate  this,  let  a  circle  be  described  with  the  origin  as 
centre,  and  a  radius  equal  to  a.  Let  the  arc  a^b',  whose 
sign  is  ;r,  be  9 ;  and  let  the  area  sought  be  a. 
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A  ==fydx  =  V-        'J^^  =  -  V"8in.  pd  COS.  ^ 

This  integral  taken  between  the  limits  +  a  end  —  a, 
proves  the  area  included  between  the  curve  and  its  asym- 
I>totes  to  be  equal  to  tJic  area  of  the  circle. 

If  y  =  sis',  •.•  ^  =s  Vo*  —  af^  \  hence  by  the  equation  of 
the  carve  wc  have 

This  curve  therefore  is  the  locus  of  a  point  b  assumed  on 
the  ordinate  to  the  diameter  of  a  circle  such,  that  mb  shall 
be  a  third  proportional  to  b'm,  and  twice  ah. 

PROF,  cccix. 

(619.)  To  investigate  the  jigure  anA  quadrature  of  the 
curve  represented  by  the  equation  :t* — a' j"  +  a^y*  =  0. 

By  solving  the  equation  for^,  wc  find 
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Hence  the  curve  is  included  within  the  limits  j?  =  +  a,  and 
jMisses  through  the  origin ;  by  differentiating,  we  find 

dx      aVa'^'-x^^ 
which  shows  that  parallels  to  the  axis  of  ^  at  the  distances 
i:  a  are  tangents ;  that  the  origin  is  a  multiple  point  at 
which  the  two  tangents  are  inclined  to  the  axb  of  ^  at  angles 
of  46«. ' 

The  figure  of  this  curve  is  therefore  similar  to  that  of  the  • 
lemniscata. 

To  find  the  area 


3 


A  =yydr  =y g^—  +  c; 

which  taken  between  the  limits  x  =  +  a  and  x  =  —  a,  gives 
the  whole  area 

Hence  the  area  of  this  curve  is  to  that  of  the  lemniscata  with 
the  same  axis,  in  the  ratio  of  4  :  S. 


PROP.  cccx. 

(620.)  The  ordinate  to  tJie  axis  of  a  cycloid  being  pro^ 
dticed  until  it  becomes  equal  to  tlie  cycloidal  arc  inter'' 
cepted  between  it  and  the  vertex ;  to  jind  the  locus  of  its 
extremity. 

If  A  =  the  axis  of  the  cycloid,  it  is  evident,  from  the 
rectification  of  this  curve,  that  the  equation  of  the  locus 
sought  is 

y*  =  4Aa:. 
It  is  therefore  a  parabola  whose  axis  and  vertex  coincide 
with  those  of  the  cycloid,  and  whose  focus  is  at  the  middle 
point  of  the  base. 


aso; 
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PROP.   CCCXI. 

(621.)  A  semicircle  being  described  upon  a  given  right 
line  AB  as  diameter^  let  an  indefinite  right  line  ef  be 
drawn  parallel  to  tliat  diameter y  and  intersecting  the  circle; 
to  find  {he  locus  of  a  point  p  in  a  right  line  drawn  from 
the  centre  of  the  circle  intersecting  the  circle,  and  the  parallel 
at  d'  and  d,  so  that  p  wiU  divide  the  intercept  dd^  in  a  given 
ratio  m :  n. 


Let  cp  =  z,  and  the  angle  pcb  =  w,  cg  =  i,  cb  ==  r; 
hence 

h  C  b    1    m 

z  =   -. \-<   r : > — . 

sin.  w       (^  sm.  wjm+w 

This  equation  is  obviously  deduced  from  the  conditions  of 
the  question,  and,  after  reduction,  becomes' 


n 


z  = 


4-r. 


m 


sm.  oj     m-^n    '        m-^n 

This  is  the  equation  of  a  concfioid,  whose  modulus  is 

rm 
m  +  n"* 
and  the  equation  of  whose  rule  is 

bn 

The  centre  of  the  given  circle  being  the  pole  of  the  con^ 
choid. 
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PROP.  CCCXII. 


(62S.)  To  investigate  the  figure  and  quadrature  of  Hu 
curve  represented  by  tlie  equation  ahf  —  x'^y  —  a^  =  0. 
By  solving  the  equation  for  y, 


y  = 


!«  —  .T?2' 


Hence  it  appears,  that  if  ^  =  ±  ^ 9  y  is  infinite,  and  there- 
fore the  parallels  to  the  axis  of  y  represented  by  the  equa^ 
tion  ^  =  ±  a  are  asymptotes.  Also  y  is  positive  for  all 
values  of  x  between  +  a  and  —  a.  The  minimum  positive 
value  of  ^  is  =  a,  and  corresponds  to  or  =  0,  therefore  a 
parallel  to  the  axis  of  x  intersecting  the  axis  of  ^  at  a 
distance  from  the  origin  equal  to  a  touches  the  curve  at  that 
point,  and  the  part  of  the  curve  included  between  the 
parallel  asymptotes  is  extended  indefinitely  above  this 
tangent  For  all  values  of  x  beyond  the  parallel  asym« 
ptotes  y  is  negative,  and  diminishes  without  limit  as  x 
increases  without  limit.  Hence  the  axis  of  «  is  an  asym- 
ptote.   This  curve  is  represented  thus : 


It  is  included  in  the  ninth  class  of  Newton's  enumeration  of 
lines  of  the  third  order,  and  comes  under  the  generic  name  of 
redundant  hyperbola^  as  having  a  greater  number  of  hyper- 
bolic branches  than  the  hyperbola  of  the  second  degree. 
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The  particular  species  of  redtmdant  hyperbola,  investigated 
ia  this  proposition,  is  called  an  hyperbolUm  of  the  hyptr^ 
bola. 

To  effect  the  quadrature  of  this  curve,  let  the  area  be  a, 

A  =f^dx  =  of.  -^^z::^' 

wbidi,  by  integration,  gives 

*  a  —  x 

The  area  being  supposed  to  commence  from  the  axis  of  ^^ 
no  constant  is  introduced. 


PROP.    CCCXIII. 

(6S3.)    To  find  the  equation  of  tlue  curve,  xofiose  sttb" 
tangent  varies  as  ifie  rectangle  under  tJie  co-ordinates. 

This  condition,  expressed  analytically,  is 

xdy 

which  gives 

ady  —  ydx  =  0 ; 
which  integrated,  is 

h  being  the  base,  whose  modulus  is  a.     The  curve  sought  is 
therefore  ilie  logarithmic. 


PROP,  cccxiv. 


(624.)   To  find  the  equation  of  a  curve  whose  area  always 
equals  twice  the  rectangle  under  its  co-ordinates. 

Let  the  co-ordinates  of  any  jx>int  be  f/x\     The  condition 
stated  in  the  proposition  is 
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which,  by  difTerentiation,  gives 

9^dy  +  ydx  =  0. 

This  equation,  multiplied  by  y,  and  integrated,  gives 

2xy'  =  a, 

a  being  an  arbitrary  constant,  which  is  therefore  the  equa- 
tion of  a  curve  possessing  the  proposed  property. 


PROP,  cccxv. 

(625.)  To  find  die  equation  of  a  spiral  in  which  the  area  is 
proportional  to  tlie  logarithm  qftlic  radius  vector. 

This  condition,  expressed  analytically,  is 

Jz^dw  =  alz; 
by  differentiaUon, 

z^dta  =  a  — , 

z 

which,  integrated,  is 

S^'w  =  —  a, 
which  is  the  equation  sought. 


PROP,  cccxvi. 

(626.)  J  right  angle  cab  is  given  in  position^  and  an^ 
other  right  angle  c'a'b'  is  so  moved,  that  tlie  points  qf 
intersection,  p,  p',  of  the  sides  of  the  angles  respectively, 
shall  be  always  at  a  given  distance  ap  =  Alt^Jrom  their 
vertices ;  to  find  the  curve  described  by  the  middle  point  m 
of  tlie  intercept  aV  between  tlie  side  of  tlie  angle  given 
in  position  and  the  vertex  of  the  other  angle. 

Through  the  middle  point  g  of  pa  let  gf  be  drawn  per- 
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pcndicular  to  it,  and  let  this  and  fa  be  assumed  as  axes  of 
co-ordinates.  Hence  if  the  angle  a'dp'  =  w,  and  ag  or 
Mp'  =  a,  we  find 

AD  =  2a  cot.  w, 
9a 


1^0  = 


sin.  to 


i^i&  ^  a  sin. 


w. 


Hence  we  find 


ME  =  a  COS.  ttl. 


X  =  2a  cot.  w  -f 


9a 


—  a  sm.  w^ 


sin.  u 
r/^  =  a(l  +  cos.  w). 
By  eliminating  cu  by  these  equations,  tlie  result,  after  re- 
ducUon,  is 

which  is  tlic  equation  of  the  cissoid  of  Dioclcs. 

If  ag'  =  AG,  and  g'e'  be  drawn  parallel  to  ab,  gg'  is  the 
diameter  of  the  generating  circle,  and  the  line  g'e'  is  tlic 
asymptote. 

PKOP.  CCCXVII. 

(627.)  To  find  the  locus  of  the  intersection  of  a  tangent 
to  a  given  circle^  and  a  line  perpendicxdar  to  it  passing 
through  a  given  point  in  the  circle. 

Let  the  diameter  passing  through  tlic  given  point  be 
assumed  as  the  axis  from  wliich  the  values  of  tlie  angle  w  arc 
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measured,  the  perpendicular  being  represented  by  z,  the 
conditions  of  the  question  give  the  equation 

z  =  Zr  COS.*  {to  =  r(l  —  cos,  w), 
which  is  the  equation  of  the  cardioide. 

It  is  otherwise  evident  from  geometrical  construcdon, 
that  the  cardioide  is  the  locus :  for  let  p  be  the  ^ven  point 
on  the  circle,  p  the  intersection  of  the  perpendicular  and 
tangent.  Draw  Tp  and  ca,  and  on 
the  radius  pa  as  diameter  let  a 
circle  be  described  intersecUng  pp 
in  B,  and  draw  ba.  spcA  is  evi- 
dently a  rectangle,  and  therefore 
sp  =  AC.  Hence  Bp  is  constant, 
which  is  a  property  of  the  cardioide. 


pnop,  cccxvin. 


(6S8.)  Two  eqiMl  parabolas  being  placed  in  ilu  same 
plane,  and  so  as  to  tonch  at  tJieir  vertices^  let  one  of  them  be 
supposed  to  rdl  upon  tlie  other ;  to  find  tfie  loci  ofitsjbcus 
and  vertex. 
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By  the  oonditions  of  the  question,  it  appears  that  if  from 
the  vertex  v  of  the  fixed  parabola  a  perpendicular  vb  be 
drawn  to  a  tangent  through  any  point  f^  and  produced 
until  Vb  =  vb,  the  point  V  is  the  vertex  of  the  moveable 
.parabola ;  and  if  tV  be  produced  until  v'f'  =  vf,  f'  is  its 
focus ;  and  ff'  being  perpendicular  to  pt,  and  bisected  by 
it ;  since  by  art  (253),  the  locus  of  c  is  the  vertical  tangent 
to  the  fixed  parabola,  the  locus  of  f'  is  its  directrix.  The 
equation  of  the  tangent  ft  being 

%2/  -  K^  +  ^')  =  0. 
The  value  of  vb  is  x*  cos.  bvt.     Let  the  co-ordinates  of  the 
point  V  be  yx^ 

X         p  ' 

y  * = px\ 

^Eliminating  yx!  by  these  equations,  the  result  is 

The  equation  of  the  locus  of  the  vertex,  which  is  therefore 
a  cissoidi  the  diameter  of  whose  generating  circle  is  Ip. 

PROP,  cccxix. 

(629.)  The  ordhmte  p'm  to  tJic  diameter  of  a  circle  bcin^ 
produced  until  the  rectangle  under  pm  and  tlie  absciss  am  is 
equal  to  tJte  rectangle  under  the  ordinate  p'm  and  tlie  dia- 
meter ^  to  find  the  equation,  figure^  and  properties  of  the 
curve y  which  i^  tlw  locus  of  the  extreviity  of  the  produced 
ordinate. 

The  origin  of  co-ordinates  being  at  a,  let  am  =  .r, 
p'm  =  y,  PM  =  J/,  and  ab  =  «.  By  the  conditions  of  the 
question, 

0}/  =  yj^'-t 
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but  by  the  equation  of  the  circle. 


Hence  the  equation  of  the  locus,  after  clearing  it  of  the 
radical,  is 

y V  +  d*x  —  a'  =  0 ; 
which  solved  for  y,  is 

a  \/a — X 


/x 


Hence,  when  a7=a,  y=0, 
therefore  the  curve  intersects 
the  axis  of  x  at  b.  All  po- 
sitive values  of  x  greater 
than  Oy  and  all  negative  va- 
lues of  X  whatever,  give  im- 
possible values  of  y ;  but  all 
values  of  x  between  a  and  0 
give  real  values  of  y:  hence 
the  curve  is  entirely  included 
between  the  parallels  through 
A  and  B.  Since,  for  every 
value  of  X,  there  are  two 
equal  and  opposite  values  of 
1/y  the  parts  of  the  curve  on 
each  side  of  the  axis  of  x  are 
symmetrical. 

By  differentiating  the  equa- 
tion of  the  curve,  we  find 

dx  2i/x* 

Hence  the  subtangent  s  is 

s=  -  ^. 


«^ 


ScT  x/ax-^x 


—  • 


Hence  follows  a  geometrical  construction  for  drawing  a 


838  ALGEBRAIC  GEOMETRY. 

tangent     Let  mf  =  [a,  and  draw  fp'  and  pt  perpendicular 

to  it.     Then  tp  is  the  tangent. 

dy 
Also  —-  =  X  when  a?  =  0,  and  since  at  the  same  time 
ar 

y  =  QO ,  the  axis  of  ^  is  an  asymptote. 

Let  the  equation  be  differentiated  a  second  time,  and  the 
result  is 

djp'~^  '* 

Hence  the  points  whose  co-ordinates  are  x  =  ^  1/  =  — r  a 

are  points  of  inflection ;  therefore  if  the  radius  cb  be  bisected, 
the  ordinate  passing  through  the  point  of  bisection  meets 
the  curve  at  the  points  of  inflection. 

Let  A  be  the  area  of  the  segment  pmb^  supposed  to  begin 

from  B,  

s/ox — x^ 
A  =  —  Jj/dx  =z—  of dx* 

Let  the  angle  r'cB  be  <p; 

[a  sin.  (p  =  s^ix  —  x^  .  4a(l  +  cos.  (p)  =  x:  hence 

,  sin.«  <p 

A  =  [a-j .  dc^ ; 

^   "^  1  4-  cos.  ^ 

•.•  A  =  4^!/ll  —  COS.  <?y<;?, 

which,  by  integration,  gives 

A  =  la^('P  —  sin.  (p). 
No  constant  is  added,  since  a  and  (p  are  simultaneously 
evanescent. 

The  quantity  [a"^  is  equal  to  four  times  the  sector  p'cb, 
and  {a-  sin.  ^  is  four  times  the  triangle  p'cb,  and  therefore 
the  area  is  four  times  the  difference  between  these.  Hence 
the  area  pmb  is  equal  to  four  times  the  segment  p'b. 

The  entire  area  included  between  tlie  curve  and  its 
asymptote  is  therefore  equal  to  twice  the  area  of  the 
circle. 
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If  a  perpendicular  cd  to  ad  meet  the  curve  at  d,  the  line 
joining  D  and  b  will  be  a  tangent. 


PROP,   cccxx. 


(630.)  To  investigate  the  figure  of  the  curve^  whose 
equation  is  x^  —  a^jr*  —  h'x^  +  a^/^*  —  c^y  =  0. 

The  proposed  equation  may  be  expressed  thus  : 


y  = 


r»-i 


Hence  the  curve  meets  the  axis  of  x  at  the  points  j:  =  +  rr, 
X  =  —  a,  .r  =  +  6,  .r  =  —  b\  and  if  a  >  A,  for  all  values 
o(x  >  a,  y  is  positive,  and  continually  increases  for  all 
greater  values.  For  the  values  of  a:  between  a  and  6,  y  is 
negative,  and  positive  for  tHose  between  6  and  0.  Hence  it 
is  easily  seen  that  the  figure  of  tlie  curve  is 


where  ab  =  +  /;,  An'  =  —  6,  A(?  =  +  a,  ac'  =  —  a. 

The  equation  of  the  tangent  by  differentiating  is  found 
to  be 


y-y  = 


.s 


•(*  -  0^) ; 


therefore  the  points  at  which  the  tangents  are  parallel  to  the 


axis  of  X  are  x  —  0,  x  =  + 


2      • 


z2 
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If  a  and  b  both  =  0,  the  four  points  a,  a'>  b,  b',  unite  in 
one,  and  become  a  point  of  undulation :  the  equation  of  the 

curve  becomes  in  this  case  y  =  — ,  which  is  one  of  the  nu- 

merous  family  of  parabolic  cur\'e8  represented  by  the  ge- 
neral equaUon  y  =  ax*. 


PMOP.  cccxxi. 

(631.)  To  find  the  locus  of  the  itUersection  of  the  tangent 
to  an  ellipse^  with  a  perpendicular  to  it  passing  through 
the  centre. 

The  equation  of  the  ellipse  being 

a'^i/^  +  6V*  =  a«i«, 
and  that  of  the  tangent 

a^j/y  -h  b^x^x  =  a''b^, 
the  equation  of  the  perpendicular  to  the  tangent  from  the 
centre  is 

b^x'y  -  oy^  =  0. 

If  y  and  a/  be  eliminated  by  these  equations,  the  result 
will  be 

(j^«  +  x^y  -  aajT*  -  bY  =  0, 

which  is  therefore  the  equation  of  the  locus  sought. 

To  investigate  the  figure  of  this  curve,  let  ^  =  0,  and  the 
corresponding  values  of  or  are 

X  =  0, 
X  =  -\-  a, 
X  =  —  a. 
In  like  manner  if  j;  =  0,  the  corresponding  values  of 
y  are 

y  =  o, 

y  =  —  b. 
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Hence  it  appears  that  the  four  vertices  and  the  centre  are 
points  of  the  proposed  locus. 

If  the  equation  be  solved  for  y^^  we  find 

where  i^  ^  a?'  --*  6*. 

Hence  it  appears  that  for  each  value  of  x  there  are  four 

values  of  ^y  but  of  these  four  two  are  impossible.     For  since 

therefore 


Hence 


are  both  impossible  values  of  ^^  except  when  j:  =  0,  which 
gives  J/  =  0.     Therefore  the  two  real  values  are 

The  parallels  to  the  conjugate  axis  of  the  ellipse  therefore 
meet  the  curve  in  but  two  points,  and  are  all  bisected  by  the 
transverse  axis,  which  is  therefore  an  axis  of  the  locus. 

By  differentiating  the  real  values  of  j/,  we  find 

Hence  if  x  =  0,  y  =  ±  6,  -^  =  0. 

Also  if  y  =  0  and  jr  =  ±  a,  ^  =  4.  Hence  the  tangents 

through  the  four  vertices  of  the  ellipse  are  also  tangents  to 
tlie  locus  at  these  points. 

iy 

Since  the  numerator  of  the  value  of  -7-  consists  of  two 

ax 

factors,  j:  =  0  is  not  the  only  condition  on  which  it  may 
vanish.     If 
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c'-gv'i^  +  C«X«=0, 


we  shal.  also  have  -j—  =  0.     This  value  of  x  is  impossible 

if  c  <  6,  but  real  if  otherwise.  Hence  if  c  >  6,  there  are 
six  points  at  which  the  tangent  to  the  locus  is  parallel  to  the 
transverse  axis ;  which  points  are  determined  by 

a:  =  0, 


and  the  corresponding  values  of  y.  If  e  =  6,  three  of  these 
points  unite  in  one,  and  form  a  point  of  undulation. 

If  c  <  by  there  are  only  two  points  where  the  tangent 
is  parallel  to  the  transverse  axis,  which  are  determined  by 
a:  =  0,  y  =  ±  6. 

To  find  whether  the  tangent  through  the  vertex  of  the 
conjugate  axis  intersects  the  locus,  let  b  be  substituted  for 
y  in  the  value  of  or,  and  we  find 

Hence  if  c  >  6,  the  tangent  intersects  the  curve  at  two 
points  determined  by  these  values  of  x. 

If  c  be  not  less  than  6,  the  tangent  does  not  intersect  the 

curve. 

dy 
Of  the  two  factors  in  the  denominator  of  -^,  one  cannot 

ax 

=  0,  therefore  the  value  can  be  infinite  only  when  y  =  0 

and  »r  =  ±  a ;  hence  the  only  points  at  which  the  tangent 

through  the  vertex  is  perpendicular  to  the  transverse  axis 

are  the  vertices. 
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In  the  case  where  p  >  b, 
the  figure  of  the  locus  is  there- 
fore represented  thus. 


If  c  be  not  greater  than  i, 
the  figure  of  the  locus  is  repre- 
sented thus. 


It  appears  also  that  the  centre  is  a  conjugate  point 
When  c  >  b,  the  curve  has  four  points  of  inflection.    . 
To  determine  the  polar  equation,  let  z  sin.  cu,  and  2  cos.  00 
be  sabsUtuted  for^  and  o^,  and  the  result  is 

^*  =  a«  COS.*  w  +  b*  sin.*  w. 

This  equation  bears  an  obvious  analogy  to  the  polar 
equation  of  the  ellipse  itself,  related  to  the  centre  as  pole, 
which  may  be  expressed 

1       COS.*  »      sin.*  u) 

To  find  the  area  (a^)  of  the  locus :  by  the  general  formula 

a'  =  ifz^dw  +  c'. 

Hence  in  this  case 

a'  =  ^ycos.*  w  dcy  +  j6y*sin.-  w  rfw  +  c'; 

but  since 

d  sin.  (V  =  COS.  w  dw^ 
d  COS.  w  =  —  sin.  w  dw, 

we  have 

a'  =  4^y  cos.  (tid  sin.  w  —  ^^ftysin.  ofd  cos.  oj  -|-  c'. 

Let  circles  be  described  on  the  axes  of  the  ellipse  as 
diameters:  if  cp  =■  z  and  rcD  =^  cu,  let/?,  /?',  be  the  points 
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where  the  radius  vector  meets 
the  two  circles,  and  let  jJt 
be  parallel  to  cb,  and  /?£  to 
CD.  Then  —  a*  cos.  wd  sin.  w 
is  the  differential  of  the  area 
GT.pf  and  —  b^  sin.  aod  cos.  en 
is  the  differential  of  the  area 
AFp'.    Hence, 

'    CPD  =  4(-GEp  +  KFj/)  +  C'. 

To  determine  c',  we  should  observe  that  when  cpd  =  0, 
that  is,  when  cp  coincides  with  cd,  the  point  p  will  coincide 
with  D,  and  p'  with  a.    Hence 

C'  -  ^GCD  =  0, 
•.•    d  =  ^GCD. 

Hence  we  find 

CPD  =  4(CE/>D  -f-  AF//). 

H^nce  we  find  the  entire  area  (a)  of  the  curve 

The  area  of  the  entire  curve  is  therefore  an  arithmetical 
mean  between  the  areas  of  the  two  circles,  and  is  equal  to 
half  the  area  of  the  circle  described  with  the  line  joining  the 
extremities  of  the  axes  as  radius. 

It  appears  from  this  that  tlie  curve  bpd  bisects  the  space 
ABGD  included  between  the  circles. 

The  transverse  axis  of  the  ellipse  being  supposed  fixed,  if 
the  conjugate  axis  be  continually  diminished,  the  ellipse  will 
tdtimately  coincide  with  the  transverse  axis.  The  corre- 
sponding limit  of  the  locus  will  be  found  by  supposing 
A  =  0  in  its  equation,  which  gives 

(j^t  -I-  j:x)ft  —  a'j:«  =  0. 

This  equation  is  resolvable  into  two  factors, 

J/*  +  ^*  —  ox  =  0, 
2/'  +  o:^  +  ax  =  0, 
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which  are  the  equations  of  two  circles  described  on  cd  and 
cd'  as  diameters,  which  are  therefore  the  limit  of  the  curve 
in  this  case. 

If  the  ellipse  becomes  a  circle,  scil.  if  A  =  a,  the  equation 
of  the  locus  is 

which  is  resolved  into  the  factors 

y«  +  ar«  —  a«  =  0, 

ya  4-  x«  =  0. 
The  first  gives  the  circle  on  the  transverse  axis,  and  the 
other  the  centre. 


PROP.  CCCXXII. 

(632.)  To  determine  the  locus  of  tlie  intersection  of  the 
tangent  to  an  hyperbola^  and  a  perpendicular  to  it  through 
tlie  centre. 

The  equation  of  the  locus  fi)und  in  the  last  proposition 
becomes  in  this  case 

(3/*  +  **)*  -  fl*^*  +  *y  =  0. 

If  in  this  equation  a?  =  0,  it  is  necessary  that  ^  =  0  also, 
therefore  the  conjugate  axis  can  meet  the  locus  only  at  tlie 
centre.     But  y  =  0  gives,  as  before, 

jr  =  0, 
jr  =  +  a, 
jT  =  —  a; 
hence  the  locus  meets  the  tranverse  axis  at  the  vertices. 

It  appears,  as  before,  that  two  of  the  four  values  of  j/  are 
impossible,  and  that  therefore  the  perpendiculars  to  the 
transverse  axis  can  each  meet  the  curve  in  but  one  point, 
and  that  the  transverse  axis  is  an  axis  of  the  curve. 

It  appears,  as  before,  that  the  tangents  to  the  hyperbola, 
passing  through  the  vertices  of  the  curve,  are  also  tangents 
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to  the  locus  at  those  points ;  for  the  differential  co-efficient 
becomes,  in  this  case, 

which  becomes  infinite  when  y  =  0  and  x^  =  a\ 

For  all  values  of  x^  >  «*,  y  is  impossible ;  therefore  the 
locus  is  included  between  the  vertical  tangents. 

To  find  the  value  of  -^  when  y  =  0  and  at  =  0,  we  are 
to  oon^der  that  the  value  of  -^  consists  of  two  factors, 

7  '^^¥+^^T^)'     ^*^"^  a:  =  0  and  y  =  0,   the 

0  a^ 

former  assumes  the  form  -^y  and  the  latfer  becomes  jz.  To 

find  the  true  value  of  the  first  factor,  or  what  is  more  readily 
done,  of  its  square,  let  the  numerator  and  denominator  be 
both  differentiated,  and  we  find 

which,  when  .r  =  0,  becomes  — -- ;  therefore,  when  a:  =  0 

and  y  =  0, 

X  ^        b 

y   "  -~a' 
and  in  this  case,  therefore, 

dx       ""   6  * 
Hence  the  centre  is  a  multiple  point.     The  tangents  to  the 
curve  at  this  point  are  perpendicular  to  the  asymptotes  of 
the  hyperbola.     The  equations  of  the   tangents  to  this 
point  are 
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« 

fey  —  OX  =  0, 
by  -\-  ax  =  0. 
To  determine  whether  these  tangents  meet  the  curve  again, 
let  jy  be  substituted  for  a^x^  in  the  equation  of  the  curve, 
and  it  becomes 

yi  +  ir^  =  0, 
which  gives  y  ^  0  and  a;  =  0.     The  tangents  therefore  do 
not  meet  the  curve  again. 

It  appears  from  tliis  investigation,  that  the  figure  of  the 
curve  is  Hke  that  of  the  Icmniscata,  which  are  a  species 
of  it. 

Its  polar  equation  is 

s^  =.  a-  COS.*  w  —  6^  sin.*  w, 
which,  when  a*  =  6%  becomes 

2^  =  a*  cos.  2a;, 
the  equation  of  the  lemniscata. 


PROP.  CCCXXIII. 


(633.)  Given  the  base  and  rectangle  under  (he  sides  of  a 
triangky  to  determine  tJie  hens  of  the  vertex. 

If  the  base  and  a  perpendicular  through  its  middle  point 
be  assumed  as  axes  of  co-ordinates,  the  condition  expressed 
in  the  proposition  is 

^/y*  +  (j?  H-  ay  .   v^y*  +  (^  —  o)«  =  a*  +  4% 
where  a  is  half  the  base,  and  o^  +  6*  =  the  rectangle.  This 
equation,  when  reduced  to  a  rational  form,  becomes 

This  equation,  solved  fory*  and  a?*,  gives 

y  =  -  (a^  +  x^)  ±  vW'+b^WT'ia^, 
j:«  =  a«  -  y«  ±  A/(a«  +  6«)2  -  ^^y-. 
Hence,  for  each  value  of  a-,  two  of  the  four  values  of  y  are 
impossible,  and  the  other  two  are  real  and  equal  with  op. 
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posite  signs.  The  axis  of  x  is  therefore  an  axis  of  the 
curve.  When  j?  =  0,  y  =  ±  6 :  the  axis  of  y  meets  the 
curve,  therefore^  at  two  points  determined  by  ^  =  +6  and 

y  =  —  *.  

When  3^  =  0,  ar  =  ±  ^/2a*  -h  6%  or  or  =  ±  6  ^/—  1. 
The  latter  values  are  impossible^  and  the  former  determine 
the  two  points  where  the  curve  meets  the  axis  of  a?. 

All  values  of  x^  >  So*  +  6*  render  y  impossible ;  there- 
fore the  curve  is  included  between  the  parallels  to  the  axis 

of  ^  through  the  points  determined  by  j:  =  ±  v^2a'  -f-  6*. 

If  the  equation  of  the  curve  be  di£Pcrentiated^  the  re- 
sult is 


dy  ^  X     fl*— (y*+^*) 


du 
If  or  =  0,  and  \'y  =  ±  6,  ;jr  ^  ^ » therefore  the  parallels 

to  the  axis  of  Xy  through  the  pointy  determined  by  these 
values  of  ^  and  x,  are  tangents. 

If  y  =  0,  and  •.•  X  =  ±-v/2a*  +  6«,  the  values  of  -~ 

are  infinite ;  therefore  the  parallels  to  the  axis  of  j/,  through 
the  points  determined  by  these  values  of  y  and  x,  are  tan- 
gents. 

To  determine  whether  the  tangents  through  the  points 
determined  by  »r  =  0,  3/  =  ±  by  meet  the  curve  again,  let 
b  be  substituted  for^  in  the  value  o(  x^,  and  we  find 

X  :=0y 


The  latter  values  are  real,  =  0,  or  imaginary,  according 
as  fl*  >  6*,  o*  =  ft',  or  a*  <  6«. 

From  these  circumstances,  it  appears  that  when  a*  >  6' 
is  represented  thus : 
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If  c  be  the  origin,  and  a 
and  D  the  points  where  it 
meets  the  axis  of  Xy  and 
D,  E,  those  where  it  meets 
the  axis  of  y^  there  are 
points  of  inflection  on  each 
side  of  the  points  D  and  e. 

In  this  case  -y—  =  0,  on  tlie  condition, 

The  points  (besides  d  and  e)^  therefore,  where  the  tangent  is 
parallel  to  ab,  are  determined  by  the  intersection  of  a  circle, 
whose  centre  is  c,  and  radius  a  with  the  curve.  This  circle 
will  not  meet  the  curve  if  a*  <  b\  and  will  touch  it  at  d  if 
a«  =  b\ 

If  a*  be  not  greater  than  i*,  the  figure  of  the  curve  is 
similar  to  that  of  the  ellipse. 


PROP,  cccxxiv. 


(634.)  Given  the  base  mid  area  of  a  triangle^  tojind  tlie  locus 
qftlie  centre  of  the  inscribed  circle. 

Let  the  base  be'  and  a  perpendicular  yy'  through  its 
middle  point  be  the  axes  of  co-ordinates. 

Since  the  area  of  the  triangle  is  given,  the  locus  of  the 
vertex  is  a  right  line  pai*allel  to  the  base,  at  a  distance  av 
from  the  base  such,  that  the  rectangle  under  av  and  ab 
shall  be  equal  to  twice  the  given  area.  Let  v  be  the  vertex 
of  the  triangle  in  any  position.  If  bp  and  b'p  bisect  the 
angles  vba  and  vb'a,  p  is  the  centre  of  the  circle  which 
touches  the  three  sides.  Let  the  co-ordinates  of  v  hej/afy 
and  those  of  p,  jfx,  therefore 
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But  the  angles  tba  and  vb'a  are  respectively  equal  to  twice 
the  angles  fba  and  fb'a  ;  therefore,  by  tngonometry. 
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2  tan.  PBA 


tan.  VBx  = 


tan.  vb'a  = 


1  —  tan.«  pba' 
2. tan.  pb'a 


1  —  tan'^  pb'a* 

By  substituting  in  these  the  values  of  the  tangents  already 
found,  we  find 

y     ^    %/(fl-3:) 
y     ^    2y(a  +  x) 

Eliminating  j:'  by  these  equations,  the  result,  arranged  by 
the  dimensions  of  the  variables,  is 

2x^1/  —  t/y^  —  yj:*  —  ^^J/  +  «V  =  0, 
which  being  an  equation  of  the  third  degree,  shows  that  tlie 
locus  is  a  line  of  that  order. 

To  examine  the  figure  of  the  locus,  let  its  equaUon  be 
solved  for  each  of  the  variables,  and  the  results  are 


a!  —    "t"  —— ^      ~~~'9 

V2y  -y 

In  which  6*  =  a'  -f  y%  which  is  the  square  of  the  line  bv  ; 
•/  BV  =  b. 

To  determine  the  points  where  the  curve  meets  the  axis 
of  y,  let  a;  =  0,  wliich  gives 

'  y  y     • 

Liet  AD  =  T — ,  AD  =  —  — 1 — ,  and  the  pomts  d  and 

d'  are  those  at  which  the  locus  meets  tlie  axis  of  ^.     These 
points  may  be  obviously  found  geometrically  by  bisecting 
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the  angle  vba  and  its  external  supplement;  the  bisectors 
will  meet  yy*  at  d,  d'. 

If  AS  =  r,  and  ad'  =  —  r*,  the  value  of  «  may  be  ex- 
pressed thus. 


'  -  V       2y-y     ■ 


By  the  value  of  ^,  it  appears  that  for  all  values  of  a'  be- 
tween A*  and  a",  that  is,  <  6'  and  >  a°,  the  values  of  j/  are 
ima^nary. 

Hence  if  ve  =  vt'  =  vb,  and  parallels  to  r^'  be  drawn 
through  the  four  points  E,  d,  e',  and  b',  the  curve  is  ex- 


v( 
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eluded  from  between  the  parallels  through  e  and  b,  and 
also  from  between  those  through  e'  and  b'.  But  since  for 
all  other  values  of  x  the  values  of  ^  are  real,  a  part  of  the 
curve  is  included  between  the  parallels  bh  and  b'h';  and 
the  remaining  parts  of  it  extend  infinitely  in  opposite  di- 
rections beyond  the  parallels  througli  e  and  e'. 

Since  y  =  y  gpives  jr  =  ±  6,  the  curve  passes  through  the 
points  E  and  e'. 

Since  y  =  0  gives  a:  =--  ±  n,  the  curve  passes  through  the 
pmnts  B  and  b\ 

Since  for  all  negative  values  of  y  greater  than  ai^,  the 
value  of  x^  is  negative,  and  therefore  that  of  x  is  ima- 
ginary, the  curve  cannot  pass  below  a  parallel  to  the  axis  of 
X  through  ly. 

From  the  value  of  x^  it  appears  that  it  is  impossible  for 
all  values  of  y  between  r  and  \j/ ;  and  hence  it  follows, 
that  the  curve  is  excluded  from  between  the  parallels  to  tlie 
axis  of  0?  through  the  points  c  and  o,  ca  being  half  of  va, 
and  J>A  being  equal  to  r. 

From  these  circumstances,  it  appears  tliat  the  part  of  the 
curve  included  between  the  parallels  bh  and  b'h'  is  inclosed 
in  the  rectangle  kl',  whose  sides  are  parallel  to  the  axes  of 
co-ordinates,  and  that  the  curve  meets  this  rectangle  nt  the 
points  B,  b',  d,  and  d'. 

Since  for  each  value  of  ^  there  are  two  equal  and  oppo^te 
values  of  a?,  the  axis  of  y  is  an  axis  of  the  curve. 

If  the  equation  be  differentiated,  we  find 

dy  ^x(^y-}/Y 

d^   yy(«/— y)' 

This  vanishes  on  either  of  the  conditions, 

a;  =  0, 

y  =  iV. 

The  first  condition  indicates  tliat  the  parallels  to  xx' 
through  D,  d',  are  tangents  to  the  curve.     Th  j  second  would 

A  A 
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alio  show  the  parallel  through  c  to  be  a  tangent ;  but  the 
corresponding  value  of  x  being  infinite,  proves  it  to  be  an 
asjrmptote. 

The  value  of  -j-  becomes  infinite  on  any  one  of  three 

conditions, 

y  =  o, 

y  =  00. 

The  first  shows  that  the  parallels  bh  and  b'h^  touch  the 
curve  at  b»  b'. 

The  second  shows  that  the  parallels  to  yy*  through  e,  e', 
touch  the  curve  at  these  points. 

The  third  shows  that  the  tangent  to  a  point  in  the 
branch  eg  or  e'g'  approaches  without  limit  to  parallelism 
with  yV, 

From  all  these  circumstances,  it  appears  that  the  figure  of 
the  curve  is  as  it  has  been  represented. 

By  the  value  of  y,  it  appears  that  the  parabola  repre* 
sented  by  the  equation 

•^^  —  a^y  —  o*  =  0 

is  a  diameter  of  the  curve  bisecting  a  system  of  chords 
parallel  to  the  axis  oi  y.  If  the  equation  of  this  diameter 
be  put  under  the  form 

it  is  plain  that  the  axis  of  the  parabola  is  the  line  yy^,  and 

that  if  AG  =  —  -jy  o  is  the   vertex.     Also,  since  by  its 

equation  y  =  0,  gives  x  :=^  ±,  a^  and  y  =^  j/  gives 

a:  =  ±  Va«  +  y»  =  ±  6, 
it  must  pass  through  the  points  b,  b',  and  £,  e'.     The  point 
o  is  evidently  the  point  of  bisection  of  dd'. 
It  is  not  difficult  to  explain  the  genesis  of  the  different 
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parts  of  the  curve  by  the  motion  of  the  centres  of  the  lurdte 
touching  the  three  sdes  of  the  triangle.  While  the  vertex 
V  moves  in  the  direction  tu,  the  centre  of  tlie  orcle  touching 
the  three  sides,  tb,  vb',  and  bb',  moves  through  dpb.  At 
the  some  time  the  centre  of  the  circle  which  touches  vlf  and 
ax,  the  productions  of  the  ades  b'v  and  bb',  and  alio  the 
nde  Bv,  describes  die  asymptotic  branch  bm.  Alio  the 
centre  of  the  circle  touching  vb,  s'x',  and  I'r,  is  deacrilung 
the  infinite  branch  e'g',  and  finally,  the  centre  of  the  cirda 
touching  Ba,  n'ol,  and  b'b,  is  describing  the  part  b'd'. 

In  like  manner,  while  the  vertex  of  the  triangle  is  moving 
in  the  direction  vh*,  the  centres  of  these  four  circles  desciiba 
the  several  parts,  db^,  e'n',  bo,  and  bV. 


PROP,  cccxxv. 

(636.)  Tmogiven  curves  app'p''  and  npjii^y  tmg  related  tt 
rectangular,  and  the  other  to  poUtr  co-ordinatet,  and  re- 
presented btf  equations  qfthejbrms  v{t/x)  =  0,  x  =  r[u), 
are  so  related,  that  if  the  cttroe  Apr'?*  be  wrapped  upon 
Kp^^,  Gte  ordmates  ru,  p'm',  p''m'',  .  . .  preserving  their 
inclinatiims  to  tlie  curve,  shall  be  equal  to  and  cmncident 

with  the  radii  vectores  op,  <^,  (^ the  points  p,  ^, 

jf,...  being  the  posiOoTU  of  the  points  p,  p",  f",  .  .  ■  .  when 
the  curve  app'p"  is  wrapped  upon  J^p^ffi  to  determine  ihe 
amotions  bg  nrAwA  Ae  equation  of  either  ^  these  curves 
ftuy  bejbundj^om  that  ^the  other. 

By  the  GonditionB  expressed, 
the  Unes  ph  and  op  are  equally 
inclined  to  the  tangents  at 
the  pmnts  v  and  p ;  and  the 
•ame  bang  true  for  all  cor- 
responding ptnnts,  we  have 
tht  condition 
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da:      zdio 
dy  "^  dz^ 
the  angle  to  being  measured  from  the  axis  of  y :  but  since 

y  =  «  and  dj/  =  dz,  •.• 
zdfa  =  dx. 
Hence  by  differentiating  the  equation  T{jfx)  =  0,  and 
changing  y  into  2,  and  dx  into  2:^0;,  and  eliminating  x^  we 
ahall  find  by  int^rating  the  result,  the  equaUon  2  =  F(tt;). 
Also,  if  this  latter  equation  be  given,  a  similar  process  will 
discover  the  equation  F(yar)  =  0. 

It  is  evident  that  either  curve  may  be  supposed  to  pro- 
duce die  other ;  app'p''  by  being  bent  into  such  a  form  that 
the  points  m,  m',  m^,  shall  all  unite  in  the  origiA  o,  and  the 
ordinates  become  radii  vectors,  will  produce  App'j/^ 'y  or 
Apj^jpP  by  being  bent  into  such  a  form,  that  the  radii  vectors 
will  become  parallel,  and  (heir  extremities  lie  in  a  stnught 
line,  omm'm''  passing  through  o  will  produce  app'p^. 

By  tliese  means  every  curve  related  to  rectangular  co- 
ordinates produces  a  corresponding  spiral  and  v v. 

Since  zdoa  =  dXy  and  2  =  y,  we  have  z*dw  =  ydx. 

Hence  it  follows,  that  the  area  included  between  two 
ordinates  of  the  one  curve  is  double  the  area  included  be- 
tween the  two  radii  vectores  of  the  other,  which  are  equal  to 
those  ordinates.     Also,  since 

jy  +  dx^  =  dz^  +  z^dw^. 
The  arc  of  the  one  intercepted  between  two  ordinates  is 
equal  to  the  arc  of  the  other  intercepted  between  the  cor- 
responding radii  vectores.     We  shall  apply  these  general 
principles  to  some  examples. 

1°.  Let  the  curve  app'p''  be  represented  by  the  equation 

7/'"  =  ax. 
By  differentiating,  wc  find 

vi7/"'^*(Iy  =  adx ; 
«nnd  by  making  the  necessary  substitutions. 


J*.  , 
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m:f'^dz  =  adw, 
which  being  integrated,  gives 

ms^"-^  =  (m  —  \)a<ti. 
When  fTi  =  £,  the  curve  is  tlie  common  parabola,  and  the 
corresponding  spiral  is  that  of  Archimedes,  represented  hj 
the  equation 

Hence  if  ap  be  any 
arc  of  the  parabola, 
and  pii  =  Ap,  the  arc 
Ap  will  be  equal  to  ap, 
and  the  area  apm  will 
be  double  that  of  the 
segment  Ap,  and  there- 
fore the  segment  Ap 
will  be  one-third  of  the 
rectangle  Mm,  and  equal  to  the  area  aihp.  ^ 

It  appears  therefore  that  the  rectification  of  the  spiral  of 
Archimedes  depends  on  that  of  the  parabola. 

2^.  Let  the  curve  app'  be  a  line  of  tlie  second  d^ree 
related  to  its  axis  and  vertical  tangent  as  axes  of  co-ordinates^ 
and  represented  by  the  equation 


3/*+^^-/>^  =  0; 


by  differentiating 


^ydy  +  —xdx  —  pdx  =  0, 

which,  after  the  necessary  substitutions,  becomes 

dz 


du)  = 


.\^i^)' 


When  a  is  infinite,  tlie  integration  of  this  gives 

z  =  ipw, 
a  result  which  coincides .  with  that  abrcady  found.     Othecr 


8fiB 
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2b* 
wise  the  integration,  after  substituting  —  for  p^  gives 


B 


2;  =  B  sm. 


If  1  sr  A,  this  equaUon  becomes 

iB  =5  B  sin.  w» 
Hence  if  the  curve  app'  be  a  circle  whose  diameter  is  Sb, 
the  curve  a/^  is  a  circle  whose  diameter  b  b. 

S^.  Let  the  curve  hpji  be  the  logarithmic  spiral  repre^ 
sented  by  the  equation 

z  =  a*^. 
By  differentiating,  we  find 

tan.  Q  ,  dz  :=:  zdof. 
By  the  proper  substitutions,  this  becomes 
%  tan.  &dy  =  dx'^ 

which  being  integrated  and  a  constant  introduced, 

(^  ~  y)  —  cot  9  .  «  sr  0, 
which  is  the  equation  of  a  right  line. 

Hence  if  AppI  be  a  logarithmic  spiral,  app'  will  be  a  right 
line  touching  it  at  a,  and  if  pm,  p'm',  be  inflected  parallel  to  oa, 
and  equal  to  oj9,  ap\  the  arc  />//  will  be  equal  to  pp',  and  the 
area  popi  will  be  half  the  area  PMnV.  Also  at  is  equal  to 
the  arc  of  the  spiral  conUnued  from  a  to  the  pole,  and  the 
triangle  aot  is  double  the  corresponding  area.  These  re- 
sults agree  with  those  found  in  art  (437),  (488). 


4P.  Let  the  curve  pp'p*  be  the  equilateral  hyperbola  re- 
lated to  its  asymptotes,  and  represented  by  the  equation 
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^—  antt 


yx  ^  m 
By  difitsrentiatiDg,  we  find 

ydx  -4-  xdj/  =  0, 
which,  after  the  necessary  substitutions,  becomes 

z^dtti  -f  m^dz  =  0 ; 
which  being  integrated,  gives 

z^w  =  im\ 
which  is  the  equation  of  the  lUuus. 

Hence  if  pm  =  Ap,  and  yrf  =  a//,  the  arc  pp'  =  ppf  and 
the  area  pmmV  is  equal  to  twice  the  area  pAj/ ;  also  the 
area  of  the  entire  lituus  continued  to  the  pole  is  equal  to 
half  the  space  included  between  the  hyperbola  and  its  asym- 
ptotes, and  the  entire  length  of  the  lituus  is  equal  to  that  of 
the  hyperbola. 


5^  The  preceding  is  only  a  particular  case  of  a  more 
general  class  of  curves  included  under  the  equation 

which,  differentiated,  gives 

y"dj?  -f  mjf^^xdy  =  0, 
'-*  ydx  +  mxdy  =  0; 
which,  after  the  necessary  substitutions,  becomes 

(m  +  !)«'"+'«  =  mar^K 
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SECTION  XXIII. 

Propositions  illustrative  of  the  application  of ttie  preceding 
part  (^Algebraic  Geometry  to  various  parts  of  Physical 
Science. 

PBOP.  cccxxvi. 

(636.)  A  right  line  of  a  given  length  being  drawn  per- 
pendicular to  an  horizontal  planCf  to  find  the  9ia(ure  of  the 
curve  traced  out  by  the  extremity  of  its  shadow. 

•  .  .       .  . 

The  meridian  line  being  assumed  as  the  fixed  axis,  and 

the  angle  Which  the  shadow  r  makes  with  it  being  w,  and 

L  the  length  of  the  perpendicular.     Let  z  be  the  zenith 

distance  of  the  sun,  ta  its  polar  distance,  and  A  the  latitude. 

By  the  conditions  of  the  question,  we  have  the  equation 

r  =  L  tan.  «; 

and  since  the  angle  f*)  is  the  sun*s  azimuth,  we  have  by  sf^hc- 

rical  trigonometry, 

COS.  w  —  cos.  z  sin.  A 

COS.  (JJ  =    : : . 

sin.  z  COS.  A 

By  these  equations,  eliminating  z,  the  result  is 

r  .  cos.  A  .  COS.  w  +  L  sin.  A  =  a/^*  +  l*  .  cos.  «r. 
If  the  meridian  line  be  taken  as  the  axis  of  Xy  and  the 
intersection  of  the  planes  of  the  horizon  and  prime  vertical 
as  the  axis  of  y,  and  this  equaUon  be  reduced  to  one  between 
rectangular  co-ordinates  yXj  the  result  is 

COS.*  w  .  y*  +  (cos.*  cr  —  cos,*  x)af^  —  sin.  2a  .  lx 
+  (COS.*  vj  —  sin.*  a)l*  =  0. 
The  locus  is  therefore  a  line  of  the  second  degree. 
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It  is  an  ellipse^  hypetboHoj  or  parabola^  according  as 
COS.  tff  >  COS.  A,  COS.  ar  <  COS.  X,  or  cos,  w  =  cos.  X. 

In  other  words,  when  the  sun*s  polar  distance  is  less  than 
the  latitude,  it  is  an  ellipse ;  when  it  is  greater,  an  hyperbola  : 
and  when  it  is  equal  to  the  latitude,  it  is  Si  parabola. 

At  the  pole  cos.  X  =s  0 ;  the  locus  is  therefore  a  drcle 
represented  by  the  equation 

y  +  x*  =  L*  tan.*  to. 

At  places  within  the  polar  circle  the  locus  has  at  different 
times  of  tlie  year  all  its  varieties,  inasmuch  as  the  sun*s 
polar  distance  is,  at  different  times  of  the  year,  greater,  equal 
to^  and  less  than  the  latitude. 

At  the  polar  circle  the  locus  is  a  parabola  at  the  solstice, 
and  an  hyperbola  at  all  other  times. 

At  all  latitudes  less  than  66^^  the  locus  is  always  an  hyper- 
bola, since  the  sun'^s  polar  distance  is  never  less  than  66^^. 

At  the  equator  the  locus  is  the  intersection  of  the  planes 
of  the  prime  vertical  and  horizon  at  the  equ'moxcs ;  for  in 
that  case  'at  =  gOP,  and  the  equation  of  the  locus  becomes 


PROP.  CCCXXVII. 

(637.)  Tojind  the  curve  described  by  the  vertex  of  the 

earOCs  conical  shadow. 

Let  the  scmidiametcrs  of  the  sun  and  earth  be  r,  r',  and 
let  Zf  s/y  be  the  distances  of  the  vertex  of  the  shadow  and 
the  centre  of  the  earth  from  the  sun,  we  have  the 
equations 

z  _      r 


2'  = 


JL 


2(l+^cos.»)' 
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the  latter  bdng  the  polar  equation  of  the  earth's  orbit, 
elimiiiating  :ly  the  result  is 

^ va 

2(r-i^)  (1 +  e  COS.  «)' 
Hence  the  vertex  of  the  shadow  describes  ah  dlipse  nmilar 
to  that  of  the  earth,  and  whose  parameter  is 


PROP.  CCCXXVIII. 

(638.)  If  a  body  revolves  in  any  proposed  curve^  to  find 
ike  curve  tf  a  fixed  star's  aberration  as  seenjixm  this 
hoAf. 

As  the  aberration  is  in  direction  always  parallel  to  the 
tangent  to  the  orbit  in  which  the  body  is  supposed  to  move, 
and  in  quantity  redprocally  proportional  to  die  perpendicular 
from  the  centre  of  force  upon  the  tangent,  the  nature  of  the 
curve  of  aberration  may  be  investigated  by  finding  the 
locus  of  the  extremity  of  a  line  drawn  from  the  centre  of 
force  paraUel  to  the  tangent,  and  such  that  the  rectangle 
under  it,  and  the  perpendicular  on  the  tangent,  shall  be 
constant. 

These  conditions  may  with  great  facility  be  reduced  to 
equations.  Let  v{j/af)  =  0  be  the  equation  of  the  curve, 
the  origin  of  rectangular  co-ordinates  being  at  the  centre  of 
force,  and  yx  being  the  co-ordinates  of  any  point  of  the 
sought  locus,  the  condition  of  the  radius  vector  being 
always  parallel  to  the  tangent,  gives  the  equation 

-^=^,or 
dsf       X 

xdjf  — ydoi  =  0. 
Let  oi^  be  the  distance  from  the  origin  at  which  the  tan- 
gent meets  the  axis  of  .r.    By  the  equation  of  the  tangent 
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W' 

Let/7  =  the  perpendicular  on  the  tangent 

and  therefore  we  find 

_   afdj/--:f/daf 

and  nncc  by  the  first  condition, 

therefore 

And  by  the  condition^  that  the  rectangle  under  the  peipen* 
dicular  and  radius  vector  is  constant, 

p\/j/^  +  **  =  •'*'• 
The  locus  sought  will  therefore  be  found  by  eliminating 
j/a!  from  the  equations 

s/y  —  j/a:  =  j7i«     (1), 

ydJ  -  xdi/  =  0    (2), 

F(yaO  =  0     (8). 

PROP.  CCCXXIX. 

(6390  The  orbU  being  a  line  of  Hie  second  degree  wiA 
ihe  centre  qfjbrce  at  (heJbcuSy  io^^nd  (he  cwve  of  abef'' 
ration. 

The  polar  equation  of  a  line  of  the  second  degree,  the 
focus  being  the  pole^  is 

r^ L 

2(l-<?cos.«;y 

which  reduced  to  rectangular  co-ordinates,  and  arranged  by 
the  dimennons  of  the  variables,  is 
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y*  +  (1  -  <?«)x'«  -  pejf  -  IP"  =  0. 
By  differentiating  this,  we  have 

Hence  equation  (2)  of  the  last  proposition  becomes 
pex  —  2(1  -  ^)xj/  —  9yj/  =  0. 
By  means  of  this,  the  equation  of  the  orbit,  and  the  equa- 
tion (1)  of  the  last  proposition,  eliminating  j/  and  j/,  tlie 
result,  arranged  according  to  the  dimenaons  of  the  va^ 
riables,  is 

em* 

.  m*  ,       ^,  4i«*(l-^)  ^      4m*(l— e^)»   ^     ^ 

+  *y(i  -  ^)y^ ^— y J^ — ^^=0; 

which  is  obviously  resolvable  into  the  facUxrs 

y  +  (1  -  ^)^»  =  0, 
4few*         4m*(l— e«) 

^  P  ^  P  _ 

The  former  gives  y  =  0,  x  =  0  scil.,  the  origin  of  the  co- 
ordinates. The  latter  is  the  equation  of  the  locus  sought, 
which  is  therefore  a  circle,  the  co-ordinates  of  whose  centre 

are  j?  =  0,  v  = ,  and  whose  radius  is .     From 

p  P 

which  it  also  appears  that  the  origin  of  co-ordinates  is  witliin 
the  circumference,  on  it,  or  outside  it,  according  as  e  <  1, 
=  1,  or  >1. 

Hence  it  follows  that  the  curve  of  aberraUon  is  always  a 
circle  when  the  orbit  is  a  line  of  the  second  degree,  with  the 
centre  of  force  in  tlie  focus ;  but  that  the  true  place  of  the 
star  is  within  the  circle  if  it  be  an  ellipse,  on  it  if  it  be  a 
parabola,  and  outside  it  if  it  be  an  hyperbola.  It  is  obvious, 
that  if  the  orbit  be  a  circle,  the  true  place  of  the  star  is  in 
the  centre  of  the  circle. 
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PKOP.  CCCXXX. 

(640.)  7%^  orbit  being  an  ellipse  or  hyperbola^  with  the 
centre  of  force  at  its  centre^  to  find  the  curve  of  aber^ 
ration. 

The  three  equations  in  proposition  (638),  become  in 
this  case 

A«^'«  +  b«j:'2  =  a-bS 
K^j/jj  +  B  Vo:  =  0, 
a^y  —   i/x    =  m*. 
By  eliminating  y  and  x  from  these,  we  find 

A«j^*  +  B*ar^  =  m\ 
The  equation  of  the  curve  of  aberration,  which  is  therefore 
a  curve  similar  to  the  orbit,  its  semiaxes  being 

—  and  — . 

A  B 

PROP.  CCCXXXT. 

(641.)  7%^  orbit  being  a  parabola^  the  force  acting  along 
tJie  diamctcrSy  tojind  tJie  curve  of  aberration. 

The  three   equations  in  prop.  (638),    become  in  this 

case 

y* -;«:'=  0, 
2^  -  px  =  0, 
a/i/'^t/x  =  fn\ 
By  eliminating  y,  a/,  by  these  equations,  we  find 

x^  +  — -y  =  0. 
P 

The  locus  is  therefore  a  parabola,  whose  axis  is  perpendicular 
to  that  of  the  orbit. 
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PROP.  CCCXXXII. 

{64t2.)  The  orbit  of  the  planet  being  supposed  a  circle, 
wiih  the  sun  in  the  circumference,   to  Jind  the  curve  of 
aberration. 
The  equations  in  prop.  (688)  become  in  this  case 

afy  —  ]/x  =  fw', 
yy  +  ara:'  =  rXj 

y**  +  Jc'*  -  firaf  =  0. 
Finding  values  for  ^a^  from  the  first,  and  substituting  them 
in  the  last,  the  result,  divided  by^^  +  x\  is 

r*x*  +  2rm*y  —  m*  =  0, 
the  equation  of  the  curve  of  aberration,  which  is  therefore 
a  parabc^,  whoee  axis  is  the  axis  of  y,  and  the  coordinate 


of  whose  vertex  is  ^  =  -^ 


PROP.  CCCXXXIII. 

(643.)  TTie  orbit  of  a  comet  being  supposed  parabolic,  to 
Jind  tlhc  place  of  perilielionjrom  two  distances Jrom  the  sun 
and  the  included  angle. 

Let  the  equation  of  the  orbit  related  to  the  axis  and 
focus  be 

2(1— COS.  (o) 
Let  the  two  distances  given  be  z\  «'',  and  the  corresponding 
anomalies  «'',  f^^,  hence 


4d      — 


z"  = 


2(1 -COS.  «/)' 


■"  2(1— COS.  a;")' 
by  dividing,  we  find 

s'  1— COS.  w* 

«''  ""  1  —  COS.  oJ  ' 
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The  given  angle  under  si  and  :iP  being  ^,  we  have 

w'  +  ay  .=  p. 

By  eliminating  one  of  the  anomalies  by  these  equations,  we 
shall  find  a  value  for  the  other.  This  elimination  may  be 
effected  thus, 

1  —  COS.  «/  =  2  rin.*  la/, 

1  —  COS.  ft^  =  2  sin.-  ioT^. 
Hence 

a/s*  __  rin.  iai" 
^""  sin.  4a/* 

..  Ji^?+^'—  sin.  4a/ 4- sin.  401^ 
-v/V  —  v' ?  ""  sin.  40/—  an.  40/'* 

5/2^VF'_        cot.  4p 

'•*  v5'-^/?""tan.4(a/-a/y 

Hence  by  finding  the  value  of  «/  —  ««/',  the  value  of  each 
anomaly  is  known. 

PROP,  cccxxxiv. 

(6414.)    The   parabolic   orbUs  of  several  comets  having 
a  common  tangent,  to  find  tlie  locus  of  the  perihelia. 

Let  p  be  the  perpendicular  distance  of  the  common 
tangent  from  the  sun,  z  the  perihelion  distance,  and  d  the 
distance  of  the  point  of  contact,  and  let  the  angle  under  p 
and  zh^tiJ.    By  the  polar  equation  of  the  parabola 

1— cos.  2a;' 
and  unce  by  the  properties  of  this  curve  p  is  a  mean  pro* 
portional  between  z  and  2/, 

p*  =  ZJy 

J  being  eliminated  by  these  equations,  the  result  is 

^1— cos.  2a; 
z*  =!  P  ;;; ; 


.  \ 


S08  ALGEBRAIC    GEOMBTEY. 

but  by  trigonometry, 

.     -  1— COS.  2(v 

sin.   (u  =  s • 

St 

Hence  the  equation  related  to  rectangular  co-ordinates  is 

y*  +  ar*  —  Fjr  =  0. 

The  locus  is  therefore  a  circle  described  on  the  perpendicular 

r  as  diameter. 

PEOP.  cccxxxv. 

(G45.)  TJie  parabolic  orbits  of  several  comets  intersecting  at 
t?ie  same  point,  to  find  the  locus  tfthe  perihelia. 

Let  si  be  the  distance  of  the  intersection  of  their  orbits 
from  the  sun,  and  z  the  perihelion  distance,  and  ui  the  angle 
under  them.     By  the  polar  equation  of  t^e  parabola, 

J  =  :; • 

1— COS.  w 

Hence  the  equation  of  the  locus  sought  is 


z  =  2/  sin.*  4 


which  is  the  c(]uation  of  a  cardioide,  the  diameter  of  wliosc 
generating  circle  is  the  distance  z!. 

PROP,  cccxxxvi. 

(646.)  Projectiles  being  thrown  frovi  a  given  point  rcith 
the  same  velocity  in  different  directions^  to  find  the  loci  of 
the  vertices  and  foci  of  the  paraholce  described  by  tJiem. 

Let  the  height  due  to  tlie  velocity  be  n,  and  the  angle  of 
elevation  f,  the  equation  of  the  path  of  the  projectile  in  free 
space  is 


y  =  X  tan.  s  — 


^"- 


4n  COS.*  e 

The  axis  of  y  bcinnr  vertical,  and  .r  horizontal,  let  the  co- 
ordinates of  the  vertex  he yx\  and  those  of  the  focus  y.i'\ 
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To  find  j/,  let  ^  =  0^  and  of  will  be  half  the  resulting  value 
of  <r:  hence 

x^  =  2h  sin.  £  COS.  £  =  h  sin.  9^, 

To  find  y,  let  of  be  substituted  in  the  equation  of  the  curve, 
and  we  find 

y  =  H  sin.'  e. 

The  values  of  yx''  are  found  by  observing  that  jr"  =  af^  and 
the  line  drawn  from  the  origin  to  the  focus  is  equal  to  h 
and  the  angle  under  it,  and  the  axis  of  ^  is,  by  the  properties 
of  the  parabola,  bisected  by  the  direction  of  projection. 
Hence  we  find 

a:"  =  H  sin.  2g  y  =  —  H  cos.  2f. 

To  find  the  locus  of  the  vertices,  let  b  be  eliminated  by  • 
means  of  the  values  of  y^,  and  the  resulting  equation  is 

4y*  +  a/«  -  4Hy  =  0, 

which  is  the  equation  of  an  elUpse,  whose  conjugate  axis  is 
vertical,  having  its  extremity  at  the  point  of  projection,  and 
transverse  axis  horizontal.     To  find  the  magnitude  of  these 

axes,  let  a:'  =  0,  '/y  =  h  ;  and  if  y  =  — ,  the  correspond- 
ing value  of  x'  is  h.  H^ce  the  conjugate  axis  is  equal  to 
H,  and  the  transverse  axis  to  2h. 

To  find  the  locus  of  the  foci,  let  s  be  eliminated  by  means 
of  the  values  of  y^'',  which  gives 

y^  4-  :r"«  =  H*. 

The  locus  sought  is  therefore  a  circle  whose  centre  is  at  the 
point  of  projection,  and  whose  radius  is  the  height  due  to 
the  velocity. 


B  fi 


/ 
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PROP.  CCCXXXVII. 

(647.)  Severed  profectiles  being  throuyn  in  the  same  di- 
rection with  different  vehciHeSj  to  find  ihe  loci  of  their 
vertices  andjbd. 

To  find  the  locus  of  their  vertices,  let  n  be  eUminated  by 
means  of  the  values  of  j/af  found  in  the  last  proposition. 
The  resulting  equation  is 

y  S3  ^tan.  0  .  of. 
The  locus  is  therefore  a  right  line  through  the  origin. 

To  find  the  locus  of  the  foci,  let  h  be  eliminated  by  means 
of  the  values  of  y'a/' ;  the  result  of  which  is 

y  =  cot.  2£  .  j;". 
Hence  the  locus  sought  is  a  straight  line  through  the  point 
of  projection,  and  inclined  to  the  vertical  line  at  an  angle 
which  is  bisected  by  the  direction  of  projection. 

PROP.  CCCXXXVIII. 

(648.)  Given  tJie  velocity/  and  directimi  of  a  projectile,  to 
find  the  point  where  it  zvill  meet  a  given  plane,  and  also  the 
time  offiight. 

The  projectile  must  meet  the  given  plane  in  some  point 

of  the  intersection  of  the  given  plane  with  the  vertical  plane 

in  which  the  projectile  moves.     Let  the  equation  of  this 

hne  be 

y  =  tan.  cr  .  a:  -f  6 ; 

where  m  is  the  angle  at  which  the  plane  is  inclined  to  the 

horizon,  and  b  the  distance  of  the  point  where  it  meets  the 

axis   of  y   from  the  origin.     By  this  equation,  and  the 

equation 

a:* 

y  =  tan.  s  ,  x  —  z r— , 

4h  cos.*f 

we  find  the  co-ordinates  of  the  point  sought  are 
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-    COS.  «r.,        vC.-  b  i4i 

"^  ^  *^  ^srs; \  ""•  ^'""''^  ±  J  Bin/  {«-  m)  -  -COS.V  J '  I 

81D.fBrC08.fir    .  V  ■    i    .  A  ^4 ") 

^"^^^"oM^^l  sin.(f-tir)  ±  J sin.'(6 - tir) -  -co9.»w  {    }  +*. 

To  find  (t)  the  time  of  flight  Let  m  =  16tV  inches. 
Since  the  vertical  through  the  projectile  moves  uniformly 
with  a  velocity  expressed  by  2  cos.  f  v/nm,  we  find 

X 


T  = 


2  cos.  B  ^/  Ilfit 

Hence 


^j^]  .*  I  sin.  (f  -  w)  ±  I  sin.«(6  -  w)  -  -cos.^w  V  *  j 
being  the  time  of  flight  expressed  in  seconds. 


T  =  — 
m  cos 


PROP,  cccxxxix. 


(649.)  Given  the  velocity  of  projection^  to  find  the  angle 
of  projection,  at  which  the  distance  of  the  point  where  the 
prqjectik  meets  a  given  plane  MaU  be  a  maximum. 

This  problem  is  in  effect  to  investigate  the  value  of  f, 
which  renders  the  value  of  x  in  the  last  proposition  a 
maximum.     For  this  purpose,  let  4t  be  differentiated,  and 
its  differential  equated  with  cypher ;  the  result  of  which  is 
cos.  0  cos.  (f  —  ot)  —  an.  f  sin.  (c  — .  w)  —  r  sin.  s 


cos.  €  sin.  (fi — w)  COS.  («— w)  ^. 

where  R  =   ■!  sin.-  (e  —  w) cos.*  or  l^. 

(  H  ) 

This  equadon  gives  the  sought  value  of  s ;  but  to  extricate 
it,  requires  some  trigonometrical  artifice.    Observing  that 
COS.  fi  cos.  («  —  w)  —  sin.  «  sin.  (t  —  w)  =  cos.  (2e  —  w), 
multiplying  by  r,  and  substituting  for  r*  its  value,  tht 
equation  becomes 

bb2 
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oo6.(2f  —  w)  J  a  +  sin.  (c  — or)  I  h -sin.  «  cos-^tir  =  0, 

.       6      sin.  £  COS.*  or 

•.•  R  =  ~  Sin.(f  —  tBT)—  —  . 7^ r. 

^  ^       H     COS.  (2e—  «r) 

By  equating  this  with  the  other  value  of  a,  avd  squaring 
and  expunging  the  terms  whidi  mutually  destroy  each  other, 
we  have 

cos."  (2£  —  tar)  +  2  an.  (e  —  to-)  cos.  (2£  —  tzr)  ^n.  6 

H an.*  0  COS.*  w  =  0. 

H 

But  by  trigonometry, 

2  sin.  (e  —  m)  sin.  s  =  cos.  w  —  cos.  (2e  —  m). 

By  this  substitution,  the  expression  being  cleared  of  the 
terms  which  destroy  each  other,  and  divided  by  cos.  tzr, 
becomes 

COS.  (2    ~  w)  H sin.*  «  COS.  /3  =  0. 

By  trigonometry, 

COS.  (2g  —  tar)  =  COS.  2s  COS.  cr  -f  sin.  2e  sin.  sr, 
COS.  2e  =  cos*^  e  —  sin.^  f, 
sin.  2£  =  2  sin.  e  cos.  e. 

Making  these  substitutions,  and  dividing  by  cos.  fsrcos.*fi, 
and  arranging  for  solution,  we  find 

_         H                                             H 
tan.*  e  -I-  2  .  r .  tan.  m  tan.  e  + =  0; 

which  solved,  gives 

tan.  £  =  —-z  .   J  tan.  w  ±  i  sec.*  m l"^  1 

which  gives  the  required  value  of  e. 


*.' 
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The  cause  of  the  two  values  of  e  is  obvious ;  for  the  angle 
of  elevation  being  the  same,  the  projectile  may  be  thrown 
either  up  or  dozen  the  plane,  and  one  of  the  values  of  the 
elevation  ^ves  the  maximum  range  up  the  plane,  and  the 
other  down  it. 

If  the  projectile  be  thrown  from  one  point  to  another  on 
the  same  plane,  6  =  0,  and  the  formula  for  the  range 
becomes 

__   .       COS.  e  sin.  (s^m) 
COS.  m 

In  this  case  also  the  maximum  range  is  g^ven  by  the  eleva- 
tion resulting  from 

tan.  s  =  tan.  w  +  sec  w ; 

but  by  trigonometry, 

sin.  tBT  4"  1 
tan.  m  ±  sec.  w  = =—  =  tan.  l(w  +  90^). 

COS.  w  a\      —  / 

Hence  the  direction  which  produces  the  greatest  range  is 
that  which  bisects  the  angle  under  the  plane,  and  the  vertical 
through  the  point  of  projection. 

It  is  observable,  that  if  e  and  «'  be  two  angles  of  elevaUon 
so  related  that 

we  shall  always  have 

COS.  e  sin.  (e  —  iBr)  =  cos.  J  sin.  {J  —  w). 

Hence  two  such  elevations  always  give  equal  ranges  with 
the  same  velocity  of  projection ;  and  it  appears  from  the 
way  these  angles  are  related  to  the  value  of  c,  giving  the 
maximum  range,  that  any  two  directions  of  projection, 
equally  inclined  to  that  which  gives  the  maximum  range. 
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will,   with    the    same   velocity  of  projection,    give  equal 
ranges. 

It  also  appears  from  what  has  been  said,  that  the  elevation 
which  produces  the  greatest  range  on  the  horizon  is  45^,  and 
that  oomplemental  elevations  give  equal  ranges. 


PROP.  CCCXL. 

(650.)  To  find  the  locus  of  the  empty  Jbd  of  the  orbits  of 
several  planets  having  a  common  point  of  intersection^  and 
at  that  point  having  (he  same  velodty* 

Let  the  distance  of  the  point  of  intersection  from  the  sun 
be  J>,  and  the  diistance  of  the  same  point  from  the  empty 
focus  d'.     By  the  properties  of  the  ellipse,  , 

D  +  d'  =  2a, 

where  a  represents  the  semitransverse  axis. 

Since  the  velocity  at  the  point  of  intersection  is  the  same 
in  all  the  orbits,  the  osculating  circles  at  those  points  must 
have  a  common  chord  passing  through  the  sun.  Let  this  be 
c.     By  the  properties  of  the  ellipse, 

2dd' 
c  = . 

A 

Eliminating  a,  we  find 

CD 


d'  = 


4d— c* 

Hence  the  value  of  d'  is  constant,  and  therefofevthe  locus  of 
the  empty  focus  is  a  circle  with  the  common  point^centre, 
and  d'  as  radius.  S. 


\ 


\ 
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PROP.  CCOXLI. 

(651.)  To  inveHigaie  tike  Jigure  of  tfie  earikjrom  tiu 
horizontal  parallax  of  tiie  moon  accurately  observed  at  tiie 
same  time  in  different  latitudes. 

Let  <p  be  the  latitude,  and  r  the  corresponding  semi- 
diameter  of  the  earth,  and  let  the  equation 

a-O' 

r*  =  — : 

a*  sin.*  9  +  6*  cos.*  ^ 

be  assumed  as  that  of  a  meridian,  a  representing  the  equa^ 
torial,  and  b  the  polar  semidiameters.  Also  let  r'  be  the 
semidiameter  corresponding  to  another  latitude  4/,  *.* 

0^ 

"  a«  «n.«  (p'+b^  COS.-  f 

Dividing  one  of  these  equations  by  the  other,  and  supposing 
a  ss  mb^  we  have 

r*       m*  sin.*  ^Z  +  cos.*  <;/ 
r'*  ""  m*  sin.*  ^  +  cos.*  9  ' 

Hence,  observations  of  two  horizontal  parallaxes  at  given 

f 
latitudes  will  give  the  value  of  -j-;  from  whence  that  of  m, 

or  the  relation  of  the  equatorial  and  polar  diameters,  is  ea^ly 
found. 

Therefore,  assuming  the  earth  to  be  an  oblate  sphennd, 
we  can  find  its  axes.  And  the  truth  of  the  assiunption  may 
be  proved  by  every  pair  of  observed  parallaxes  giving  the 
same  value  of  m. 


876 
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PROP.  CCCXLII. 


(652.)  A  perfscilif  fiexible  and  inelastic  chain  qfunifbnn 
dmAty  and  ihideness  being  tmspendedjram  two  fixed  points^ 
tofifid  the  curve  into  which  it  will  form  itsdfby  {he  effect 
qfits  own  weight. 


Let  the  fixed  points  a  and  b  be  the  points  of  suspension, 
and  the  horizontal  and  vertical  lines  through  a  being  taken 
axes  of  co-ordinates,  \ei  i/x  be  the  co-ordinates  of  any  point 
p,  and  let  the  arc  ap  be  s.  The  part  ap  of  the  chain  may 
be  considered  as  a  rl^d  body  retained  in  a  state  of  equi- 
Ubrium  by  three  forces,  scil.  the  weight  of  the  chain  s  acting 
in  the  vertical  direction,  the  tension  a  at  the  point  a  acting 
in  the  direction  of  a  tangent  at  that  point,  and  the  tension  t 
at  the  point  p  acting  in  the  direction  of  the  tangent  at  the 
point  p. 

Let  the  angles  under  the  tangents  at  the  points  a  and  p, 
and  a  horizontal  line,  be  respectively  a  and  w. 

By  the  principles  of  Statics,  since  the  forces  all  act  in  the 
same  plane,  their  component  parts  in  the  direction  of  each 
axis  of  co-ordinates  must  be  in  equilibrio.  Hence  wc  have 
the  equations 
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a  COS.  a  —  <  COS.  w  =  0, 
a  sin.  a  —  ^  sin.  v  —  «  =  0. 

Eliminating  ^  by  these  equations,  the  resulting  equation 
solved  for  tan.  tzr,  gives 

a^n.  a— « 

tan.  w  =  ; 

a  cos.  a. 

but  in  general  tan.  w  =  -—-,  •.• 

flfy       a  sin.  a  —  * 
dSiT  a  COS.  a,    '* 

which  is  equivalent  to  the  differential  equation  of  the  cate- 
nary found  in  (546).  By  a  comparison  with  this,  it  appears 
that  the  curve  sought  is  a  catenary,  whose  axis  is  vertical. 


PROP.  CCCXLIII. 

(658.)  A  Jlexible  and  elastic  chain  is  aitached  to  two 
^  fixed  points^  tojind  the  curve  into  which  it  wiUform  itself 

hy  its  own  gravity. 

The  chain  being  supposed  of  uniform  density  and  thick- 
ness, let  the  ratio  of  any  assumed  length  of  it  to  the  length 
of  the  same,  when  extended  by  the  tension  <,  be  1  :  1  -h  et. 
Let  the  tension  at  the  lowest  point  be  equal  to  the  weight  of 
a  length  c  of  the  unex tended  chain.  Let  J  be  any  length 
of  the  unextended,  and  s  of  the  extended  chain.  The  axes 
of  co-ordinates  being  vertical  and  horizontal,  we  have  by  the 
conditions  of  the  question 

ds  =  &'(1  +  et). 

The  forces  which  keep  5  at  rest  are  V,  the  tension  /,  2®,  the 
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tension  c,  3®,  the  weight  ^  of  the  chain.  These  forces  are 
therefore  as  the  sides  of  a  triangle,  which  are  parallel  to 
their  directions,  that  is,  as  dx,  dy^  ds ;  hence 

t        ds        .  y        du 
—  —  -T-y  and  —  =  -f-. 
c       ax  c       dx 

By  differentiating  the  latter,  and  eliminating  df/,  we  find 

d^y  ^         ds 

dr^~"  cdx-\-C'eds' 

dy  .1.-— 

Now  if  ^  =  p,  •••  d!s  =  v^l  +/)*  .  dx,  •.• 


and  du  =  — ^==_  +  c'^epdp. 

By  integration  we  find 

X  -cl  ^^p  +  a/1  +  p^  ^  H-  c^epf 

y  =  c  a/1  +p-  +  ic2^;?«. 
The  integral  being  assumed,  so  that  when  p  =  0  we  have 
a:  =  0,  y  =  c. 

In  these  equations  the  variable  p  is  the  tangent  of  the 
angle,  which  the  curve  at  the  point  yx  makes  with  the 
horizon. 

By  the  elimination  of  p,  we  should  find  the  equation  of 
the  curve  expressed  between  the  variables  yx. 

To  express  the  equation  between  s  and  p,  we  should 
observe  that 


ds  =  Vl  ■\-  p'^  dx. 
In  which  the  value  of  dx  already  found  being  substituted, 
and  the  result  integrated,  gives 

,y  =  cp  +  lc"c\ps/TTy  -\-  1(p  I-  v/1  +P")  \ 
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PBOP.  CCCXLIV. 

(654.)  A  given  orbit  is  described  by  a  body  round  a  given 
point  as  centre  qfjorce,  and  from  any  point  in  it  t1i£  body  is 
projected  with  the  velocity  in  the  orbit  in  a  direction  imme- 
diately opposed  to  the  action  of  the  force;  tojind  the  locus 
qftlhc  point  at  which  it  shail  cease  to  recede  Jrom  the  orbit. 

Let  D  be  the  distance  of  any  point  in  the  orbit  from  the 
centre  of  force,  and  h  the  distance  at  which  the  body  shall 
cease  to  recede  from  the  curve.  Since  in  moving  through 
H  —  D  the  body  loses  the  velocity  with  which  it  is  pro- 
jected, it  would  acquire  the  same  velocity  in  moving  through 
the  same  space  in  the  opposite  direction.  Hence,  if  v  be  the 
velocity  in  the  curve, 

v«  = —  4tmfFdD, 

where  2m  is  the  velocity  communicated  by  the  unit  of  force 
in  the  unit  of  time.     Let  the  law  of  the  force  be  such  that 

F  =  D'*-», 

the  force  being  unity  at  the  distance  unity.     Hence,  by  in- 
tegrating, we  find 

n  ^ 

If  c  be  the  chord  of  the  osculating  circle  passing  througli 
the  centre  of  force,  since  v  is  equal  to  the  velocity  in  the 
curve,  we  have 

v^  =  mFC  =  WID'^'C, 

which  combined  with  the  former,  gives 

h"  =  D*  +  nn*^*  .  ^c. 
The  values  of  c  and  n,  known  by  the  equation  of  the  given 
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orbit,  give  the  equation  sought.     We  shall  give  a  few  ex- 
amples of  the  application  of  this  formula. 

1.  Let  the  orbit  be  an  ellipse,  the  centre  of  force  being 

n        J           2d(2a  -  d) 
the  focus.     In  this  case  n  =  —  1,  and  c  =  , 

where  a  expresses  the  semitransverse  axis.     Hence 

H  =  2a. 
The  locus  is  therefore  in  this  case  a  circle,  whose  radius  is 
equal  to  the  transverse  axis  of  the  orbit. 

2.  If  the  curve  be  an  ellipse,  the  centre  being  the  centre 

of  force.     In  this  case  n  =  2,  c  =  ,  where  b'  is  the  se- 

midiameter  conjugate  to  d.    Hence 

H«  =  D*  -I-  b'^  =  A*  +  B«, 

A  and  B  being  the  semiaxes.  The  locus  is  therefore  a  circle, 
whose  radius  is  equal  to  the  Une  joining  the  extremities  of 
the  axes. 

3.  If  the  curve  be  a  circle,  the  centre  being  the  centre  of 
force,  the  formula  becomes 

h"  =  (1  -f  |-)d\ 


PROP.  CCCXLV. 


(655.)  A  given  orbit  is  described  roiaul  a  given  point  as 
centre  of forcc^  and  a  body  being  placed  at  any  point  in  the 
orbity  is  moved  by  tJie  action^  and  in  the  direction  of  the 
Jbrce^  until  it  acquires  the  velocity  it  would  have  in  the  orbit ; 
to  find  the  locus  of  (lie  point  at  ivhich  this  velocity  shall  be 
acquired. 

Let  H  be  the  distance  at  which  the  velocity  shall  be  ac- 
quired, and  D  the  distance  of  the  point  in  the  orbit  from 
the  centre  of  force.     As  before, 
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V>=-^D"-H"), 
V-  =  fflD""'  ,  C, 

■-■  h"  =  d"  —  no""'  .  ^c. 
The  values  of  d  and  c  resulting  from  the  equation  of  the 
^Ten  orbit  being  substituted,  ^ve  the  locus  sought. 
To  apply  this  formula  to  some  examples : 

1.  If  the  curve  be  a  circle,  with  the  force  at  the  centre, 

H-  =  (1  -  i)»-. 

2.  If  the  curve  be  a  drcle,  with  the  force  on  the  circum- 
ference, let  its  equation  be 

J  =  2r  COS.  01. 
Since  in  this  case  s  =  d,  and  n  =  —  4,  and  c  =  d  =  ;;,  •-■ 


which  shows  that  the  locus  is  a  circle  touching  the  given 
one  internally  at  the  centre  of  force,  aod  whose  radius  is 


3.  If  the  curve  be  an  ellipse  or  hyperbola,  the  force  being 
at  the  focus.     Let  the  equation  be 


■  2(l+«cos.ai)' 


semitnmsverBe  axis,  *.* 

M  =  -j . 

4o— a: 

Subetituling  for  x,  this  becomes 
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H  = 


2(1 +6*  COS.  w)' 


where 


4a6 


4a* -6«' 


_  4aA/o*-6^ 

A  being  the  semiconjugate  axis  of  the  given  orbit.  The 
locus  is  therefore  an  ellipse  or  hyperbola,  whose  parameter 
and  eccentricity  are  jJ  and  ^,  and  whose  transverse  axis 
coincides  Math  that  of  the  given  ellipse. 

4.  If  the  ^ven  orbit  be  a  parabola,  the  force  being  at  the 
focus.     In  this  case  c  =  4d,  •.• 

P 
4(1  —  COS.  w)* 

The  locus  is  therefore  a  parabola,  whose  axis  is  coincident 
with  that  of  the  given  orbit,  and  which  has  the  same 
focus. 

5.  If  the  orbit  be  an  ellipse,  with  the  force  at  the  centre. 

In  this  case  n  =  2,  c  =  -— p,  d  =  rf,  •.* 

H«  =  a«  -  6'2  =  go'*  -  (a«  +  A*). 
And  since  by  (173), 


«'*  = 


\—c'^  cos."  W  ' 
the  equation  of  the  locus  sought  is 

1  -  ^  COS.*  a;        "^  ^' 

which  is  the  equation  of  a  curve  of  the  fourth  degree,  similar 
in  figure  to  the  lemniscata. 

For  the  hyperbola  the  equation  becomes 


ALGEBRAIC   GEOMETRY. 


383 


H«  = 


1— ^«  COS.*  uj 

which,  when  a^  =  6%  becomes 

2¥ 


-  {a'  -  b% 


h2  = 


2cos.«  w-V 
which  is  the  equation  of  an  equilateral  liyperbola. 

6.  If  the  given  orbit  be  the  logarithmic   spiral   repre- 
sented by 

z  =  a***. 
In  this  case  d  =  ;?,  c  =  ^z,  and  n  =  —  2,  •  .• 

1  1 

>v/2  v/2 

Hence  the  locus  sought  is  also  a  logarithmic  spiral. 
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(656.)  A  nuUeriai  point  is  moved  by  its  own  weight  on  a 
curve  J  tlic  plane  of  which  is  vertical;  to  determine  the  per  - 
pendicular  pressure  on  the  curve. 

Let  AY  the  axis  of  y  be  vertical, 
and  AX  that  of  x  horizontal ;  and 
let  the  co-ordinates  of  any  point 
p  be  yx.  Let  the  velocity  v  at 
p  be  that  which  would  be  ac- 
quired in  falling  freely  from  the 
horizontal  line  cd  ;  and  it  follows 
from  the  principles  of  Mechanics, 
that  the  velocity  at  every  pcunt  will  be  that  which  would  be 
acquired  in  falling  from  the  same  line.     Hence,  if  ac  =  y, 

V*  =  4m(y  -  y), 
m  being  the  space  described  freely  in  the  unit  of  time. 

llie  pressure  exerted  by  the  moving  point  at  p  in  the 
direction  of  the  normal  is  the  effect  of  two  causes;  1^,  the 


.^-t 1> 

X        at        X 


^  '  2mr      ^ 
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weight  g  of  the  moving  point  resolved  in  the  direction  of 
the  normal,  and  2°,  the  force  arising  from  the  angular 
swing  of  the  point  round  the  centre  of  the  osculating  drcle. 
The  former  is 

dx 

g  .  sm.  5  =  g  .  — -y 

where  Q  is  the  angle  at  which  the  tangent  at  the  point  p  in 
inclined  to  the  horizon.     The  latter  is 

■  """         r       ' 

where  r  is  the  radius  of  the  osculating  circle,  the  value 
of  which  being  substituted  for  it,  gives 

These  two  forces  being  united,  give  the  whole  pressure, 

It  is  evident  that  when  the  curve  is  convex  towards  the 
horizon,  these  two  forces  act  in  conjunction,  and  when  con- 
cave, in  opposition.  The  formula  thus  determined,  how- 
ever, accommodates  itself  to  these  cases  by  the  sign  of 
d^y. 

To  determine  the  point  at  which  the  pressure  is  equal  to 
the  weight,  let  p  ziz  g,  which  gives 

(dy  -f  dx^y  -  (rfj/*  -f  djc^)dj:  -  2(y'  -  y)d'^ .  cir  =  0, 

o..(y-.,)gM..|-:)-a+«y=o. 

If  part  of  the  pressure  arising  from  the  weight  resolved  in 
the  direction  of  the  normal  act  in  opposition  to  the  part 
arising  from  the  centrifugal  force,  which  will  be  always  the 
case  when  the  curve  is  concave  towards  the  horizon ;  when 
these  become  equal,  the  pressure  on  the  curve  will  vanish, 


• 


I'V 
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and  the  body  will  fly  off  in  the  path  of  a  projectile.  To 
determine  this  point,  let  p  ==  0,  *•* 

Thes^  general  formulce  serve  for  the  determination  of  the 
pressure  when  the  equation  of  the  curve  is  given,  or,  when 
the  law  of  the  pressure  is  given,  the  species  of  the  curve 
may  be  found  by  integ^tioi^.  We  shall  proceed  to  g^ve 
some  examples^ 

1.  Let  the  curve  be  a  circle,  the 
point  commencing  its  motion  from  the  ex- 
tremity (f)  of  the  horizontal  diameter; 
The  equation  of  the  drcle  being 

j^«  +  j:»  =  rS 

du  X 

•  •  ■  *^-  —  ,_,^      ■ 

'    dm  y^ 

d^i"    y 

iy  these  substitutions,  and  observing  thaty  =  6,  we  find 

tn  this  case,  the  part  of  the  weight  of  the  moving  point  re^- 
solved  in  the  difecUon  of  the  normal  is  g  •  — ,  and  there- 
fere  the  part  arising  from  the  centrifugal  force  is  twice  this. 
It  follows  also  that  the  |>ressure  at  the  lowest  point  d  is 
^ual  to  three  times  the  weight  This  reisult  evidently  gives 
the  tension  of  the  string  in  a  common  pendulum ;  for  the 
|)erpendicular  pressure  being  exerted  in  the  direction  of  the 
radius,  is  ^e  fohie  which  would  draw  the  radius  were  it  the 
string  of  a  pendulum. 

The  point  p  at  which  the  pressure  is  equid  to  the  wdghl, 
is  found  by  taking  cm  ==  }r,  and  drawing  mp. 

3-.  Lei  the  curve  be  a  circle,  Uie  point  conftnencing  its 

c  c 
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motion  with  a  given  velodty  from  the  extremity  d  of  the 
vertical  diameter. 

Let  the  velodty  at  d  be  that  which  would 
^;p         be  acquired  in  falling  through  cd,  and  let 
AC  =  y*    In  this  case,  making  nmilar  sub- 
stitutions, we  find 

p=g- — ;: — • 

To  find  the  pcnnt  at  which  it  will  fly  oi|^  we  have 

Hence  if  cm  =  -J-ac,  p  will  be  the  point* 
If  y  =  r,  that  is,  if  c  coincide  with  d,  we  have 

S.  Let  the  curve  be  the  cydcnd,  having  its  axis  vertical, 
and  the  point  commence  to  move  from  the  vertex  with  a 
given  velocity. 

C|^  Let  the  velocity  at  n  be 

^         that  which  would  be  acquired 
\      in  falling  through  cd,  and  let 
®      AC  =  y.     By  differentiating 
the  equation  of  the  cycloid  twice,  we  have 

dx^         y    ' 

which  being  substituted  in  the  general  formula,  gives 

\/2ry 
To  determine  the  point  where  it  will  fly  off,  we  have 

y  =  Ty- 

Hence  if  ca  be  bisected  at  m,  the  parallel  mp  determines  the 
point. 

If  y  =  Sr,  and  therefore  the  initial  velocity  be  nothing, 
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the  point  where  it  will  fly  off  is  determined  by  a  parallel  to 
the  base  through  the  middle  point  of  the  axis. 

If  thd  convexity  of  the  cycloid  is  turned  towards  the  horizon, 
y  becomes  n^ative,  and  the  formula  for  the  pressure  becomes 

-„-    .  %+v 

When  y  =  0,  this  becomes 

The  negative  sign  points  out  that  the  pressure  is  exerted 
against  the  concavity^  and  not  the  convexity.  This  result 
shows  that  the  pressure  is  twice  that  which  would  be  exerted 
if  the  body  were  quiescent  on  tlie  curve.  At  the  lowest 
point  the  pressure  therefore  is  equal  to  double  the  weight. 

These  results  apply  to  the  tension  of  the  string  in  the 
cycloidal  pendulum  ;  and  it  may  in  general  be  observed)  that 
the  formula  for  the  pressure  always  applies  to  the  tension 
of  a  string  to  which  the  moving  point  may  be  supposed  to 
be  attached)  and  which  is  wound  off  from  the  evolute  of  the 
proposed  curve  (340). 

A  change  of  sign  in  the  formula  for  the  pressure  indicates 
a  change  in  the  direction  of  the  pressure,  the  poative  sign 
indicating  a  pressure  on  the  convexity,  and  a  negative  <m 
the  concavity.  The  sign  changes  at  the  point  where  the 
two  forces  already  mentioned  are  equal  and  oppofflte,  and  at 
that  point  the  moving  point  will  fly  off,  unless  it  be  sup- 
posed to  change  its  portion  to  the  concave  side  of  the  curve 
in  which  the  formula  continues  to  represent  the  pi'esflum 
Thus,  in  the  second  example,  if  the  point  at  p,  where  it 
would  fly  off,  be  supposed  to  be  changed  to  the  concave  side 
of  the  curve,  the  formula  continues  to  represent  the  pressure^ 
and  we  thus  find  the  pressure  at  b 

cc2 
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In  this  case^  if  y  =  r,  the  pressure  at  B  is  equal  to  twice  the. 
weight 

In  like  manner,  in  the  third  example  we  find  the  pressure 
at  B  infinite.  This  is  accoimted  for  by  the  cusp  at  & 
through  which  it  would  require  an  infinite  force  to  carry  the 
moving  point. 

PBOP.  cccxLvn. 

(657.)  To  det&rmine  a  curve  suchj  thai  a  maierial  point 
constrained  to  move  in  it  by  (he force  qfgraxiiy  mttdeecend 
with  an  uniform  vertical  velocity. 

Let  the  uniform  vertical  velocity  be  a,  and  the  point 
being  supposed  to  begin  its  motion  from  the  axis  of  Xy. 

the  velocity  at  any  point  yx  of  the  curye  will  be  9,^/^^ 
which  being  resolved  in  the  vertical  direction,  gives 

%V^dy   _^ 

V  4gy  dy^  =  a*rfy«  +  d^daf^^ 

-,  dec  =  £fc«ll^, 

a 

which  being  integrated^  gives 

^^(*gy-a'V 
6ga      ' 
which  by  a  transformation  of  origin  may  be  reduced  to  tlic^ 
form 

y^  =pa: 
the  curve  sought  is  therefore  the  semicubical  paraboku 
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(658.)  A  right  Une  ab,  Jlxed  ai  k  to  an  horizontal  line 
AX,  is  moroeable  round  a  in  a  vertical  plane  passing  through 
AX,  to  determine  the  locus  of  the  point  p,  so  assumed^  thai 
the  time  of  descent  of  a  body  through  pa  shaU  be  the  same 
at  all  elevations  f  thejriction  being  supposed  proportional  to 
Ihe  pressure. 

Let  the  space  which  a 
body  will  descend  through 
freely  in  a  vertical  di- 
rection in  ^the  time  of 
falling  through  pa  be  5, 
and  let  ae,  perpen^cular 
to  AX,  be  equal  to  «, 

By  the  principles  of  Mechanics,  if  t  be  the  time  of  falling 
jthrough  s, 

m 
where  m  ss  16^  feet,  and  t  being  expressed  in  seconds. 

If  unity  express  the  weight  of  the  body,  and  w  =  pax, 
the  pressure  on  ap  is  expressed  by  cos.  oi,  and  the  part  of 
the  weight  acting  in  the  direction  pa  by  the  an.  w.  Let  the 
fiiction  be  a  cos.  a;,  a  being  constant  Hence  if  f  be  the 
whole  force  in  the  direction  pa,  we  have 

F  =  sin.  w  —  a  COS.  w. 
This  expression  will  be  somewhat   simpler  by  assumfaig 
an  angle  6  such,  that  tan.  6  =  a,  which  substituted  in  the 
above  equation,  g^ves 

F  =  sin.  w  —  tan.  fi  cos.  w, 

sin.  (w— 6) 

or  F  =  1 — . 

cos.  0 

Now  if  FA  =  2,  we  have 
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z  =  mFT\ 
Substituting  for  f  and  x  their  v^ues  found  above,  we  have 

which  is  the  equation  of  the  locus  of  p« 

If  a/  =  -^  -f  9  —  Of,  %•  cos.  ft/  s^  sin.  (a;  —  fl),  by  which 
the  equatioa  becomes 

Z  =  1  COS.  ft/, 

COS.   d 

which  is  the  equation  of  a  circle  whose  centre  b  placed  on  the 
line  from  which  the  values  of  a/  are  measured,  and  whose 

diameter  is  equal  to *. 

^  cos.fl 

Hence  the  locus  may  be  thus  constructed.    Let  ad  be 

drawn^  making  the  angle  ead  =  Q,  and  through  £  draw  A£ 

s 

perpendicular  to  ed.    Hence  ad  = -.,  and  dap  s^  tJ. 

^    ^  cos.fl 

The  circle  described  on  the  diameter  da  is  therefore  the 
locus. 

The  segment  ape  is  the  only  part  of  the  circle  which  will 
fulfil  the  conditions  of  the  proposition.  For  in  the  other  seg- 
ment the  tangent  of  9  would  be  negative,  which  would  be 
equivalent  to  supposing  the  friction  to  act,  not  in  opposition  to^ 
but  in  conjunction  with  the  force  down  the  line.  Strictly 
speaking,  therefore,  the  locus  sought  is  the  segment  of  a 
circle  described  upon  ae  containing  an  obtuse  angle,  whose 
tangent  expresses  the  ratio  of  the  friction  to  the  pressure. 
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(659*)  Ttffo  weights  (a  and  b)  are  connected  by  a  string 
which  passes  over  a  fixed  fuUey  (p)  ;  one  (a)  Jiangs  verti- 
cally ;  the  other  (b)  is  supported^upon  a  curvCj  tlie  plane  of 
which  is  vertical ;  to  determine  the  point  on  the  curve  at 
which  the  weights  wtU  be  in  equUibrio. 

Let  PH  and  lid  be  jt  and  y,  and 
pi  =  r.  If  X  be  the  result  of  the 
forces  acting  on  b^  resolved  in  the 
vertical,  and  y  their  result,  resolved 
in  the  horizontal  directions,  by  the 
prindples  of  Statics,  the  condition  of 
equilibrium  is 

r^dx  +  Ydy  =  0; 
but  these  forces  are  a  acting  in  the  di- 
rection 6p,  and  b  acting  vertically ;  hence 
we  find 


T  =  -  a  — , 


X  =  6  —  a  — .    « 

r 

Hence  the  equation  of  equilibrium  becomes 

r 

but  since 

r«  =  y  -h  JT*, 

•/  rdr  =  ydy  +  xdx^ 

Uicrefore  the  equation  becomes 

bdx  —  adr  s  0 ; 


99t 
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or  if  the  curve  be  represented  by  a  polar  equation, 

dx  =  COS.  fodr  —  r  nn«  w  <{»« 
•••  {b  COS.  »  —  a)dr  -i-  4r  sin.  »  cfci  =  0. 

Either  of  these  ejijuations  combined  with  that  of  the  curve 
are  sufBdent  tp  de^nnine  the  point 

JBx,  1.  If  the  curve  be  a  circle  whose  centre 
^  in  the  vertical  line  passing  through  the  puUey^ 
and  which  is  therefore  represented  by  the 
equation 

or  f*  -  Zaix  =  a«  -  ar «, 
•.•  rdr  —  afdx  =  0, 

whichy  combined  with  the  geperal  formula,  gives 

oaf 


r  = 


b  • 


Hence  if  cp  =  a^i  c  being  the  centre,  cf:  vb::  b:  a^  whicl^ 
determines  the  position  of  6. 

If  a  :  i  : :  ^o/*  —  a*  :  a/,  the  equilibrium  will  take  place 
when  F&  is  a  tangent. 

If  a  =  6,  •.•  a:'  =  r,  a  circle  described  with  PC  as  radius, 
and  F  as  centre,  gives  the  point. 

Ex.  2.  Let  the  curve  be  an  hyperbola,  whose  tranverse 
axis  coincides  with  the  vertical  passing  through  the  pulley^ 
and  so  placed  that  the  pulley  is  at  the  centre. 

Let  the  equation  of  the  curve  be 

Ay  —  B«a:«  =  -  A«B«, 
%•  r*  =  eV  —  B*, 


where  e  = 


v/a2+B* 


By  diflPerentiating,  we  find 


rdr  =  g^xdx. 
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By  this  equation  and 

bdx  —  adr  =  0, 
the  dBfferentials  being  eliminated,  we  find 

b 

^j?  =  —  r. 

If  or  =  r  COS.  Wf  we  find 

Let  PD  be  the  asymptote  to  the  curve,  and  let  vpd 
and  vp6  =  %  therefore 


COS.  *>  =  —  cos.^  6, 
a 

which  determines  the  sought  point. 

If  01  =  0,  the  sought  point  is  at 
an  infinite  distance^  or  what  amounts 
to  the  same  thing,  the  weight  rests 
in  equilibrio  on  the  asymptote. 

As  V  cannot  be  greater  than  d. 

Hence,  if  -r  >  cos.  9,  the  equilibrium 
is  impo  ible. 


=  a. 
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(660.)  Tojlnd  the  centre  qfgravUt/  of  the  arc  or  area  qf 
any  plane  curve.  Us  equation^  related  to  rectangular  ca* 
ordinatesj  being  given. 

By  the  prindples  of  Mechanics,  if  any  number  of  particles 
of  matter  j/,  p^j  ^,  be  placd  ip  the  same  plane,  the  per- 
pendicular distance  of  their  centre  of  gravity  from  any  line 
in  that  plane  is  equal  to  the  sum  of  the  products  of  the 
particles  into  th^  respective  distances  fi:<xn  that  line  di<r 


oOt 
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\ided  by  the  sum  of  the  particles.  Hence,  if  the  sum  of  the 
products  be  represented  by  s(py)f  with  respect  to  the  axis 
of  or,  and  by  s(px),  with  respect  to  the  axis  of  ^5  and  the 
sum  of  the  particles  by  s{p)y  the  co-ordinates  tx  of  the 
centre  of  gravity  are 

The  numerators  of  these  expressions  are  called  the  statiail 
moments  of  the  particles  with  respect  to  the  respective 
axes. 

If  therefore  it  be  required  to  find  the  centre  of  gravity  of 
an  arc  (a),  we  have  p  ^  da^  and  s{p)  =  a,  *•' 


X  = 


Y  = 


If  it  be  required  to  find  the  centre  of  gravity  of  an  area 
(d)^  we  have  dydx  =  />,  andJHt/da:  =  a! :  hence  we  find 

My^  C(3). 

JJUxdy  J 

If  the  area  be  intercepted  be- 
tween  two  values  of  y,  scil. 
PM  =  y^  and  p'm'  =  y ;  these 
formulae,  integrated  for  y^  be- 
come 

fydx  J 

the  integrals  being  taken  between  the  limits  y  and  t/. 


ALOEBEAIC   GBOMETBY* 


386 


If  the  area  be  intercepted  between  pm  =  Xy  and  jp^m  =  i', 
the  formulas  integrated  for  x  become 


(5). 


In  both  the  systems  of  values  (4)  and  (5)^  one  of  the 
variables  must  be  eliminated  by  means  of  the  equation  of 
the  curve  and  its  differential,  and  the  results  integrated 
between  the  required  limits  give  the  co-ordinates  of  the 
centre  of  gravity. 

If  the  axis  of  a:  be  an  axis  of 
the  curve,  and  the  centre  of 
gravity  of  the  area  intercepted 
between  two  ordinates  pp,  and 
p^  must  be  upon  the  axis 
AX,  and  in  this  case  the  formuke 
(4J  become 

v  =  0,        ) 

Jydx  ) 

And  if  the  axis  of  ^  be  an  axis,  and  the  centre  of  gravity  of 
a  similar  area  be  sought,  we  have 

x  =  0,        1 

f^<fy  ) 
It  is  plain  that  these  systems  of  formulae  are  independent  of 
the  angle  of  ordination. 

We  shall  proceed  to  apply  these  formulae  to  some  ex^ 
amples. 

V.  To  find  the  centre  (^gravity  of  a  given  straight  line. 

The  given  line  itself  being  axis  of  x,  the  formulae  (2) 
become 
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y=:0, 

fxdx       X 

the  centre  of  gravity  b  therefore  at  the  point  of  bisection, 

y.  To  find  the  centre  of  gravity  qfa  circular  arc. 

Let  the  axis  of  x  be  the  radius  bisecting  the  arc,  and  the 
origin  being  at  the  centre,  the  equation  is 

y*  +  a:*  =s  r*, 
but  {di/^  +  dx*)  =  da%  and  the  formulae  (2)  become 

Y=0, 

a 

Let  Seu  be  the  angle  subtended  by  the  arc  at  tlie  centre, 
•/ y  =  r  sin.  Wy  ass,  2ruf ;  heqce 

sin.  w 
ut 

Hence  in  general,  "  The  centre  of  gravity  of  a  circular 
arc  is  that  point  of  the  bisecting  radius,  whose  distance  from 
the  centre  is  to  the  radius  as  the  sine  of  half  the  arc  is  to 
half  the  arc,  or  as  the  chord  of  the  arc  is  to  the  arc  itself." 
And  it  follows  from  this,  that  *'  The  centre  of  gravity  of  a 
semicircle  is  at  that  point  of  the  bisecting  radius  whose 
dbtance  from  the  centre  is  a  third  proportional  to  the  cir* 
cumff^ence  and  die  diameter.^ 


L    ^ 
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30.   To  find  tlie  centre  of  gravity  of  the  arc  of  a  cycloid j 

which  is  bisected  at  the  vertex. 

The  origin  of  co-or- 
dinates beiiig  at  the  ver- 
tex y,  let  A  a' be  the  arc, 
V  being  its  middle  point. 
The  centre  of  gravity 
must  lie  upon  the  axis 

vc  =  2r,  and,  by  the  properties  of  this  curve,  if  the  origin^ 
be  at  the  vertex, 

VA  =  2  vSry , 
•.•  aa'  =:  4  V^ry, 

'.'da  =:9v2r  .  -4. 
By  this  substitution,  the  formulae  (2)  become 

Y  =  iy, 
X  =  0. 

Hence,  if  vm  =  ^vm,  the  point  m  is  the  centre  of  gravity. 

The  centre  of  gravity  of  the  entire  cycloid  is  at  the  point 
of  trisection  of  the  axis  next  the  vertex. 


4^.  To  find  the  centre  of  gravity  of  the  area  intercepted  by 
two  parallels  intersecting  (he  sides  of  a  given  angle. 

Let  AX  be  assumed  bi-    y  ^  ^ 

secting  the  parallels,  and 
AY  parallel  to  them. 

The  equations  of  the      ^^ 
sides  of  the  angle  are 


y  =    +  OJT, 

which  substituted  for^  in  (6),  gives 


-     X 
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the  integration  being  effected  Hetween  the  limits  a:'  =  am 

and  X  =  am'. 

J£  acl  =0,  the  formula  gives  the  centre  of  gravity  of  the 

triangle  ap^,  for  which 

X  z:  -jX, 

It  follows  also  that  "  The  centre  of  gravity  of  a  triangle 

is  the  point  where  the  bisectors  of  the  sides  drawn  from 

the  opposite  angles  intersect.*" 

6**.  To  find  the  c&ntre  of  gravity  of  the  area  intercepted 
between  two  parallel  chords  of  a  circle. 
Axes  of  co-ordinates  being  assumed,  with  the  origin  at  the 
centre  parallel  and  perpendicular  to  the  given  chords,  the 
equation  of  the  circle  is 

y*  +  J?*  =z  r*, 
•••  xdx  zz  —  ydy. 
This  substitution  being  made  in  the  formulae  (6),  gives 

but  —fif-dxiz' — - — ,  the  integral  being  assumed  between 

the  limits^  =:  pm,  andy  =  p'm, 
unAJydx  n  pm'  =  ipp',  there- 
fore if  py  =:  a, 

2(y3,y) 

3a       • 
Or  if  the  angle  Pcx  z:  w,  and 
p  ex  =  w',  we  find 
ys  —  j/s  zr  ^^(sin.^  J  —  sin.^  w), 
a  =:  r^{{(J  —  w)  —  sin.  {J  —  w)  cos.  (J  +  w)}, 
which  substitutions  give 

2r  sin.^  oJ  —  sin.^  w 


X  =  -^ 


3     (w'— w)  — sin.  (w'  — w)cos.  (w'  + w)* 


♦  . 
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If  w  =  0,  the  formula  ^vea  the  centre  of  gravity  of  the 
segment  ^x^,  which  is  determined  by 


X  =  4r  .  - 


—  uil.w'cos.a/* 
In  this  case,  if  u/  =  -^,  the  result  becomes 


which  determines  the  centre  of  gravity  of  a  semicircle. 
Hence  "  the  centre  of  gravity  of  the  area  of  a  semidrcle  ia 
that  point  in  the  bisecting  radius,  whose  distance  from  the 
centre  is  a  third  proportional  to  three  times  the  circum- 
ference and  the  diagonal  of  the  circumscribed  square." 

6°.   To  determine  the  centre  ^grimily  ofUie  area  inter- 
cepted between  two  parallel  chord*  of  a  parabola. 

Let  the  diameter  to  which  those  chords  are  ordinates  be 
the  axis  of  x,  and  the  tangent  through  its  vertex  the  axia  aC 
yt  the  equation  will  be 

j/*=px. 


This  substitution  in  the  formnln  (6)  gives 

which  bnng  integrated  between   the  limits  y  =  ph,  and 
y  =  I'm*,  pves 

liy  =  0,  the  reflult  is 

x=4,^=fr. 


4/00 
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Hence  the  centre  of  gravi^  of  the  parabolic  segment  VAp  is 
determined  by  assuming  ac  equal  to  three-fifths  of  am. 

T.  To  determine  (he  centre  qfgrcecUy  qffhe  area  inters 
eepted  between  two  pataUel  chorda  of  an  ellipse  or  Ay-^ 
perbola. 

Let  the  diameter  bisecting  those  choirdd  and  its  con- 
jugate be  assumed  as  axes  of  coordinates,  and  the  equatioir 
of  the  curve  is 


o* 


Which  being  substituted  in  (6),  gives 

at«  Ju'dy 
x=  -  -^  .— ^  .sm.yx; 

Where  A  expresses  the  area  intercepted  between  the  paralleF 
chords,  and  yx  the  angle  of  ordination.  This  being  in-« 
tegrated  between  the  usual  limits,  gives 

A 

If  y  =  0,  this  becomes 

which  determines  the  centre  of  gravity  of  an  ell^tic  dr 
hyperbolic  segment. 


^  ^  S6«  '  — ^ —  •  sm.  j(d?. 
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If  the  curve  be  an  ellipse,  and  j/  z=^  by  the  formula  be- 
comes 

4  . 

X  =  -^.  sin.ya?; 

but  in  this  case,  the  area  being  that  of  the  semiellipse,  be- 
comes A  =  \(iV'ty  cl  and  V  being  the  semiaxes ;  and  since 
ah  sin.  yx  =  a!V,  the  formula  becomes 

_  4a 

Hence  the  centre  of  gravity  is  independent  of  the  dia- 
meter 2bf  and  therefore  all  semiellipses,  bisected  by  the  same 
semidiameter,  have  the  same  centre  of  gravity,  and  which  is 
determined  in  the  same  manner  as  that  of  a  semicircle. 

SP.  To  find  (he  centre  qf  gravity  qfthe  area  intercepted 
between  two  parallels  to  one  asymptote  of  an  hyperbola  ter^ 
minated  in  the  other  asymptote. 

The  equation  of  the  hyper- 
bola, related  to  its  asymptotes, 
is 

yx  =  m\ 
•/  ydx  =  —  xdjff 

•/  xydx  =  -  ar%  = -^. 

Also,  t/^dx  =  —  yxdy  =  —  w%.  Making  the  substitutions 
in  the  formulse  (4), 

V  ^  —  m*     ^  ^ 

V  :=   •m4     •^Jl ^ . 

^-      "^  '  fydxJ 


hntfydx  =  -fxdy  =  —  my-^  =  -  m^tf  +  c.     The 

formulas  being  integrated  between  the  hmits  y  =  pm,  and 
f/  =  PM,  give 


Y  = 


X  = 


yy '  (y'-/y 


9^,  Tb  determine  the  centre  of  gravity  of  the  area  inier^ 
cepted  between  paralkJe  to  the  axis  (^y  qfaparaboUc  curxHS 
represented  by  the  equation  y^  =  a**"'*. 


By  differentiation, 

my**"* 


gn^l 


dy  =  dx. 


By  this  substitution,  the  formulae  (4)  beoome 


X   = 


2m  +  l  *  a"^^(y'"+>-^'»+^)' 
If  ^  =  0,  the  values  become 

"""Sm  +  l       • 
The  examples  4^  and  C°  are  cases  of  this. 
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PaOP.  CCCLI. 

(661.)  To  investigate  the  centres  of  gyration  and  per-- 
cussion  or  oscillation  of  an  arc  or  area  of  a  plane  curve. 

Let  ABCD  be  a  body  move- 
able on  an  axis  bd^  and  g  its 
centre  of  gravity,  and  let  cf 
be  ditiwn  through  the  centre 
of  gravity  perpendicular  to 
the  axis  bd.  In  revolving  on 
the  ascis,  let  the  body  be  sup- 
posed to  strike  a  fixed  ob- 
stacle at  any  distance,  fe  =  d  from  the  axis  of  rotation,  with 
any  force^*;  there  is  a  certain  point  in  the  line  fe,  at  which, 
if  the  whole  mass  of  the  body  were  concentrated,  the  line  fe 
would  strike  the  obstacle  at  £  with  the  same  force;  this 
point  is  caUed  the  centre  qf  gyration. 

If  the  angular  velocity  at  the  moment  of  impact  be  given, 
the  force  (y)  with  which  the  body  will  strike  the  obstacle 
at  E,  will  be  a  function  of  the  distance  (d).  But  nnce  the 
moving  force  of  the  entire  mass  is  independent  of  the  point 
of  impact,  and  the  same  at  whatever  distance  the  obstacle 
may  be  applied,  the  whole  of  it  cannot  be  in  all  cases  ex- 
pended on  the  obstacle.  What  is  not  expended  upon  it 
must,  from  the  nature  of  inertia,  be  exerted  upon  the  fixed 
axis,  which  therefore  sustains  an  equivalent  shock.  The 
enUre  moving  force  of  the  mass  is  then  equal  to  the  sum  of 
the  forces  of  the  impact  on  the  obstacle  at  e,  and  the  shock 
upon  the  axis  of  rotation.  There  is  a  certain  point  in  the 
line  EF,  at  which,  if  the  obstacle  were  placed^  it  would 
receive  an  impact  equal  to  the  whole  moving  force  of  the 
revolving  mass,  and  at  which  therefore  the  axis  would  suffer 
no  force.    This  point  is  called  the  centre  of  percussion. 

The  determination  of  the  centre  of  percussion  involves  that 

D  d2 
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of  spantaneotiS  rotation.  As  a  fixed  obstacle  at  the  centre 
of  percus^on  would  destroy  all  the  moving  force  of  the  bod j, 
without  producing  any  effect  on  the  axis  of  rotation,  it  fol- 
lows, that  a  force  applied  at  the  same  point  upon  the  body 
supposed  quiescent,  would  produce  a  rotatory  motion  round 
BD.    Relatively  therefore  to  any  point  not  coindding  with 

the  centre  of  gravity,  there  is  a  corresponding  centre  of 
spontaneous  rotation,  which  may  be  determined  by  con- 
sidering the  former  as  the  centre  of  percussion,  and  thence 
determining  the  axis  of  rotation. 

The  centre  of  percussion  possesses  also  a  still  more  re- 
markable property.  If  the  axis  of  motion  be  horizontal, 
and  the  body  vibrate  as  a  pendulum^  the  time  of  its  vibra- 
tion will  be  the  same  as  that  of  a  single  particle  suspended 
at  the  centre  of  percussion.  From  this  property,  the  centre 
of  percussion  is  more  generally  caUed  the  centre  qfosciHa^ 
Hon,     We  shall  now  proceed  to  determine  these  points. 

Let  p  be  any  particle  of  the  body,  and  z  its  distance  froni 
the  axis  of  motion,  and  let  to  be  the  angular  velocity  on  the 
axis  of  motion  at  the  moment  of  impact ;  the  velocity  of  the 
particle  2^  will  therefore  be  zto^  and  its  moving  force  pzuj. 

The  quantity  of  this  which  acts  at  the  point  e  is"^--r-.     As 

the  whole  impact  upon  the  obstacle  at  c  is  composed  of  tlie 
forces  of  all  the  particles  in  the  body,  the  value  of /"may  be 
thus  expressed : 

ujs(pz^) 
•^"        d      ' 
where  s(pz^)  signifies  the  sum  of  the  products  found  by 
multiplying  every  particle  of  the  body  by  the  square  of  its 
distance  from  the  axis  of  rotation. 

The  quantity  s{pz%  which  is  called  the  moment  of  inertia 
of  the  body  with  respect  to  the  axis  on  which  it  is  supposed 
to  revolve,  is  of  considerable  importance  in  all  theorems  re- 
lating to  the  motion  of  a  body  upon  a  fixed  axis.     The 


• 
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determination  of  its  value  depends  upon  the  figure  and  mass 
of  the  body,  and  the  line  on  which  it  is  supposed  to  revolve. 
We  shall  presently  give  the  methods  of  determining  it  where 
the  particles  of  the  body  form  any  line  or  plane  surface. 

Let  G  be  the  distance  of  the  centre  of  gyration  from  the 
axis  of  rotation.    By  the  conditions  of  its  definition,  we  find 

where  m  expresses  the  mass  of  the  body.    Hence, 

M      ' 

that  is,  **  the  square  of  the  distance  of  the  centre  of  gyration 
from  the  axis  of  motion  is  found  by  dividing  the  moment  of 
inertia  by  the  mass  of  the  body.^ 

It  appears,  therefore,  that  the  same  body  may  have  dif- 
ferent centres  of  gyration  corresponding  to  different  axes  of 
motion.  Of  these,  that  which  corresponds  to  an  axis  passing 
through  the  centre  of  gravity  is  called  the  principal  centre 
of  gyration.  A  remarkable  relation  subsists  between  the 
position  of  this  and  any  other  centre  of  gyration.  Let  tI 
express  the  distance  of  any  particle  p  from  the  axis  of 
motion  passing  through  the  centre  of  gravity,  and  o  the 
distance  between  this  and  any  other  axis  parallel  to  it.  It 
is  obvious  that 

5:«  =  a/*  +  D«  +  2dz', 

•••  S(p2«)  =  S(/7Z^)  +  s(pD*)  +  2dS(J33'). 

If  g'  be  the  distance  of  the  principal  centre  of  gyration 
from  the  centre  of  gravity, 

M 

Hence,  since  g'm  =  s(/?a'),  and  g'*m  =  s(p2'*),  and  as  s{^p^\ 
is  the  statical  moment  of  the  body  with  respect  to  a  line 
through  the  centre  of  gravity,  and  therefore  ^(p^)  =  0, 
we  find 
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C*M  =  G*M  +  D*Jf, 
•/  G*  =    G**    +D  •. 

Hence  tlie  oentie  of  gyratioiiy  with  respect  to  a  y  axis,  cttii 
be  found  if  the  centre  of  gyration,  with  respect  to  an  axis 
parallel  to  it  through  the  centre  of  gravity,  be  given. 

To  determine  the  centre  of  percussion,  it  will  be  necessary 
to  estimate  the  shock  sustained  by  the  axis  of  rotation  by 
the  impact  of  the  body  on  the  point  e.  Let  this  be^. 
Now,  if  the  entire  moimag  force  of  the  mass  be  f,  the 
condition 

must  be  fulfilled.  As  the  moving  force  of  the  whole  mass 
is  composed  of  the  moving  forces  of  its  parts,  the  value  of  f 
may  be  found  by  considering  that  the  moving  force  of  any 
particle /7  is  pzw^  and  therefore 

p  «  as(p»), 


...r=.{s(,.)-?<^^>}. 


This  equation  expresses  the  shock  sustained  by  the  axis  of 
rotation.  To  determine  the  centre  of  percussion,  d  must  be 
assumed  of  such  a  value  as  to  fulfil  the  condition 

/'  =  o. 

Let  this  value  be  l  ;    .* 

s(»a*) 

...  -«(P'^). 

that  is,  "  the  distance  of  the  centre  of  percussion  from  the 
axis  of  rotation  is  found  by  dividing  the  moment  of  inertia 
by  the  statical  moment.^ 

It  is  not  difficult  to  prove  that  tlie  centre  of  percussion  is 
also  the  centre  of  oscillation. 

Let  the  axis  of  motion  be  conceived  to  be  placed  in  an 
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horizontal  podtion,  and  the  fbroe  of  gravity  ac^pg  on  the 
body  will  cause  it  to  have  a  motion  of  vibration.  The  body 
being  supposed  to  have  descended  from  any  position,  let  it 
be  supposed  to  have  acquired  an  angular  velocity  Wj  when 
-the  angular  distance  of  its  centre  of  gravity  from  a  vertkiil' 
pasang  through  the  axis  of  motion  is  fy  and  let  the  angular 
distance  of  any  partiide  p  from  the  verUcal  be  ^.  The  part 
of  the  force  of  gravity  {g)  which  acts  in  accelerating  the 
particle^  is  g  sin.  ^,  and  therefore  the  force  impressed  on 
the  particle  is^  sin.  ^.     In  the  equation 

JS  =  a;s(pz*) 

cUo 
i£g€{pz  an.  ^)  be  substituted  forjfS,  and  -tt  for  Wf  the  re- 
sult is 

gsipx  an.  ^)  =  MD  sin.  f , 

•.•  gMj>  sm.  f  =  -^  .  8(p«*). 
Also^  since  w  =  —  — ,  \'  ch  zz  — —.    Hence, 

gMD  Sin.  ?>  =  -  ^<P^y 

Multiplying  both  ^des  of  this  equation  by  5b2^,  and  inte* 
grating,  the  result  is 

%MD  COS.  ?  -f  A  =:  j^^ip^) ; 

or,  S^MD  COS.  ^  +  A  =  (w*  .  s{pz*). 

To  determine  the  constant  a,  let  ^  be  the  value  of  ^  when 
w  =  0;  •.• 

^gMJ)  cos.  ^  -f  A  =  0. 

Subtracting  this  equation  from  the  former,  and  solving  for  w^ 

^ffMD  (cos.  ?  — cos.  ^') 

This  equation  determines  the  angular  velocity  acquired  by 
the  body  in  falling  from  a  quiescent  state  through  the  angle 
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^  —  f}.  To  determine  the  distance  of  a  single  particle  p 
fitim  the  axis,  which,  in  moving  through  the  same  angle 
would  acquire  the  same  vekxaty,  let  d  be  its  distance. 

To  apply  the  general  formula  just  found  to  this  case,  we 
must  sappoae 

If  =  p,  D  =  <f,  and  s(ps*)  =  pd^.    Hence, 

J  _  9gpd  (cos.  ^  —  COS.  <f) 

Dividing  the  former  equation  by  this,  we  find 

MD     ^{p^y 

\'  J  =  L. 

Hence,  a  point  placed  at  the  distance  l  from  the  centre  of 
motion  would  vibrate  in  the  same  time  as  the  body  itself. 
The  calculation  of  the  time  of  vibration  of  any  pendulous 
body  is  thus  reduced  to  the  case  of  a  simple  pendulum. 
Since  6{mz^)  =  mg%  and  also 

G»  =  g'*  +  dS 

g" 

•.•  L  =   +  D. 

D 

By  this  formula,  the  centre  of  oscillation  may  be  imme- 
diately found  from  the  principal  centre  of  gyration. 
From  the  formula 

_  s(m2?')  _  G« 
""  8{mz)  ~  D 

it  follows,  that  "  the  distances  of  the  centres  of  gravity, 
^ration,  and  oscillation,  from  die  centre  of  motion,  are  in 
continued  proportion.*' 
Also,  since 

I.  —  D  =   — , 
D 

it  follows,  tliat  *'  the  distance  between  the  centres  of  gravity 
and  oscillation  is  a  third  proportional  to  the  distances  be- 
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tween  the  centres  of  gravity  and  motion,  and  between  the 
principal  centre  of  gyration  and  the  centre  of  gravity." 

If  the  axis  of  suspenuon  be  changed  to  the  centre  of 
oscillation,  let  l'  be  the  distance  of  the  new  centre  of  oscil- 
lation, and  i/  the  distance  of  the  centre  of  gravity  from  the 
new  axis  of  motion.     Hence, 

g'* 
but  d'  =  L  —  D  =  — .     Therefore, 

g'' 
L'=n  +  — , 

or,  l'  =  L ; 
that  is,  the  former  pcnnt  of  suspension  becomes  the  new 
centre  of  oscillation.    The  centres  of  oscillation  and  rotation 
are  therefore  convertible. 

In  applying  these  principles  to  the  arcs  and  areas  of 
plane  curves,  we  shall  confine  ourselves  to  the  case  where 
the  axis  of  rotation  b  in  the  plane  of  the  curve. 

L  To  determine  iJie  moment  of  inertia  of  the  arc  of  a 
plane  curve  revolving  round  an  axis  in  its  own  plane. 

Let  the  axis  of  motion  be  taken  as  axis  of  ^,  and  a  per- 
pendicular to  it  as  axis  of  x,  and  let  s  equal  the  arc.  In 
this  case,  p  =  ds,  and  2:  =  x ;  therefore, 

s{pz^)  -fjfide. 
Ex.  1.  If  the  revolving  line  be  a  right  line  represented  by 
the  equation 

y  —  tan.  f  .  a:  +  6  =  0. 
By  differentiating,  we  find 

dy  —  tan.  ^  •  dia?  =  0, 

•.'  ds  =  ^djf  -f  lip*  =  sec.  p  .  dxy 
•.•  s(p»*)  =  sec.  <yafdx. 
Integrating  this  between  the  Umits  x  and  a^. 
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8(p««)  =  sec.  ?J  .  — g— ,    , 

X  and  of  bmg  the  values  of  x  for  the  extremities  of  the 
line. 
If  the  length  of  the  line  be  m,  we  find 

M  =  sec.  p(a?  —  xf)^ 
•••  8(/>2«)  =  ^M(a:»  -^  afx  +  af% 
Hence  we  find  the  centre  of  gyration 

G«  =  4.(a?«  Jf  Jx  +  x'% 
And  since  the  centre  of  gravity  is  the  middle  point  of  the 
line 


•  • 


L  = 


which  determines  the  centre  of  oscillation. 
If  the  line  be  parallel  to  the  axis  of  y,  a?  =  xfy  •.• 


X, 


L  =  r. 
The  centres  of  oscillation,  gyration,  and  gravity,  therefore, 
coincide  in  this  case. 

If  the  axis  of  y  pass  through  the  middle  point  of  the  line 
J?  =  —  a;',  hence, 

g'*  =  \x^. 
Ex,  2.  Let  the  revolving  line  be  the  arc  of  a  circle  repre- 
sented by  the  equation 


^ 

' — •,*>- 

/\/L 

I       "^ 

^\ 

0 

J 

'.'  ds  = 


__  ^^y 


X 


•.•  8(jt»»)  r=  rfxdy. 
Hence,  if  aa'  be  the  arc,  and  yy* 
the  axis  of  rotation,  y^Jj^  is  the 
areapAA^pf.    To  express  this,  let 


Acx  =  ?,  and  a'cx  =  «?',  •.• 

pAX'pf  =  CAp  +  CAa'  —  CA'//, 


=  ir«{ 
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'-'Jxd^  =  \f^  {?  —  ?'  +  8>n.  p  COS.  ^  —  sin,  ^  cos. ^} 
•••  s(pa:»)  =  Ir*  { p  —  p'  +  |.  sin.  2^  —4  sin.  2^}, 
Let  the  length  of  the  arc  aa'  be  m,  and 

To  find  the  centre  of  gyration,  we  have,  therefore, 

sin.  2^  — sin.  9.(ff  1 

The  distance  of  the  centre  of  gravity  from  the  centre  of  the 

circle  being 

sin.  i{(p-fi 

Its  distance  from  the  axis  of  rotation  is 

2  sin.  i(<p-((^  COS.  i(^-h^) 

sin.  ^— rin.  9' 

Hence,  for  the  centre  of  oscillation,  we  have 

—  I    y       P""^         ,  sin.  8y  — sin.  2^^ 
^  ""  *^csin.  ^-sin.  ^"*"28in.  f  — 2rin.  p' V 
If  the  point  x  bisects  the  arc  aa',  we  have  ^  =  —  9^,  and 
the  several  formulse  become 

s(pa«)  =  ir»{2?  +  sin.  2p}, 

sin.  2^ 
2^ 
sm.  9 


C  ,    .   sin.  2^  > 


D  =  r 


^    C  sin.  9      2sin.  f  3 


For  the  semicircle  yxy*,  <p  —  -5-,  and  p*  = 5-,  and  the 

formulse  become 
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2r 

!>  =  — , 

nt 

^  =  T- 

For  the  \^hole  circle  these  become 

D  =0, 

L  =  00. 

Ex.  S.  To  determine  tlie  moment  of  inertia  of  a  cydoidal 
arc  terminated  at  the  vertex,  and  revolving  on  its  base. 

The  base  being  assumed  as  axis  of  x^  and  the  axis  being 
expressed  by  a, 

(W  =  —  ^a  -  — ==, 


•  • 


To  integrate  this,  let  a  —  ^  =  y,  •/  rf^  =  —  dy, 

...  s(K)  =  ^a  (iz4*^, 

V  8(p2»)  =  Va{a^  ./Mj  ^fiTdif  -  ^fi/'dif  } 

vy 

No  constant  is  supplied,  as  the  arc  is  supposed  to  terminate 
at  the  vertex;  and  if  the  vertex  be  taken  as  the  middle 
point  of  the  arc,  the  expression  becomes 

In  this  formula  it  should  be  observed,  that  j/  is  measured 
upon  the  axis  from  the  vertex. 

Since  5=4  ^/crj/,  we  find 

G*  =  rt«  -h|y»  -4V; 
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and  nnoe  d  =:  a  -<  -fy. 

For  the  whole  cycl<nd  1/  =  a,  and  the  formulae  become 

G«  =  -^% 

Hence  it  appears  that  the  time  of  vibration  of  the  entire 
cycloid  is  equal  to  the  time  of  vibration  of  a  simple  pen- 
dulum, the  length  of  which  is  equal  to  four-fiflhs  of  the 
axis. 

II.  To  determine  the  moment  of  inertia  of  the  area  of  a 
plane  curve  revolving  on  an  axis  in  its  own  plane. 

As  before,  let  the  axis  of  motion  be  assumed  as  axis  of  y^ 
and  a  perpendicular  to  it  as  axis  of  a;,  and  let  a  be  the  area. 
Since  p  =  dA  =  dj/dx,  we  find 

s{ps^)  ^zj/a^dj/dx, 
which  being  integrated  for  y,  gives 

8[pz^  —fxSfdx^ 
either  of  the  co-ordinates  x  at  y  being  eliminated  by  means 
of  the  equation  of  the  curve,  and  the  result  integrated  for 
the  other,  the  integral  so  determined,  taken  between  proper 
limits,  will  be  the  moment  of  inerUa  sought. 

Ex.  1.  To  determine  the  mo- 
ment of  inertia  of  the  area  of  a 
right  angled  triangle  revolving 
round  one  of  the  sides  of  the  right 
angle. 

Let  BA  =  y,  and  ac  =  jr',  the  equation  of  bc  is 
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which,  by  integration,  gives 

No  constant  is  added,  the  area  being  supposed  =  0  when 
X  =  0.  The  integral,  as  it  stands,  expresses  the  moment  of 
inertia  of  the  trapezium  BprnA^  in  which  Afit  =  x.  To  d^ 
termine  that  of  the  triangle,  let  x  =  of,  *.* 

And  since  the  area  of  the  triangle  is  i^xf,  we  find 

but  D  =  •ff' :  hence 

h=zixf. 

Ex.  2.  If  the  triangle  be  supposed  to  move  on  an  axis 
passing  through  c,  perpendicular  to  ca,  to  determine  the 
moment  of  inertia. 

In  this  case,  if  the  co-ordinates  of  the  point  b  be  i/x^,  the 
equation  of  cb  is 

*v    y   ** 

which,  extended  to  the  entire  area,  gives 
Since  the  area  =  ii/if,  and  D  =  l-r*,  we  find 

L    =    •;fX^» 

Ex.  3.  If  the  curve  be  a  parabola  of  any  order  represented 
by  the  equation 

J/  =  P^' 
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By  aubsdtutiiig  this  value  in  the  general  formula,  and  in- 
tegrating 


Since 


'('^  =  i^  •  ^**' 


fyi^  =  ^i*--, 


•/  G«  =     -^3t 


but  D  =    — -X :  hence 


-  ^+2 

In  the  common  parabola  m  =  4,  *•' 

G«  =  \x\ 

L  s  fx. 

i?r.  4.   Let  the  curve  be  a  drcle  represented  by  the 
equation 

y  -h  a*  -  r»  =  0, 
'.•  s(p«*)  ss^i*  ^r«  —  a:«  Jr. 
If  0?  =  r  COS.  ^,  and  y  =  r  sin.  ^^  this  becomes 
8(pz')  =  rysin.*  p  cos.*  ^f , 
which  being  integrated,  gives 

8(^)  =  ^r*|  an.^  p  cos.  f  —  4  sin.  p  cos.  ^  +  iP  [  » 

no  constant  being  added,  this  expresses  the  moment  of 
inertia  of  the  area  included  by  the  sine,  versed  sine,  and 
arc.  To  express  that  of  the  segment  contained  by  the  arc, 
the  chord  of  which  is  9jf^  it  becomes 

s(p8«)  =  4r*|  sin.*  ^  cos.  p  -  4  sin.  ^  cos.  p  +  4^  [ . 

If  A  be  the  area  of  the  segment 

A  =  r*(^  —  »n.  f  COS.  ^). 
Hence  we  find 
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.  C  sin.'  a  coe.  a    7 

C         a— sin.  9  COS.  9  j 


9 —sin.  p  COS.  9 
Extending  this  to  the  semicircle,  let 


p  = 


2'    • 


but  in  this  case, 


o«  =  ^*; 


4r 


8n 


•  • 


•  ^        16* 


PROP.  CCCLII. 

(662.)  A  vessel  sails  between  two  lighi-houses;  to  find  the 
irack  she  must  describe  so  cu  to  receive  an  eqtiol  quantity  of 
light  Jrom  each. 

The  intensity  of  the  lights  being  expressed  by  m,  m\  and 

ffl         IK 

the  distances  z,  a',  the  quantities  of  Ught  will  be  — ^,  —j-  ; 
hence  we  have 

This  equation  being  expressed  with  relation  to  rectangular 
axes^  one  of  which  is  the  line  joining  the  light-houses, 
becomes 

y,  o(P,^  being  the  distances  of  the  light-houses  fix)m  the 
origin  of  co-ordinates.  This  equation,  when  disposed  ac- 
cording to  the  dimensions  of  the  variables,  is 

yi  +  a:2  -  -i^ -—ix  +  J—  =  0. 
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When  m  and  *»'  are  not  equal,  tliis  is  the  equation  of  a 
circle,  the  centre  of  which  is  on  the  axis  of  «  at  the  distance 

— f—  from  the  origin.     But  if  m  =  m',  it  is  a  right 

perpendicular  to  and  bisecting  the  right  line  joining  the 
light-houseB. 

PBOP.    CCCLIII. 

(663.)  Tojind  the  image  of  a  straight  line  in  a  xplierical 
refiector. 


Let  c.  be  the  centre  of  the  reflector, 
and  cv  that  radius  which  is  perpen- 
dicular to  the  stnughtline  AB,andF  the 
principal  focus.  Let  CA  =  a,  cv  =  b, 
ACB  =  o),  and  b'  being  the  image  of 
any  pcnnt,  let  cb*  =  x. 

By  the  principles  of  optics, 

BF  .  b'f  =  cf", 
which  ^ves  the  equation 


^^ 


C-; 


-  +  6)  (6  -  «)  =  b\ 


which  solved  for  z 


Hence  the  image  is  a  line  of  the  second  degree,  whose 
species  depends  on  the  distance  of  the  strught  line  from  the 
centre  of  the  reflector;  if  this  distance  be  less  than  liolf  the 
radius,  the  image  is  an  ellipse ;  if  equal,  a  parabola ;  and  if 
Q  hyperbola. 
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PROP.  CCCLIV. 

(664.)  To  find  the  image  rfa  straight  line  made  by  a  lens. 

Let  c  be  the  centre  of 
the  lensy  and,  as  in  the  last 
proposition,  let  ca  =  a, 
CF  =  by  ACB  =  w,  cb'  ^  «. 
By  the  principles  of  optics, 
as  before,  we  find 

b 


z  = 


,        b 

1  H cos.a> 

a 


Hence  the  same  conclusions  follow  as  in  the  last  proposition . 


PROP.  CCLV. 


(665.)  To  find  a  refracting  curve  suchy  tJuU  parallel 
homogeneous  rays  incident  on  it  shall  be  all  reacted  to  the 
same  point. 


Let  the  incident  rays  pr  be  parallel  to  ax,  and  let  pn  be 
the  normal  to  the  point  p.  By  the  principles  of  optics,  the 
fflne  of  the  angle  of  incidence  bears  an  invariable  ratio  to  the 
sine  of  the  angle  of  refraction,  the  medium  being  supposed 
of  uniform  density.  Now^  the  angle  pnx  is  the  angle  of 
incidence,  and  the  angle  apn  is  the  angle  of  refraction, 
therefore 


Sm.  APN 

=  vu 


sin.  PNX 
m  being  constant.     By  (327)  we  find 
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dz 
^  tall.  APN  = j- 

Zaof 

where  z  =  ap,  and  w  =  pax.    Hence 

on.  PNX  =  sin.  at  cos.  apn  +  cos.  oo  rin.  afk. 

By  these  substitutions  in  the  first  equation^  the  result  is 

dz  dz 

—J-  ^  m  (—z-  COS.  a;  —  sin.  w), 

or  £&  =  m(cos.  cods  -f  zd  cos.  «;), 
whidi,  by  integration,  gives 

z  =  mz  COS.  w  -I-  wic, 

mc 

or  z  =  q^ . 

1  — m  COS.  w 

This  is  the  equation  of  a  line  of  the  second  degree,  whose 

eccentricity  is  m,  and  whose  axis  coincides  with  ax,  and 

whose  focus  is  a.  The  curve  will  be  an  ellipse  or  hyperbola, 

according  as  m  <  1,  or  fn  >  1,  that  is,  according  as  the  rays 

are  supposed  to  pass  into  a  denser  or  rarer  medium. 

The  value  of  c  remains  indeterminate,  which  shows  that 

any  curve  having  the  eccentricity  equal  to  97t,  whatever  its 

axes  may  be,  will  fulfil  the  proposed  conditions. 

prop,  ccclvi. 

(666.)  To  determine  Ihe  caustic  by  reflection  of  a  given 

airve. 

Let  APC  be  the  curve,  f 
the  focus  of  incident  rays, 
FP  being  a  ray  incident  at  p  ; 
if  po  be  normal  to  the  curve, 
its  reflection  pnf  will  make 
the  angle  ops'  =  opb.  Now, 
by  the  principles  of  optics,  if  o  be  the  centre  of  the  osculating 
circle,  and  the  lines  ob,  ob',  be  perpendicular  to  pb,  pb',  and 
the  intercepts  pb,  pb',  be  bisected  at  6,  V^  the  corresponding 
pointy*of  the  caustic  is  found  by  taking  VfsL  third  propor- 

E  E  S 
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tional  to  rb  and  bv.  Since  op  is  the  radius  of  the  osculating 
circle,  pb  must  be  half  the  chord  which  coincides  with  tlie 
incident  ray ;  let  this  chord  be  c,  and  let  fp  =  2',  and 
rf=iv.    By  the  conditions  already  expressed^ 

4tX — C 

iProm  this  equation,  that  of  the  curve  and  the  known  value 
of  c,  the  locus  ofy*may,  without  difSculty,  be  determined. 

If  the  incident  rays  be  parallel,  z^  is  infinite,  therefore^  in 
this  case,  the  formula  becomes 

V  =  j-c. 

PROP.  CCCLVII. 

(667.)  Tojind  tJie  caustic  when  tJie  reflecting  curve  is  a 
circle^  thejbcus  of  incident  rays  being  on  its  circumference. 

In  this  case  0  =  2;'  =  pf,  therefore 


V  = 


2'» 

8? 


=  ^. 


Since^p  =  ^fp,  a  parallel  to  cp 
through  y*  will  intercept  cd 
equal  to  a  third  of  the  radius, 
therefore  D  is  a  fixed  point.  Let 
Ja  be  perpendicular  to  cp,  and 
join  DA.  It  is  obvious  that  d/a 
is  a  right  angle,  and  since  de 
and  pa  bear  the  same  ratio  to 
BP  and  AF,  the  angle  daf  is  right.  Let  the  angle  pfe  be 
ci/,  andybE  =  w,  and  cp  =  r,  and  ij/*=  1, 

z  =  DA  sin.  a/, 
DA  =  ^r  sin,  w'y 
•  •  2  =  ♦r  sin.2  w' ; 
and  since  a/  =  4.0;,  the  equation  of  the  caustic  is 

z  =  ^r  sin,2  ^w, 
or  z  z=z  *r(l  —  cos.  w). 


ALtiEBBAlC    OEOM£TBY. 


421 


which  is  the  equation  of  a  cardioide,  whose  base  is  a  circle 
concentrical  with  the  given  circle,  and  the  radius  of  which 
is  one-third  of  the  radius  of  the  given  circle. 

If  therefore  en  =  -f  cf,  and  a  circle  be  described  with  c  as 
centre,  and  en  as  radius,  the  cardioide,  whose  base  is  this 
circle,  is  the  caustic. 

P£OP.  CCCLVIII. 


(668.)  Tojind  the  caustic  bjf  reflection,  when  the  refieiMng 
curve  is  acirck,  and  parallel  rays  are  incident  in  the  plane 
of  the  circle. 

Let  CK  be  a  radius 
of  the  circle  drawn 
perpendicular  to  the 
incident  rays ;  and  let 
FA  be  a  ray  incident 
at  A  and  let  oaf = c  ab, 
AB  will  be  the  reflected 
ray;  and  if  ca  be  bisected  at  d,  and  db  be  drawn  per- 
pendicular to  BA,  the  point  b  will  be  the  focus  of  an  inde- 
finitely small  pencil  of  rays  incident  at  a,  and  parallel  to  fa. 
The  object  is  therefore  to  determine  the  locus  of  the  point  b. 

Let  BE  and  bg  be  drawn  parallel  to  ck  and  af 
respectively.  And  let  bo  =  x,  cg  =  y,  AC  =  r,  and 
ACK  =  <p.     By  what  has  been  stated,  we  find 

AB=-^r  sin.  ^, 

AE  =  AB .  cos.  (*— 2?)=  — AB  .  COS.  2^=  — 4^r  sin.^cos.2^, 
•.•  AE=  —  4r  sin.  p  COS.  2^, 

BE=AB  .  nn.  (i*— 2^)aB:AB  sin.  2^, 
*.*  BE^^r  sin.  ^  sin.  Sf. 

But  since  x  =  af  —  ae,  and^  =  cf  — gf,  and  af  =  r  sin.  fy 
CF  =  r  COS.  f ,  ••• 
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X  ^  r  tan.  f  +  4r  bid.  f  cos.  2^, 

y  ^  r  COS.  ^  —  4*"  ^-  f  '^i^*  ^  ^ 
but  by  trigoDomeCry, 

an.  f  cog.  if  =  -K^-  ^  **  ^*  f)^ 
—  mn.  f  WL  2f  =:  4(<308.  8f  —  oos.  ^). 
Making  these  substitutions,  we  find,  after  reductioD, 

X  =  (Jr  -f  ^r)  an.  ^  -f-  ^r  sin.  8^ 
y  =  (^r  4-  -Jr)  cos.  f  +  ^r  cos.  8^. 

By  comparing  these  equations  ^th  those  of  ejncyclcnds  in 
(607),  it  is  obTioufi  that  the  caustic  is  an  epicydmd,  the  base 
of  which  is  concentrical  with  the  given  drde,  its  radius 
being  half  that  of  the  given  circle,  and  the  radius  of  the 
generating  circle  being  one-fourth  of  the  radius  of  the  given 
circle. 


PROP.  CCCLIX. 


(669.)  To  find  tlie  caustic  by  reflection^  Hie  reflecting 
curve  being  the  common  cycloid^  and  iJie  incident  rays  bein^ 
parallel  to  its  axis. 


Let  c  be  the  centre  of  the  base  of  the  cycloid,  and  let  fa 
be  a  ray  incident  at  a,  and  da  being  the  normal  to  the 
point  a,  let  daf  =  dab,  and  let  db  be  drawn  perpendicvdar 
to  DB,  the  point  b  will  be  the  focus  of  reflection  of  a  small 
pencil  of  parallel  rays  incident  at  a  in  the  direction  fa.  For, 
ance  by  the  properties  of  the  cycloid  already  proved,  da  is 
half  the  radius  of  the  osculating  circle  (492),  the  pencil  of 
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rays  parallel  to  af  must  be  brought  to  a  focus  at  b.     The 
object  is  therefore  to  find  the  locus  of  the  point  b. 

Let  BG  and  be  be  parallel  to  af  and  ck  respectively,  and 
let  AF  =  y,  CF  =  ai^  EG  =  y^  and  co  =  x^  and  daf  =  ^. 
Since  ba  =  af,  and  baf  =  2daf,  we  have 

.1/  —  ar  =  y  ffln.  2^ ; 

but  COS.  2^  =:  - — ,  and  rin.  2^  =  — ^LTJL. 

T  r 

Malung  these  substitutionsi  and  finding  the  values  of  y  and 
a^,  we  have 

y^  -  2fy  =  -  fy. 


•.•  or'  =  ar  -I-  Vry  ±  \/ry  —  y^. 
Making  these  substitutions  in 

y  -  r  COS. ~— ^  —  r  =  0, 

which  is  the  equation  of  the  cycloid  when  the  ori^  is  at 
the  middle  point  of  the  base,  the  result  is 

^f*  —  ry —  r  cos. =^  =  v. 

Now,  if -        =  »,  cos.  »  =  -y  •.' 

f  T 

COS.  2»  =  «  COB.«  »  —  1  =  1  —  4^, 

and  hence  we  find 


y  "  T*^  COS.  J- ^r  —  u, 

which  is  evidently  the  equation  of  a  cycloid  described  upon 
half  the  base  of  the  given  one,  and  which  is  therefore  the 
caustic  sought 


4M 


AUaEBSkAlC   ttEOMKTRV. 


PKOP.  CCCLX. 


(670.)  Tojind  the  caustic  by  reflection^  ^  rejUcting 
curve  being  the  logarithmic  epiralf  and  thejbcui  of  incident 
rays  being  at  its  pole. 

Let  p  be  the  pole  of  the 
spiral,  and  px  the  line  given 
in  poation,  fiom  which  the 
angle  apx  =  w  is  measured, 
PA  b^g  a  ray  incident  at  a  ; 
let  AC  be  the  radius  of  the 
osculating  circle.  By  the  pro- 
perties of  thb  spiral,  p  is  the 
middle  point  of  the  chord  of 
the  osculating  circle,  and  *.*  cpa  is  a  right  angle;  and  if  p 
be  the  focus  of  incident  rays  by  the  principles  of  optics,  the 
focus  B  of  reflected  rays  is  found  by  drawing  ba,  making 
cab  equal  to  cap,  and  cb  perpendicular  to  ab.  The  angle 
at  which  the  radius  vector  is  inclined  to  the  tangent  being  9^ 
let  the  equation  of  the  spiral  be 

And  let  PB  =  z,  and  bpx  =  a;,  and  bpa  =  5,  we  find 

:J  z=  ^  sec.  0, 
•••  X  =  2cos.B  a^j 
which  is  the  equation  of  a  logarithmic  spiral  similar  to  the 
given  one,  and  which  is  therefore  the  caustic  sought 
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SECTION  XXIV. 


(1.)  Given  the  base  and  the  sum  of  the  sides  of  a  triangle 
to  determine  the  loa  of  the  pmnts  where  the  angles  of  the 
inscribed  square  meet  the  ndcs,  and  also  that  of  the  centre 
of  the  inscribed  square. 

(S.)  In  a  right  angled  triangle  given  in  magnitude  and 
pontion,  one  of  the  sides  containing  the  right  angle,  to  find 
the  locus  of  the  centre  of  the  inscribed  circle. 

(3.)  Given  the  base  and  vertical  angle  of  a  triangle,  to 
determine  when  the  sum  of  the  sides  is  a  maximum. 

(4.)  To  determine  the  greatest  ellipse  inscribable  in  a 
given  triangle,  and  touching  one  of  the  udes  at  a  given 
point. 

(5.)  To  find  the  greatest  triangle  inscribable  in  a  tnrcle. 

(6.)  To  find  the  least  triangle  which  can  be  circumscribed 
about  a  circle. 

(7.)  To  find  the  greatest  rectangle  inscribable  in  a  circle. 

(8.)  To  find  the  least  quadrilateral  which  can  be  circum- 
scribed round  a  circle. 

(9-)  Given  in  pontion  two  ndes  of  a  triangle,  and  a  point 
through  which  the  tlurd  ^de  passes,  to  determine  the  tri- 
an^c  so  that  the  sum  of  the  »des  ^ven  in  position  shall  be 
a  minimum.  ' 

(10.)  On  the  same  conditions,  to  construct  the  triangle  so 
that  the  area  shall  be  a  minimum. 

(11.)  Given  the  base  of  a  triangle,  the  ratio  of  the  sum  of 
the  squares  of  the  sides  to  the  rectangle  under  theni,  to  find 
the  locus  of  the  vertex. 
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(12.)  Given  the  base  of  a  triangle,  and  the  ratio  of  the 
sum  of  the  squares  of  the  ades  to  the  difference  of  their 
squares,  to  find  the  locus  of  the  vertex. 

(13.)  A  triangle  of  a  given  area  has  an  angle  given  in  po- 
sition,  to  find  a  curve  to  which  the  oppo»te  nde  is  always  a 
tangent. 

(14.)  The  sum  of  the  circumferences  of  an  epicycloid  and 
hypocycloid,  described  with  the  same  base,  is  independent 
of  the  magnitude  of  the  base  when  their  generating  ardes 
are  equal. 

(15.)  To  determine  when  an  epicycloid  is  an  algebraic, 
and  when  a  transcendental  curve. 

(16.)  To  determine  the  nodes  of  an  eptiochoid,  the  de- 
scribing point  being  outside  the  circumference  of  the  gene- 
rating circle. 

(17.)  To  determine  the  inflections  of  an  epitrochoid,  the 
deserilnng  pcnnt  b«ng  within  the  generating  circle. 

(18.)  A  circle  being  described  concentrical  with  the  base 
of  an  epitrochoid,  and  with  a  radius  equal  to  the  difference 
between  the  sum  of  the  radii  of  the  base  and  generating 
circle,  and  the  distance  of  the  describing  point  from  the 
centre  to  the  generating  circle,  to  determine  the  points  when 
the  cpitrochoid  meets  this  circle,  and  the  position  of  the 
tangent  to  the  epitrochoid  at  these  points. 

(19.)  To  determine  the  position  of  the  tangent  to  an  epi- 
cycloid at  the  points  where  it  meets  the  base. 

(20.)  To  apply  investigations  similar  to  the  preceding  to 
hypotrochoids  and  liypocycloids. 

(21.)  To  deduce  the  equations  of  cycloids  in  general  from 
those  of  epitrochoids. 

(22.)  To  exhibit  the  different  analogies  between  ejntro- 
choids  and  cycloids. 

(23.)  Two  lines  of  the  second  degree  being  given,  a  right 
line  touches  one  of  them  and  cuts  the  other,  and  through 


ALQEBSAIC    UKO»ETRY.  127 

the  points  of  section  two  tangents  arc  drawn  to  ilctcrmine 
the  locus  of  their  point  of  interscctioD. 

(£4.)  To  determine  the  curve  in  which  the  perpendicular 
firan  the  oripn  on  the  tangent  is  always  equal  to  half  the 
normal  through  the  pcunt  of  contact 

(25.)  To  find  the  curve  in  which  the  normal  bears  a  pven 
ratio  to  the  part  of  the  tixis  ofx,  intercepted  between  it  and 
a  given  point. 

(96.)  To  find  the  equation  of  the  curve  in  which  the 
radius  of  curvature  varies  as  the  inclination  of  the  tangent 
to  a  line  given  in  pontion. 

(S7-)  To  determine  the  locus  of  the  vertex  of  a  triangle 
constructed  on  a  ^ven  base,  one  of  the  angles  at  the  base 
differing  from  tmce  the  other  by  a  given  angle. 

(38.)  The  vertices  of  two  angles  ^ven  in  magnitude  are 
^ven  in  portion,  and  the  pcnnt  of  intersection  of  one  pur  of 
»des  describes  a  right  line,  to  find  the  curve  described  by 
the  point  of  intersection  of  the  other  sides. 

(S9.)  To  determine  the  curve  whose  tangent  is  always 
equal  to  the  part  of  the  axis  intercepted  between  it  and  the 
origin. 

(30.)  If  the  ordinate  to  the  axis  of  a  line  of  the  second 
degree  be  produced  until  the  produced  part  equals  (he 
normal,  to  find  the  locus  of  its  extremity. 

(31.)  To  inscribe  an  eUipse  in  a  ^ven  parallelog^m>  so 
tliat  its  area  shall  be  a  maximum. 

(32.)  If  two  «de8  of  a  triangle 
ABC  be  divided  into  the  same 
number  of  equal  parts,  and  the 
ptsnls  of  divinon  of  one  side, 
be^nning  from  the  base,  be 
jinned  with  those  of  the  other 
side,  beginning  from  the  vertex, 
to  find  the  curve  on  which  the 
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intersections  of  every  pair  of  consecutive  lines  taken  in  this 
order  are,  placed. 

(33.)  If  on  two  sides  of  a  triangle  abc,  equal  parts  be  as- 
sumed)  to  find  the  curves  on  which  the  pointip of  inter- 
section of  every  pair  of  lines  joining  the  successive  points  of 
division  are  placed. 


'  (34.)  To  explain  and  prove  the  principle  of  the  Pen- 
tagraph. 

For  a  description  of  this  instrument,  see  Hutton's  Mathe- 
matical Dictionary. 

(35.)  To  determine  the  area  and  inflection  of  a  curve,  in 
which  y  varies  as  the  square  of  the  sine  of  x. 

(36.)  A  circle  revolves  in  its  own  plane  uniformly  round 
a  point  on  its  circumference,  and  at  the  same  time  a  point 
on  the  circumference  revolves  round  the  centre  ^th  the 
same  angular  motion,  to  find  the  curve  traced  by  this  point. 

(37.)  The  length  of  a  circular  arc  is  given,  to  find  such 
a  radius  that  the  area  of  the  segment  may  be  a  maximum. 

(38.)  To  find  the  point  in  an  ellipse,  where  the  part  of 
the  tangent  between  the  point  and  a  perpendicular  from  the 
centre  is  a  maximum. 

(39.)  To  find  where  the  intercept  of  the  tangent  between 
a  perpendicular  from  the  focus  of  the  ellipse  and  the  point 
of  contact  is  a  maximum. 

(40.)  From  a  given  point  to  draw  a  line  intersecting  an 
ellipse^  so  that  the  part  intercepted  within  the  curve  may  be 
a  maidmum. 
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(41.)  To  find  the  greatest  ellipse  inscribable  in  a  semi- 
circle. 

(4S.)  An  angle  of  a  tiiangle  being  ^ven  in  magnitude 
and  position^  and  the  sum  of  the  containing  sides  being 
constant^  to  find  the  curve  to  which  the  side  oppo^te  to  it  is 
always  a  tangent. 

(48.)  An  angle  of  a  triangle  being  given  in  magnitude 
and  portion,  and  the  difference  of  the  containing  sides  being 
given,  to  find  the  curve  to  which  the  opposite  side  is  always 
a  tangent. 

(44,)  To  find  the  least  triangle  which  can  be  included  by 
a  tangent  to  a  given  curve  and  the  axes  of  oo-ordinates. 

(45.)  To  find  the  greatest  parallelogram  which  can  be 
included  under  the  co-ordinates  of  a  point  in  a  curve* 

(46.)  Given  the  length  of  the  arc  of  a  semicubical  para- 
bola, to  find  when  the  area  included  by  it,  and  the  co- 
ordinate of  its  extremity,  shall  be  a  maximum. 

(47.)  To  determine  the  curve  which  shall  intersect  similar 
and  concentric  ellipses  at  right  angles. 

(48.)  To  determine  the  curve  which  shall  cut  any  number 
of  ellipses  or  hyperbolas,  having  the  same  centre  and  vertex 
at  right  angless. 

(49.)  To  determine  the  locus  of  the  points  of  contact  of 
concentric  circles,  touching  umilar  and  umilarly  posited 
concentric  ellipses. 

(50.)  To  describe  a  circle  with  a  given  centre,  and  touch- 
ing a  given  parabola. 

(51.)  To  draw  a  tangent, to  an  ellipse,  so  that  the  inter- 
cept of  it  between  the  axes  shall  be  a  minimum. 

(52.)  To  express  the  area  of  the  sector  of  an  ellipse  con- 
tained by  the  axis  and  the  radius  vector  in  terms  of  the  ec- 
centric anomaly. 

(53.)  If  a  portion  be  assumed  on  the  ordinate  to  the  axes 
of  an  ellipse  equal  to  the  semiconjogate  diameter,  to  find 
the  locus  of  its  extremity. 
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(54.)  To  drciimscribe  a  giv«i  ellipse  by  a  triangle  whose 
area  shall  be  a  minimum. 
(65.)  Two  pmnU  b  and  c  and  a  circle  being  given^  to  de- 

Q  tamine  a  pcnnt  p  on  the  circle  from 
which  right  lines  being  drawn  to  the 
centre,  and  to  the  two  given  points, 
the  sines  of  the  angles  apc  and  apb, 
which  the  radius  forms  with  the  lines 
to  the  given  points  shall  be  in  a  ^ven  ratio. 

(56.)  A  point  and  two  right  lines  are  given  in  poution^  to 
determine  the  equation  of  a  circle,  which,  passing  through 
the  given  pointjpnd  touching  one  of  the  given  lines,  will  in- 
tersect the  other,  so  that  the  part  of  it  intercepted  within  the 
circle  shall  have  a  given  magnitude. 

(57.)  Two  diameters  of 
a  circle  being  drawn,  in- 
tersecting perpendicularly, 
>>  from  the  extremity  b  of 
one  of  them  a  right  line 
is  drawn,  meeting  the 
other  at  any  point  a,  the 
given  circle  at  p',  and 
through  the  points  a  and  p'  parallels  to  the  diameters  are 
drawn  intersecting  at  p  ;  to  find  the  locus  of  the  point  p  of 
intersection  of  these  parallels. 

#p  (58,)  Two  angles  are  inscribed  in  the 
same  segment  of  a  line  of  the  second 
degree,  whose  sides  intersect  at  the  points 
p  and  p' ;  a  right  line  passing  through  p 
and  p'  always  passes  through  a  fixed 
point;  to  determine  this. point. 

(59.)  Given  the  base  of  a  triangle, 
and  the  ratio  of  the  sum  of  the  squares  of  the  sides  to  tlie 
sum  of  the  squares  of  the  segments  of  the  base,  intercepted 
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between  the  perpendicular  ood  its  extremities,  to  find  the 
locus  of  the  vertex. 

(60.)  Given  the  base  of  a  triangle,  and  the  raUo  of  the 
rectangle  under  the  sides  to  the  rectangle  under  the  seg- 
ments of  the  base  intercepted  between  the  perpendicular  and 
its  extremities,  to  find  the  locus  of  the  vertex. 

(61.)  To  determine  the  axes  of  coordinates,  to  wluch  a 
line  of  the  second  degree  must  he  related,  in  order  that  tlic 
sum  of  squares  of  the  values  of  y,  which  correspond  to  the 
same  value  of  ;r,  may  be  invariable. 

(62.)  To  determine  the  conditions  under  which  the  sum  of 
themth  powers  of  the  valuesof^,  corresponding  to  tlic  same 
value  of  X,  shall  be  the  same  fur  all  points  of  the  curve. 

(63.)  To  determine  for  all  algebraic  curves,  the  condition 
under  which  the  product  of  all  the  values  of  y,  for  the  same 
value  of  X,  is  invariable. 

(64.)  To  determine  for  all  algebraic  curves,  the  condition 
under  which  the  sum  of  tlje  products  of  every  n  values  of  ^, 
for  the  same  value  of  x  shall  be  invariable,  n  being  an  in- 
teger less  than  that  which  marks  the  degree  of  the  equation. 

(66.)  The  ordinate  (pm)  to  the  dia-  ^ 

meter  of  a  circle  being  produced  until 
the  produced  part  (pp')  equals  the  chord 
(pb)  of  the  arc  intercepted  between  the 
ordinate  and  the  extremity  of  the  dia- 
meter, to  investigate  the  figure  and  pro- 
perties of  the  locus  of  the  extremity  (p')  of  the  produced 
part. 

(66.)  The  ordinate  to  the  diameter  of  a  circle  being  pro- 
duced until  the  whole  produced  ordinate  (hp')  equals  the 
tangent  of  the  arc  (pb),  to  find  the  locui  of  the  extremity  v 
of  the  produced  ordinate. 

(67.)  The  ordinate  to  the  diameter  of  a  drde  being  pro- 
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daced  undl  it  becomes  equal  to  the  secant  of  the  arc  (pb),  to 
find  the  locus  of  its  extremity. 

(68.)  The  ordinate  to  the  conjugate  axis  of  an  ellipse  or 
hyperbola  being  produced  until  the  produced  part  is  equal 
to  the  line  connecting  the  extremity  of  the  ordinate  with  the 
focus,  to  find  the  locus  of  the  extremity  of  the  produced 
ordinate. 

(69»)  To  investigate  the  line  or  lines  represented  by  die 
equation 
y^  —  ay^x  +  xhf  —  ax^  +  bx^  -I-  6y*—  cy  +  cox  -I-  6c  =  0. 

(70.)  To  determine  the  locus  of  the  equation 

y»  —  ay*  +  yar*  —  x*  -  Sray  -f  2rj:«  =  0. 

(71.)  To  determine  the  locus  of  the  equation 
y*  +  f/^x*  —  py'^x  —  p^  —  r*^*  +  pr^x  =  0. 

(72.)  To  determine  the  locus  of  the  equation 

cy  -  a^by^x  —  ab^x^y  +  6 V  +  a^b^y  —  a'l^x  =  0. 

(73.)  To  determine  the  figure  and  inflections  of  the  curve 

represented  by  the  equation 

I    I 
a:'  —  ay  -f  o^Jf^  =  0. 

(74.)  To  determine  the  figure  and  inflections  of  the  locus 

of  the  equation 

x^  —  ay*  +  a^x  -=  0. 

(76.)  To  determine  the  figure  and  inflecdons  of  the  locus 

of  the  equation 

Sx^  -  3ax*  -f  110  a^x*  -  180  a^x*  +  a*y  =  0. 

(76.)  To  determine  the 'figure  and  quadrature  of  the  locus 

of  the  equation 

x^y  —  dh/  -f  a'  =  0. 

(77.)  To  determine  the  inflection  of  a  curve  in  which 

y' «  X. 

(78.)  To  determine  the  locus  of  the  vertex  of  a  triangle 

on  a  given  base,  the  square  of  the  altitude  of  which  varies 

as  the  quote  of  the  segments.     And  to  show  the  inflections 

of  this  locus. 
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f]9.)  To  find  the  eurre  in  which  the  rectacj^le  under 
perpendicularB  from  two  given  points  on  the  tangent  it  of  a 
ecNurtant  nugrutude. 

(80.)  To  find  the  cuire  in  which  the '  subnonnal  ia 
coDitant. 

^81.)  To  find  the  curve  in  which  the  perpendicular  from 
the  ori^  on  the  tangent  is  constant. 

(82.)  To  find  the  curve  in  which  the  perpendicular  from 
tfie  origin  on  the  tangent  varies  in  the  subduplicate  ratio  of 
the  radius  vector. 

(83.)  To  find  the  curve  in  which  the  locus  of  the  inter- 
section of  the  perpendicular  through  a  ^ven  point  and  the 
tangent  is  a  right  line. 

(84.)  To  find  the  curve  in  which  the  locus  of  the  inter- 
section of  a  perpendicular  through  a  given  ptnnt  with  the 
tangent  is  a  drcle. 

(85.)  To  find  the  curve  in  which  the  locus  of  the  ex- 
tremitj  of  the  polar  subtangent  is  a  straight  line. 

(86.)  To  find  the  locus  of  the  intersectioQ  of  tangents  to 
an  ellipse  or  hyperbola  which  intersect  at  a  pven  angle. 

(87.)  Two  tangents  to  an  eUipse  or  hyperbola  intersect 
the  transverse  axis  at  angles,  the  difierence  of  which  is  ^ven, 
to  determine  the  locus  of  tb^  pcunt  of  intersection. 

(88.)  Investigate  the  figure  and  properties  of  the  class  of 
curves  included  under  the  polar  equation  x"  =  cos.  jvo. 

(S9;)  If  three  right  linetf  in  the  same  plane  move  angu- 
larly round  three  fixed  points,  and  two  of  the  three  pcunts  of 
intersectbn  describe  right  lines,  the  tlurd  will  describe  a  line 
of  the  second  d^ree ;  to  determine  its  species,  centre,  axes, 
&c. 

(90-)  If  three  lines  revolve  round  three  fixed  pcnntsinthe 
same  nuoner,  and  one  of  the  pcmits  of  intenection  describes 
a  line  of  the  iitth  tnder,  and  another  cMie  of  the  nth  order, 
the  tlurd  will  describe  a  Km  of  the  Mnth,  ndther  of  the  lioea 
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of  the  fPtth  or  nth  ofder  beiiig^flappoeed  to  pan  thioagh  liie 
oentres  of  lotetioii* 

(910  To  determine  the  locos  of  the  intenectioD  of  the 
lectangular  tangents  to  the  4*fii^Kff^, 

(92.)  The  line  jmning  the  pcnnts  of  contact  of  rect- 
angular tangents  to  tha  cardicHde  passes  throuj^  a  fixed 
pmnt. 

(93.)  To  determine  the  equation  of  the  dass  of  cunres 
disringnishfd  by  the  property,  that  tangents  through  the 
eztiemities  of  a  chord  pasang  through  a  g^ven  point  ahaU 
intersect  at  a  given  angle. 

(94k)  To  determine  the  equation  of  a  dass  of  curves  in 
which  all  chords  drawn  through  agiven  pcnnt  are  of  a  ffwea 
length* 

(95.)  To  determine  the  inflections  of  the  curve  iepre<« 
sented  by  the  equation 

Ay  +  B  V  =  A»»». 

(96.)  To  find  the  multiple  point  of  the  curve  repre- 
sented  by 

«y*  —  a:\b  +  a*)  =  0. 

(97.)  To  determine  the  singular  point  of  the  curves 
represented  by  the  equations 


y 

+  ax  + 

-  =  0, 

9 

a 

$       > 

y* 

-px. 

ahf 

=  (*•- 

b*)  {x*  - 

c»), 

y" 

=  px. 

y= 

^px. 

y= 

=  px', 

*♦ 

-  ayj*  +  by* 

=  0, 

X* 

+y 

-Sia^ 

+  2bx*if : 

=  0, 
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«?♦  -  Zay^  -  8a^«  -  «a V  +  a*  =  0, 

y  =  6  +  ci^  +  (x  -  a)^, 

y  =  (a?  —  a)*  {x  -  6), 
•  j^  =  (x-a)«(x-6) 

y  +  a«*  -  4«xy«  =  0, 
ay  —  9abx*y  —  ar^  =  0, 

z  =  a  sm.  2w. 

(98.)  Given  the  angle  of  elevation  at  which  a  cannon  is 
fixed,  to  find  the  strength  of  the  charge  necessary  to  make 
the  ball  strike  a  given  plane  perpendicularly. 

(99.)  To  find  the  elevation  which  will  require  the  least 
quantity  of  powder  to  cause  a  ball  of  a  given  weight  to 
strike  a  given  object. 

(100.)  Two  circles,  described  upon  the  same  vertical  plane, 
with  their  centres  in  the  same  horizontal,  are  given  in  mag- 
nitude and  position,  to  determine  a  point  from  which  tan- 
gents to  the  two  drdes  will  be  described  by  falling  bodies 
in  the  same  time,^  and  to  find  the  locus  of  all  such  points. 

(101.)  To  find  the  pcnnt  in  a  planefs  elliptical  orbit, 
where  its  vdodty  is  an  harmonic  mean  between  its  velocities 
at  the  apades. 

(lOS.)  To  determine  the  points  in  the  moon's  elliptic  orbit, 
where  her  angular  velocity /ound  the  remote  focus  is  ac- 
curately equal  to  her  angular  velocity  on  her  axis. 

(108.)  To  find  the  latitude  at  which  the  vertical  line  is 
most  inclined  to  the  line  drawn  to  the  qentre.     - 

(104.)  In  all  curves  described  by  a  body  moving  round  a 
centre  of  force,  the  velocity  of  the  body  is  equal  to  that  of  a 
body  in  the  equidistant  circle  at  that  point  at  which  the 
angle  under  the  radius  vector  and  tangent,  or  the  angle  of 
projection,  is  a  minimum. 

(106.)  A  body  being  supposed  to  fall  from  any  distance 
towards  a  centre  of  force,  the  law  of  which  is  the  inverse 

rr2 
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square  of  the  distance ;  if  a  cycloid  be  described  on  the  line 
of  descent  as  axis^  the  ordinate  to  the  axis  which  passes 
through  the  body  is  always  proportional  to  the  time  of  its 
fall,  and  the  tangent  of  the  angle  at  which  this  ordinate  is 
inclined  to  tlie  curve  represents  the  acquired  velocity. 

(106.)  In  the  hyperbolic  spiral  the  centripetal  and  centri- 
fugal forces  are  equal. 

(107.)  To  express  the  times  of  the  successive  revolutions 
of  the  radius  vector  passing  through  a  body  moving  in  a 
logarithmic  spiral,  and  also  the  time  of  arriving  at  the 
centre. 

(108.)  To  apply  the  same  investigations  to  a  body  moving 
in  an  hyperbohc  spiral. 

(109.)  A  body  revolves  in  an  ellipse  or  hyperbola,  the 
centre  of  force  being  at  the  focus,  the  place  of  the  body- 
being  given,  to  determine  the  ratio  of  its  velocity  to  that  of  a 
body  moving  in  a  circle  at  the  same  distance. 

(1 10.)  In  the  same  case,  the  place  of  the  body  being  ^ven, 
to  determine  the  ratio  of  the  centripetal  to  the  centrifugal 
force. 

(111.)  In  the  same  case,  to  determine  the  maximum  para- 
centric velocity  by  means  of  the  polar  subtangent. 

(112.)  In  the  same  case,  to  determine  the  point  at  which 
the  velocity  is  a  geometrical  mean  between  the  velocities  at 
the  apsides. 

(lis.)  In  the  same  case,  to  determine  the  point  at  which 
the  angular  velocity  equals  the  mean  angular  velocity. 

(114.)  To  determine  the  curve  affected  by  a  repulsive 
force,  parallel  and  proportional  to  the  ordinate. 

(115,)  To  determine  the  curve  in  which  the  attractive 
force  is  proportional  to  the  ordinate. 

(116.)  A  body  is  moved  in  a  cycloid  by  the  attraction 
of  the  points  of  the  base,  to  determine  the  law  of  the  at- 
traction. 
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(117.)  To  determine  the  period  in  this  case^  and  show  its 
analogy  to  the  periods  of  bodies  moving  in  a  line  of  the 
second  degree  with  the  force  at  the  focus. 

(118.)  Jets  of  water  spout  from  apertures  at  the  same 
depth  below  the  surface  of  the  reservoir  at  diflPerent  eleva- 
tions; to  determine  the  locus  of  their  points  of  greatest 
ascent  without  regard  to  the  resistance  of  the  air. 

(119.)  Jets  of  water  spout  from  apertures  at  different 
depths,  but  with  the  same  elevation,  to  determine  the  locus 
of  their  highest  points. 

(120.)  Given  the  place  of  the  aperture,  to  determine  the 
direction  of  the  jet,  so  that  the  area  included  by  the  curve 
and  its  chord  shall  be  a  maximum. 

(121.)  Jets  of  water  at  the  same  depth  below  the  surface 
in  the  reservoirs  spout  with  different  elevations,  to  determine 
the  locus  of  theur  foci. 

(122.)  Jets  of  water  at  different  depths  spout  with  the 
same  elevation^  to  determine  the  locus  of  their  foci. 

(123.)  What  would  happen  to  the  earth  if  the  sun*s  mass 
were  diminished  one  half.' 

(124.)  If  all  the  bodies  of  a  system  but  one  be  quiescent, 
and  that  one  describe  any  given  curve,  to  find  the  curve 
which  the  centre  of  gravity  of  the  system  will  describe. 

(125.)  Rays  diverging  from  a  luminous  pcnnt  are  re- 
fracted by  a  spherical  surface,  to  find  the  point  at  which 
each  refracted  ray  intersects  the  diameter  of  the  sphere 
passing  through  the  luminous  point. 

(126.)  An  object  is  placed  between  two  mirrors,  the 
planes  of  which  are  not  parallel,  to  find  the  line  on  which 
all  the  images  are  placed. 


* 
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NOTES. 


Art-  13. 

The  method  of  determining  the  number  and  order  of  the 
terms  of  a  general  equation  b  explained  in  Sect.  XXI. 

Art.  14. 

In  the  general  equation  of  the  right  line,  and,  indeed,  in 
every  general  equation,  the  constant  co-efBcients  a,  b,  &c. 
must  be  supposed  to  represent  such  quantities  as  render  the 
entire  equation  homogeneous ;  that  is,  so  that  all  the  terms 
which  compose  it  shall  be  composed  of  the  same  number  of 
linear  factors.  Thus,  in  the  general  equation  of  the  first 
degree,  .if  c  be  supposed  to  represent  a  line,  a  and  b  must 
represent  numbers.  In  the  general  equation  of  the  second 
degree, 

Ay*  +  Bxy  +  CJ^  H-Dy-fEx-fF  =  0, 

if  F  be  supposed  a  quantity  of  two  linear  dimensions,  and 
therefore  to  represent  a  surface,  all  the  other  terms  must 
also  represent  surfaces ;  therefore  d  and  e  must  represent 
lines,  and  a,  b,  and  c,  numbers.  If  f  be  a  quantity  corn- 
posed  of  three  linear  factors,  D  and  e  must  be  quantities 
composed  of  two,  and  a,  b,  and  c,  of  one. 

It  may  be  observed,  that  in  the  equation  of  a  right  line, 
the  inclination  to  the  axes  of  co-ordinates  depends  on  the 


442 


irJoerf-.  ««1  the  pciau  .here  it  i«<u  the 

An.  15. 
If  theazesof  ocMirdiiiJitei  be  rprtangiilar,  sin.^  =  oos./lr. 


and  therefore =  Un.  £r. 

A 

Art.  83,  ei  aeq. 

It  uuLj  be  interesdng  to  students  accustomed  to  geome- 
trical iDirestigBtioiis,  to  see  bow  some  of  the  formulss  found 
in  this  section  analjticslljr  may  be  obtained  by  geomeCricad 
prindplea.  The  application  of  geometrical  principles  to  esta- 
blish fbrmols  is  not,  bowerer,  a  habit  in  which  the  young 
analyst  should  indulge;  it  sometimes  appears  to  give  greater 
facility  and  clearness  than  the  analytic  process,  but  in  many 
more  oases  it  embarrasses  and  perplexes  the  student,  and 
aimqj^s  contracts  and  particularises  his  conclusions. 

The  result  of  art.  (23)  may  be  found  geometrically  thus. 

Let  the  equations  of 
the  lines  be  as  in  the 
text.  We  have  by  the 
nmilar  triangles  cab 
and  cMi,  -^x^^-v   m  x. 

CA  :  AB  :  :  CM  :  mi. 

And  by  the  similar  triangles  c'ab'  and  c'mi, 

c'a  :  ab'  :  :  c'm  :  mi. 

Hence,  by  compounding  the  ratios, 

CA  X  Atf  :  c'a  X  AB  : :  CM  :  c'm  ; 

iHJt  by  (17), 

c        ,  c' 

CA  = ,      c'a  = ., 

B  b' 

c         ,  d 

BA  =-  --,      b'a  =    -  -y. 
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MS 


Hence  we  find 


cc' 


ab' 


X  — 


c 

B 


«  — 


And  by  divmofii 


cd 


cd 


a'b 


B' 


c 

B 


:*  — 


B' 


thence  the  value  of  x. 

In  a  amilar  way  the  value  o(y  may  be  found. 

The  result  of  art.  S6  may  be  thus  found  geometrically: 

Let  p'  be  the  given 
point  through  which 
the  line  is  required  to 
pass,  and  whose  co-or- 
dinates are  i/af.  Let 
P  be  any  point  on  the 
right  line,  the  co-ordinates  of  which  are  jfx.  Since  the 
angles  pp'm  and  p^pm  are  always  the  same,  the  species  of 
the  triangle  pmp'  is  independent  of  the  position  of  the  pomt 
p,  and  therefore  the  ratio  pm  :  p'wi  is  independent  of  it  Let 
this  constant  ratio  be  a  :  1,  •/ 

Pwi :  P'm  : :  a  :  1, 
OTf^'-j/'iX'-'X^zia:!, 

'-'(y-  !/)  -  a{x  --  x')  =0; 

and  if  a  = ,  we  have 

A 

MJ^  —  y)  +  B(a:  -  a/)  =  0. 

If  the  right  line 
be  required  to  pass 
through  two  points 
p^p^,  we  have  the  raUo 
pm*' :  p^m*  always  the 
same  as    t^w!  :  t^rn/, 
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because   the   triangle  ^nJ'^  is  always    similar  to  T^fnfF''i 
hence 

or  (a:'  -  a:^)  (y  -  yO  -  (y  -  y )  (^  -  ^  =  0. 
The  formula  in  art  50,  for  the  length  of  the  perpendicular, 
may  be  found  thus : 

V     -p 

Let  p  be  the  point  from 

which  the  perpendicular  is 
supposed  to  be  drawn  to  the 
line  CD.  The  triangles  pdhs 
^ —  and  BAC  are  manifestly  si- 
milar; therefore 

PD  :  pm  : :  CA  :  bc, 
or  PD  :  PM  —  urn  : :  CA  :  bc. 

C  0 

But  CA  =•- ,  and  ba  = ,  and  hence 

B  A 


BC  =  —  v/a2-|-b«; 

AB 


but  also,  since  the  equation  of  the  line  cd  is 

Ay  +  B^  +  c  =  0. 
1(  X  =  x\  and  y  =  Mm,  we  have 

Bar'-f  c 


Mm  =  — 


•.•  PM  = 


Ay  +  BoZ  +  C 


And  by  these  substitutions,  the  proportion  becomes 

At/4-Ba:'  +  c  c       c      

PD  :  — :  : :  —  v'a^  +  bS 


A 

•/  PD  =   — 


B        AB 

Ay  +  B:r'-|-(- 


v/A'-hB^ 

The  preceding  examples  show  the  student  how  some  of 
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the  results  may  be  obtained  geometrically.  They  also  ^ve 
striking  proofs  how  inferior  both  in  brevity  and  facility  that 
method  is  to  the  analytic  process* 

Art  57. 

A  formula  is  said  to  be  symmetrical  with  respect  to  any 
quantities,  when  their  denominations  being  interchanged 
the  formula  remains  unchanged.  Thus,  in  the  value  of  r,  if 
the  denominations  of  the  three  sides  be  changed,  the  formula 
remains  the  same ;  for  example,  let  c  be  changed  into  cfj 
vice  versa. 

dec* 

which  is  the  same  as  before.  Or  if  c  be  changed  into  cff 
and  vice  versa^  the  formula  still  remains  the  same. 

Art.  69. 

This  proposition,  with  the  various  modifications  of  which 
it  is  susceptible,  is  ^ven  by  Apollonius  (see  note  on  art  89) 
in  his  treatise  De  Locis  Plants,  a  remarkable  collection  of 
curious  properties  of  the  circle  and  right  line.  This  treatise 
was  first  restored  by  Fermai,  though  his  work  was  not  pub- 
lished until  after  his  death.  Schooten  afterwards  published 
a  work  on  the  same  subject;  but  his  demonstrations  are  alge- 
bndcal  in  many  cases,  and  not  in  the  spirit  of  the  originaL 
The  best  work  extant  on  the  subject  is  Robert  Simpson^s 
JpoUonii  Loca  Plana  restituta,  an  excellent  spedmen  of  the 
style  of  the  ancient  geometry. 

Art.  80,  et  seq.  ' 

A  more  general  definition  of  diameters  of  a  curve  will  be 
found  in  Section  XXI. 

We  shall  here  explain  the  algebraical  principles  assumed 
in  this  and  the  following  articles. 

In  an  equation  of  the  form 
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ojfi  -^  bx  ^  e  szmj 
the  values  of  a,  i,  and  Cy  being  supposed  given,  the  sign  of 
m  will  depend  on  that  of  a^  and  the  nature  of  the  values  of 
X  which  render  m  =  0. 

1^  Let  the  values  of  x,  which  render  m  =  0,  be  real  and 
unequal,  and  be  represented  by  of  and  xl'.  The  above 
equation  may,  by  a  well  known  property  of  equations,  be 
expressed  thus: 

See  Wood's  Algebra,  Part  II. 

If  j:''  be  considered  the  greater,  and  of  the  lesser  root,  all 
values  o(  X  >  of  and  <  of*  must  give  the  factors  x  ^  af 
and  X  —  J^  different  ugns,  and  therefore  render  their  pro- 
duct negative ;  and  all  values  of  jr  >  x"^,  or  <  o^,  must  give 
these  factors  the  same  sign,  and  therefore  render  their  pro- 
duct positive.     Hence,  for  all  values  of  x  between  the  roots 

af^  and  ^,  —  must  be  negative,  and  therefore  m  and  a  must 
have  different  signs;  and  for  all  values  of  x  beyond  the 

limits  a!  and  a/',  the  quantity  —  must   be  po^tive,   and 

therefore  m  and  a  must  have  the  same  sign. 

9P,  If  the  values  of  x  which  render  m  =  0  be  impossible, 
let  the  equation 

ax^  +  5a:  +  c  =  m 
be  solved  for  ar,  and  we  find 


— 6±  a/6*— 4ac+4am 

Since  the  value  of  x  is  by  supposition  impossible,  when 
9w  =  0,  we  have  the  condition 

6'  —  4?ac  <  0, 

and  therefore  am  >  0,  and  hence  a  and  m  must  always  have 
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the  same  agn,  and  therefore  the  quantity  —  must  be  po- 

skive  for  all  real  values  of  x^  whether  poaiuve  or  negative. 

d^.  If  the  values  of  x,  which  render  iti  =  0»  be  real  and 
equal.    The  equation  can,  in  this  case,  be  reduced  to 

a(x  —  afy  =  f». 

Henoe,  for  all  values  whatever  of  x,  except  that  which  gives 

m  =  0,  the  value  of  —  must  be  po^tive,  and  therefore  m 

and  a  must  have  the  same  agn. 
In  an  equation  of  the  form 

bx  +  c  ^  m^ 
the  »gn  of  m  will  depend  on  that  of  b,  and  the  value  of  x 
which  renders  m  =  0.    Let  this  be  xf,  and  we  find 

Hence  the  equation  may  be  expressed 

b(x  —  jt')  =  m. 

fit 
Hence  it  appears  that  all  values  c£  x  <  of  render  — 

nq^tive ;  and  all  values  >  of  render  —  poative,  and  there- 
fore in  the  one  case  m  and  a  have  different  signs,  and  in  the 
other  the  same  sign. 

These  prindples  may  be  applied  to  the  cases  in  the  text, 
by  suppodng  a  =  b^  —  4ac,  and  b  =  S(bd  —  Sab),  or 
=  2(be  —  gen),  and  m  =  r%  or  =  r'«. 

It  may  be  observed,  that  the  condition  b"^  —  4ac  =  0 
renders  the  first  three  terms  of  the  general  equation  a  com- 
plete square. 

Art.  89. 

It  should  be  remembered,  that  these  conditions  involve 
the  suppositicm  that  a  and  c  are  finite. 
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The  curves  represented  by  the  general  equation  of  the 
second  degree  are  the  same  as  those  which  are  produced  by 
the  section  of  a  conical  surfiuse  by  a  plane,  as  will  be  shown 
in  the  second  part  of  this  work.  They  have  hence  been 
called  Cmiic  Sections.  These  curves  originated  in  the  Pla- 
tonic school.  Some  suppose  Plato  himself  to  have  first  con- 
ceived them ;  others  Menechme,  a  distinguished  geometer  of 
that  time,  and  a  pupil  of  Plato.  The  first  properties  which 
were  discovered,  were  those  of  diameters  and  their  ordinates, 
the  centre  and  foci,  the  parallelism  of  the  diameters  of  a 
parabola,  the  value  of  the  subtangent,  the  properties  of  the 
lines  from  the  fod  in  (917),  and  the  similar  property  of  the 
parabola  in  (255),  the  property  proved  in  (209),  and  tlie 
properties  of  the  asymptotes  of  the  hyperbola. 

Even  at  so  early  a  period  as  the  time  of  Plato,  M enechme 
displayed  a  considerable  knowledge  of  the  properties  of 
the  conic  sections  in  his  solutions  of  the  famous  problem 
of  the  duplication  of  the  cube  by  the  intersection  of  two 
parabolse,  and  by  the  intersection  of  a  parabola  and  hy- 
perbola. Aristaeus,  the  teacher  of  Euclid,  and  pupil  of 
Plato,  also  at  that  time  wrote  two  works,  one  consisting  of 
five  books  on  the  Conic  Sections^  the  other  consisting  also  of 
five  books  on  Solid  Loci,  Pappus  prescribes  these  books  as 
a  study  for  his  son  in  geometry.  These  works  were  un- 
fortunately lost  in  the  general  wreck  of  letters. 

The  principal  treatise  which  the  ancients  have  handed 
down  on  the  properties  of  lines  of  the  second  degree  is  that 
of  Apollonius  P£RG£US,  who  flourished  about  the  middle 
of  the  third  century  before  the  Christian  era.  He  was 
distinguished  among  the  ancients  by  the  title  of  Thb 
Great  Geometer,  and  was  decidedly  the  second  geometer 
of  antiquity.  According  to  Pappus,  it  would  appear  tliat 
he  was  not  so  liberally  endowed  with  the  qualities  of  the 
heart  as  those  of  the  head.     He  represents  his  character  aa 
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marked  by  arroganoe,  envy,  and  as  seizing  with  avidity 
every  opportunity  of  trampling  upon  the  claims  and  lower- 
ing the  merits  of  others.  His  principal  work  is  the  treatise 
on  Conies.  He  defines  the  lines  of  the  second  degree  by  the 
section  of  the  ame.  The  treatise  consists  of  eight  IxMiks, 
the  first  four  of  which  have  been  handed  down  in  the 
original  Greek ;  the  fifth,  sixth,  and  seventh,  we  liave 
through  an  Arabic  vernon,  and  the  eighth  has  been  lost. 
Halley  has  attempted  to  restore  the  eightli  book  in  liis 
cdidon  of  ApoUonius.  The  last  four  books  contain  the 
principal  discoveries  of  ApoUonius,  the  subject  of  the  first 
four  having  been  previously  known.  Among  his  dis- 
coveries are,  the  first  notion  of  osculating  circles  and  evo- 
lutes,  the  results  of  prop,  lit.,  prop,  lxxiii.,  and  several 
proportions  relating  to  maxima  and  minima* 

Art.  132. 

The  method  of  determining  tlie  equation  ot  a  tangent 
used  here  is  the  invention  of  Descartes.  It  is  not  con- 
fined in  its  application  to  curves  of  the  second  degree,  but  is 
generally  applicable  to  all  curves. 

Let  the  equation  of  any  curve  be 

v(t/x)  =  0 ; 

when  T{yx)  means  any  function  of  the  variables  yx.  And 
let  the  equation  of  a  right  line  intersecting  this  curve  be 

«(y  -  y)  +  6(*  -  ^)  =  0. 

Eliminating  f/  by  these  equations,  the  result  will  be  an 
equaUon  involving  only  x,  the  roots  of  which  will  be  the 
values  of  x  for  the  points  where  the  line  intersects  the 
curve.  If  two  of  these  points  unite,  two  of  the  roots 
will  be  equal,  and  the  line  will  become  a  tangent.  The 
method  by  which  Descartes  determined  the  condition 
under  which  two  of  the  roots  would  be  ec]ual,  was  by  as- 
suming an  equation  of  the  same  degree,  having  two  e(]ua) 

G   G 
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roots,  and  comparing  with  it  the  proposed  equation.  In 
the  case  of  lines  of  the  second  degree  this  ingenious  artifice 
is  rendered  unnecessary,  the  solution  of  the  equation  being 
sufficient. 

This  method  of  determining  the  equation  of  a  tangent  is 
that  which  appears  in  the  letters  of  Descartes.  That  which 
he  gives  in  his  Geometry  is  somewhat  difibrent,  and  nearly 
as  follows.     Let 

y*  +  (a?  —  j?0*  -  r«  =  0 

be  the  equation  of  a  circle,  the  centre  of  which  is  on  the 
axis  of  X.  Let  y  be  eliminated  by  means  of  this  equation 
and  that  of  the  curve,  and  the  roots  of  the  resulting  equa- 
tion will  be  the  values  of  x  for  the  points  where  the  circle 
meets  the  curve.  The  centre  of  the  circle  being  supposed 
fixed,  and  the  radius  r  arbitrary,  let  it  be  supposed  to  have 
such  a  value  as  will  render  two  of  the  roots  of  the  equation 
equal ;  tlie  circle  will  then  touch  the  curve,  and  will  there- 
fore have  the  same  rectilinear  tangent.  The  value  of  r, 
which  renders  the  roots  equal,  may  Ix?  found  by  the  artifice 
mentioned  al>ove. 

These  nielho<ls  are  both  founded  on  the  same  principle  ; 
and  though  wc  cannot  but  admire  the  ingenuity  they 
display,  yet  they  must  in  general  yield  to  the  more  simple 
and  direct  method  furnished  by  the  Calculus.  We  have 
used  one  of  them  here,  as  it  is  thought  desirable  that  the 
study  of  a  part  of  algebraic  geometry  should  precede  that  of 
the  Calnihis. 

Art  154. 

The  principle  on  which  the  solution  of  this  problem  de- 
pends is,  that  if  the  relation  between  the  co-ordinates  of  any 
two  points  upon  a  right  line  be  expressed  by  the  same  equa- 
tion of  tlie  first  degree,  that  equation  will  express  the  re- 
lation between  the  co-ordinates  of  any  point  on  the  right 
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line,  and  is  therefore  tlie  equation  of  that  right  line.  This 
principle  is  e\ndent  from  the  consideration  that  two  points 
are  sufficient  to  determine  a  right  line. 

Art.  162. 

The  names  ellipse^  hyperbola^  and  jmraboUiy  originated 
from  a  property  expressed  by  the  equation 

^  is  positive  for  the  eUipsCj  negative  for  the  hyperbola^ 

and  =  0  for  the  parabola.  Hence  the  proper  equations  of 
these  three  curves  are 

y"=px-{-  'J^r\ 

y^  =  px. 

By  these  equations  it  appears  that  the  square  of  the  semior- 
dinate  to  the  diameter  falls  short  of  the  rectangle  under  the 
parameter,  and  absciss  in  the  ellipse,  and  exceeds  it  in  the 

hyperbola  by  the  quantity   ^^* ;  and  in  the  parabola  the 

square  of  the  ordinate  is  equal  to  the  rectangle  under  the 
parameter  and  absciss.  Hence  the  names  ellipse  (defect), 
hyperbola  (excess),  and  parabola  (equality). 

The  parameter  was  formerly  called   the  latus  re4:tum. 
The  ancients  called  the  focus  punctum  comparatiofm. 

Art.  168. 

This  beautiful  property  was  discovered  by  Apollonius, 
and  is  one  of  the  propositions  of  the  seventh  book  of  his 

Conies. 

G  gS 
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Art  189. 

This  corollary  points  out 
a  method  of  drawing  geome- 
trically a  tangent  to  an  eU 
'  UpsCf  or  hyperbcia^  from  a 
point  outside  it  Let  h  be 
the  point  Draw  uc  to  the  centre,  and  take  ci,  a  third 
proportional  to  hc  and  CAf  and  draw  di  an  ordinate  to  the 
diameter  ca,  the  line  dh  will  be  Ihe  tangent 

Art.  196. 

This  proposition  proves  the  disc  of  a  planet,  except  when 
in  opposition  or  superior  conjunction,  to  be  a  figure  bounded 
by  a  semicircle  and  semiellipse,  the  ratio  of  the  axes  being 
that  of  the  cosine  of  the  angle  subtended  by  the  earth  and 
sun  at  the  planet  to  radius. 

Art.  205. 

In  the  equilateral  hyperbola,  if  a  represent  the  seniiaxis, 
and  a'  any  semidiamcter, 

sm.  5  =  — -. 

A  8 


Art.  207. 

The  result  of  this  proposition  was  discovered  by  Apol- 
lonius,  and  is  contained  in  the  seventh  book  of  his  conies. 

Art.  209. 

By  an  extension  of  this  property,  Descartes  invented  a 
dass  of  curves,  of  which  the  ellipse  is  a  particular  instance, 
and  which  have  been  called  the  ovais  of  Descartes.  As  in 
the  ellipse,  the  radii  vectorcs  vary  so  tliat  the  increment  of 
one  shall  always 'be  equal  to  the  simultaneous  decrement  of 
the  other,  and  in  the  hyperbola,  the  simultaneous  increments 
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of  both  are  always  equal,  to  in  the  Cariesian  avals  these 
inorements  are  in  an  inyariable  ratio.  If  x  and  sf  be  two 
lines  drawn  from  the  two  foci  to  any  point  in  the  curve,  the 
condition 

dx  4-  mdz'  =  0 

will  always  "be  fulfilled ;  which  being  integrated,  gives 

z  +  ma/  =  2a, 

2a  being  any  arbitrary  constant.  These  curves  may  there- 
fore be  defined,  the  locus  of  the  vertex  of  a  triangle  on  a 
given  base,  one  of  whose  sides  bears  a  given  ratio  to  the  sum 
or  difference  of  a  given  line  and  the  other  side.  The 
equation  of  this  class  of  curves  may  easily  be  determined. 
Let  2c  be  the  distance  between  the  foci,  and  ut  the  angle 
under  z  and  2c ;  hence 

4tcz  COS.  cw  =  «*  +  4c*  —  z\ 

By  eliminating  s/  by  means  of  this  and  the  former  equation, 
we  find^ 

(wi«  -  1)«*  4-  4(a  -  m«c  cos.  uf)z  +  Mm^e*  —  o*)  =  <K 
which  is  a  curve  of  the  fourth  order,  except  when  t/i  =  1,  in 
which  case,  after  reduction,  it  becomes 

a(l  -^) 
1 — e  cos  c«' 

which  b  the  polar  equation  of  an  elUpse  or  hyperbola. 

The  circumstance  which  occaaoned  the  invention  of  these 
curves  was  the  investigation  of  the  figure  of  the  surface, 
which  must  divide  two  mediums  of  given  densities,  so  that 
rays  of  light  emerging  from  a  ^ven  point  shall  be  all  re- 
fracted accurately  to  another  given  point.  Descartes  proved 
that:ihe  surface  must  be  one  generated  by  the  revolution  of 
these  ovals  upon  the  line  joining  their  foci.  And  he  showed 
that  if  the  focus  of  incident  rays  be  at  an  infinite  distance, 
or  if  the  pencil  of  rays  be  parallel,  the  oval  becomes  an  el- 
lipse.   See  art.  665.    For  a  more  detailed  account  of  these 
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curves  and  their  optical  properties,  see  Huygens  de  Lumine, 
and  Rabuers  Commentaiy  on  the  Greometry  of  Descartes. 

Art.  212. 

The  polar  equations  found  in  this  proposition  are  of  con- 
siderable use  in  physical  astronomy.  The  variable  z  ex- 
presses the  distance  of  the  planet  from  the  sun,  (a;  —  <p)  the 
anomaly,  and  ^  the  direction  of  the  apddes. 

Art.  216. 

From  this  proposition  it  obviously  follows,  that  the  per- 
pendicular from  the  focus  of  an  hyperbola  on  the  asymptote 
is  equal  to  the  semiconjugate  axis;  the  asymptote  being 
considered  as  the  tangent  to  a  point  at  an  infinite  distance. 

Art.  227. 

This  property  is  used  by  some  geometrical  authors  to 
distinguish  the  species  of  lines  of  the  second  degree.  See 
Leslie's  Geometry  of  Curve  Lines. 

Art.  257. 

The  focal  tangents  are  those  which  touch  the  curve  at  the 
extremity  of  the  focal  ordinate. 

The  property  expressed  in  this  proposition  is  not  peculiar 
to  the  parabola,  but  common  to  all  lines  of  the  second 
degree.     See  art.  315. 

Art.  281. 

This  proposition  might  also  be  investigated  in  a  manner 
similar  to  art.  282. 

Art.  298. 

This  principle  has  furmshed  means  of  describing  an  ellipse 
mechanically.  Let  ab  and  ac  be  two  fixed  rulers,  and  bc 
another  ruler  with  rings  at  b  and  c  capable  of  running  upon 
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the  fixed  nilen,  and  a  pencil  «t  any  pmnt  p,  which,  upon 
moving  the  ruler  sc,  will  describe  an  dhpse. 

Art.  302. 
This  property  extends  to  all  similar  curves ;  for  if  the 
radii  vectores  of  any  curve  expressed  by  b  polar  equation  be 
all  increased  or  diminished  in  a  ^ven  ratio,  they  will  pro- 
duce a  similar  curve,  and  vice  versa.  It  should  be  observed 
that  the  curves  ore  supposed  to  have  a  common  vertex  uid 
one  common  axis. 

Art  318. 
The  equation  of  a  tangent  drawn  from  a  given  point  out- 
ude  a  curve  may  be  found  thus :  Let  j/x*  be  the  point,  and 
yiT*  the  point  of  contact.     The  equation  of  the  tangent  is 

By  means  of  this  equation,  the  equation  of  the  curve,  and  its 
first  dilFcrential,  and  by  tlie  condition 

2/-!/  _  y-/ 

the  quantities  y"*"  and  their  differentials  may  be  climinntcd, 
and  the  resulting  equation  will  be  that  of  the  tangent 
sought 

The  method  of  drawing  tangents  to  curves  explained  here, 
and  founded  on  the  principles  of  the  differential  calculus,  has 
superseded  the  other  solutions  for  the  same  problem  ^ven 
by  Descartes,  Fermat,  Robcrval,  and  others.  The  methods 
^ven  by  these  geometers  were  either  limited  to  particular 
classes  of  curves,  or  in  some  cases  so  incommodious  as  to 
amount  nearly  to  impracticability.  The  determination  of 
the  equation  of  a  tangent  by  the  calculus  is  at  once  ^mple 
and  general.  It  depends  merely  on  differentiating  the 
equation  of  the  curve,  and  therefore  extends  to  every  curve 
capable  of  being  expressed  by  an  equation,   and  whose 


of  diftfoitiflCiQn.  The  methods  isf 
DcaaxtK%  wfaidi  have  been  explained  in  the  note  on  arc 
I^  require  that  the  conditions  on  which  two  roots  of  the 
eijuation  resulting  from  the  elimination  of  one  of  the  va- 
riables shall  be  equal  should  be  determined.  These  methods 
extend  at  most  only  to  algebraic  curves. 

The  method  of  Robenral  deserves  nodce^  as  well  on  ac- 
count of  the  elegance  of  the  conception  on  which  it   is 
founded,  as  of  its  close  analogy  to  the  fundamental  princiide 
of  the  Newtoman  fluxions.     He  conadered  a  curve  de- 
scribed by  a  point  affected  with  two  motions,  the  variatioii 
in  the  quantity  and  direction  of  which  are  to  be  determined 
by  the  nature  of  the  curve.     At  any  point  of  the  curve  be 
supposed  a  parallelogram  constructed,  the  sides  of  which  are 
piviportional  to  and  in  the  direction  of  the  generating  velo- 
cities, and  laid  it  down  as  a  principle,  that  the  diagonal 
which  represents  the  direction  of  the  resultant  is  the  di- 
rection of  the  element  of  |he  curve  at  that  point,  and  there- 
fore the  direction  of  the  tangent.     There  are  many  instances 
in  which  this  method  may  be  applied  with  great  clearness 
and  facility;   but   in  most  cases  its  application  is  either 
totally   impracticable,   or    attended   with  very  perplexing 
dittloulties,  owing  to  the  intricacy  of  the  investigations  ne- 
cessary to  determine  the  component  velocities  of  the  gene- 
rating |H»iht.     AVe  sliall  give  some  examples  in  which  its 
application  is  oiTocted  with  great  clearness  and  beauty. 

1*^.  To  determine  the  tangent  to  a  point  in  an  ellipse  or 
hyperbola. 

In  the  ellipse  the  sum 
of  the  distances  f'p  and 
FP  of  the  describing  point 
from  the  foci  is  invaria- 
ble ;  therefore  one  in- 
creases with  tlie  same  ve- 
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locity  that  the  other  diminubea.  Hence  the  velocity  of  the 
describing  point  in  the  directions  m  and  vti  are  equal ; 
therefore  if  pa  =  pc^,  the  diagonal  is  the  tangent  which 
bisects  the  exterior  angle. 

In  the  hyperbola  the  difference  of  the  distances  from  the 
foci  is  constant,  and  therefore  the  two  distances  iocreaie 
.  wkh  the  same  velocity.  Hence,  fo'  should,  in  this  case,  be 
taken  as  well  as  ta  on  the  produced  part  of  the  focal  di- 
stance, and  therefore  the  tangent  bisects  the  angle  under  the 
radii  vectores  from  the  focus. 

S°,  To  draw  atangent  at  a  given  point  in  a  parabola. 


Let  AB  be  the  directrix, 
and  AX  the  axis,  and  f 
the  focus.  By  the  pro. 
perties  of  this  curve, 
T9  =  BF,  '.*  the  velocities 
in  tjie  directions  pa  and 
m*  arc  equal;  therefore,  as 
before,  the  tangent  Insects 
the  angle  opo'. 

3°.  To  draw  a  tangent  at  a  given  point 


^=Z. 


B  cycloid. 


Let  P  be  the  g^ven  point  By  the  defimtton  of  the 
cycloid,  the  generating  point  at  p  has  two  motions,  one  in 
the  direction  of  the  tangent  ref  to  the  generating  drde,  and 
the  other  in  the  direction  pa  parallel  to  the  base ;  and  these 
two  moUons  are  equal,  because  the  generating  point  moves 
uniformly  round  the  circumference  of  the  gererating  aide 
in  the  same  time  that  the  circle  itself  is  earned  along  the 
base  througR  on  equal  apace.     Hence,  if  pa  and  p«^  rcprc- 
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■ent  the  two  motions,  va  =  ^j  and  therefore  the  tangent 
bisects  the  angle  a^dj  and  is  parallel  to  the  correspond* 
ing  chord  p'v  of  the  generating  drcle  described  upon  the 
axis. 

The  method  of  Roberval  is  peculiarly  applicable  to  curves 
which  can  be  described  mechanically  by  motion. 

Barrow  subsequently  invented  a  method  of  tangents  which 
approached  as  near  the  principle  of  the  differential  calculus 
as  Roberval's  did  to  the  fluxional  principle.  He  inves- 
tigates an  infinitely  small  triangle  composed  of  the  incre- 
ments of  the  absciss  and  ordinate,  and  the  elementary  arc  of 
the  curve.  The  student  will  readily  perceive  this  to  be  in 
effect  the  spirit  of  the  method  used  in  the  text ;  but  both  this 
and  the  method  of  Roberval  want  what  constitutes  the  prin- 
cipal excellence  of  the  methods  in  the  fluxional  and  dif- 
ferential calculus,  that  uniform  algorithm  by  which  a  general 
formula  expresses  the  equation  of  a  tangent  to  any  curve, 
and  the  general  rules  by  which  the  particular  values  of  the 
quantities  composing  this  general  formula  can  be  found  in 
particular  cases. 

It  should  be  observed,  that  the  method  of  Barrow  is  very 
nearly  the  same  as  that  of  Fermat. 

Art.  328. 

The  polar  subtangcnt  is  a  line  drawn  from  the  pole 
perpendicular  to  the  radius  vector,  and  terminated  in  tlic 
tangent. 

Art.  381. 

The  value  of  the  second  differential  co-efficient  given  by 
the  equation  (1)  is  here  understood  to  be  substituted 
in  (4). 

Art.  337. 

Although  the  first  idea  of  the  evolute  of  a  cui*ve  is  to  be 
found  in  ApoUonius,  yet  Huygens  must  be  admitted  to  be 
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the  iaventor  of  the  theory  of  evolutcs  in  general  It  fonns 
the  third  part  of  his  De  Horohgium  Oicuialorium.  He 
defincfl  the  evolute  by  the  property  in  art  342,  and  from 
this  definition  deduces  its  other  properties.  The  first  curve 
to  which  he  applied  this  theory  wai  the  parabola.  Thb 
conuderation  led  him  to  the  ditcovery  of  the  property  of  the 
cycUndf  tm  which  its  tautocbronisDi  depends. 

Art.  33& 

The  involute  of  a  curve,  whose  equation  is  given,  may  be 

found  by  elinunating  y's^  and  their  differcnbal  co-eflicients 

by  means  of  the  equations  of  the  curve  and  its  differentials 

combined  with  the  values  y^;*,  and  the  condition 

dx  ~       df 

ArL364 
It  may  be  obaer\'ed,  that  the  condition 

also  indicates  a  point  of  inflection,  since  the  sign  of  ^ 
changes  in  pas»ng  through  this  value. 
ArtdGS. 
A  muldple  pcnnt  in  general  is  characterised  thus:  the 
equation  of  the  curve 

F(yar)  =  0 
being  differentiated,  let  the  result  be 

tdy  +  Qtir  =  0; 
if  the  same  values  of  ^  and  x  give  more  than  one  value  of 

•S-,  there  will  necessarily  be  at  the  point,  whose  co-ordinates 
are  these  values,  an  intersection  of  as  many  different  branches 
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of  the  curve  as  there  are  di£ferent  values  of  —  for  the  same 

p 

value  of  ^  and  x.  In  tins  case  there  must  be  always  one  or 
more  radicals  in  ^,  which  do  not  appear  in  the  equation  of 

the  curve  solved  for  y.  The  possibility  of  this  may  escsAj 
be  conceived,  when  we  consider  that  a  variable  multi- 
pUer  of  a  radical  may  be  removed  by  differendation,  and, 
consequently,  any  value  of  x,  which  would  render  that  mul- 
tiplier =  0,  will  make  the  radical  disappear  from  the  equa- 

don  of  the  curve,  but  not  fiom  ^. 

A  difficulty,  however,  of  a  diiFerent  kind  presents  itself 

here.     If  the  equation  of  the  curve  be  cleared  of  irrational 

functions  of  the  variables,  and  then  differentiated,  its  dif- 

dy 
ferential  co-eifident  ^-  will  be  necessarily  also  a  rational 

function  of  the  variables.  How  then  can  this,  for  one  and 
the  same  value  of  x,  and  one  and  the  same  value  ofy,  have 
different  values  ?     This  is  explained  by  showing  that  in  this 

case  the  value  of  -^  must  assume  the  form  -^,  which  may 

dy 
be  proved  thus:  Let  two  of  the  values,  of  which  -^  is  sus- 
ceptible, be  p,  //.     Hence  we  have  the  equations 

Q  +  p/?  =  0, 
Q  +  p/i'  =  0. 
By  subtraction,  we  find 

p(;}-;>')  =  0; 
but  since  by  supposition  p  and//  are  unequal,  we  infer 

p  =  0, 
which,  substituted  in  the  first  equation,  gives 

Q  =  0, 

'•*  (ic  "  0"' 
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The  true  values  of  -—-  may  be  found  in  this  case  by  sub- 
stituting the  value  of  ^  resulting  from  die  solution  of  the 
equation  of  the  curve  in  the  value  of  ^-,  which  then  be- 
comes a  function  of  x  alone.     If  it  continues  of  the  form 

0 

TT-,  its  values  may  be  determined  by  die  general  method 

furnished  by  the  calculus  for  determining  the  true  values  of 
functions  of  this  form,  or  we  may  frequendy  obtain  the  result 
without  substituUng  the  value  of  ^  with  greater  facility  by 
finding  the  successive  differentials  of  the  equation  of  the  curve 
undl  we  find  one  from  which  all  the  differential  co-efiicients, 
except  the  first,  will  disappear  by  the  particular  values  of  y 

and  X  which  render  -j-  =  — •     The  roots  of  this  equadon 

will  give  the  true  values  of  -^.    An  example  will  render 

these  observadons  easily  apprehended.  Let  the  equation  of 
the  curve  be 

y  +  2ay*ar  -  ax*  =  0    (1). 
By  differentiadng,  we  find 

dx      %(/  +  flw) 

By  substituting  for^  in  diis,  its  value  in  the  equadon  of  the 
curve,  it  becomes 


-JZ  — " — •; —  ^  w). 

"•^       4  v'a^ + crx  .  »^  -ax±  ^a-x^  -^-aar^ 

If  y  and  x  be  supposed  =  0,  the  values  of -^become,  one 

0 

infinite  and  the  other  -r-.    The  true  values  of  the  latter 

may  be  determined  by  differentiating  the  numerator  and 
denominator  of  (3),  which  ^ves,  when  x  =  0, 
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or  more  readily  by  differentiating  the  equation  (2)  reduced 
to  the  form 


4y\/«*  +  ax  dy  -  {Sax  +  2a-  —  2a  ^/a^  +  aa:)dx  =  0, 
which  gives 

8y(a«  +  axyd^  +  8(a«  JtaxYdy"  —  (4a'  +  8a*a:)da?«  =0, 
which,  when  y  and  x  botli  =  0,  becomes 

8aVi/«  —  4a3ix«  =  0, 
•••  2dy«  —  dx*  =  0, 
rfy       .     1 

•  •  — ■  -4-   ^-— 

Art.  S74. 

Conjugate  points  derive  their  existence  from  some  par- 
ticular value  being  given  to  one  of  the  constants  in  the 
equation  of  a  curve,  one  part  of  which  is  an  oval^  which 
value,  rendering  the  diameter  of  the  aval  =  0,  causes  it  to 
vanish  into  a  point.     Thus  the  curve  represented  by  tlie 

equation 

oy-J  —  j;3  +  (5  -  c)jr«  +  hex  =  0 

has  this  figure  in  general.  But  if  c  be  supposed  =  0,  tlie 
oval  AB  vanishes  into  a  point,  and  the  other  branches  of  the 
curve  continue  unchanged. 


X 


There  is  another  species  of  singular  point  called  a  'pcAnt  qf 
undtdation ;  its  nature,  and  the  circumstances  which  produce 
it,  are  explained  in  the  XXth  section. 
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Art.  375, 376. 


It  appears,  from  tlie  results  of  these  articles,  that  the  qua' 
drature  and  rectification  of  the  circle  are  two  problems  tie- 
pending  on  each  other,  so  that  the  solution  of  either  neccs- 
sarily  involves  that  of  the  other. 

The  quadrature  of  the  circle  is  a  problem  which  has 
exercised  and  baffled  the  ingenuity  of  geometers  from  the 
remotest  ages  of  mathemaUcal  record.  The  earliest  at- 
tempts at  its  solution  were  merely  tentabve.  Amongst  tKesc 
are  mentioned  those  of  Anaxagoras,  Hippocrates,  Bryscm, 
and  AniipJion.  The  first  attempt  to  ascertain  dcmonstra- 
tively  the  limit  of  the  ratio  of  the  diameter  to  the  drcum- 
ference  was  that  of  JrcJUmcdes,  who  proved  that  the  cir- 
cumference is  less  than  the  diameter  multiplied  by  3f°,  and 
greater  tiian  the  diameter  multiplied  by  3f^.  Archimedes 
might  ea^ly  have  carried  his  approximation  farther,  but  his 
object  was  only  to  obtain  the  ratio  with  sufHcient  accuracy 
for  practical  purposes.  A  nearer  approximation  was  sub- 
sequentiy  made  by  Jpollonius. 

After  the  invention  of  the  difiercnIJal  calculus,  various 
mathematicians  gave  series  for  calculating  the  ratio  within 
any  proposed  limits  of  accuracy. 

Art.  378. 

The  result  of  this  proportion  may  be  extended.  Let</ 
and  J'  be  any  system  of  semiconjugate  diameters,  and  6  the 
angle  under  them,  and  let  two  ellipses  be  constructed,  the 
equal  conjugate  diameters  of  each  being  inclined  at  the 
angle  9,  and  those  of  one  being  equal  to  iie/y  those  of  the 
other  to  SA* ;  the  area  of  the  given  ellipse  will  be  a  geome- 
tiical  mean  between  the  areas  of  these.  Thus  the  pro- 
portion  will  have  the  same  result  if  the  lines  in  the  ciit  re- 
presenting the  axes  be  supposed  to  represent  any  conjugate 
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diameters,  and  the  two  circles  to  be  ellipseSi  of  which  these 
are  the  equiconjugate  diameters  respectively. 

Art.  386. 

Amongst  the  discoveries  of  Archimedes ^  none  is  more  con- 
qpicuous  than  the  quadrature  of  the  parabola.  He  effected 
this  in  two  ways ;  one  by  mechanical,  the  otiier  by  mathe- 
matical principles^  He  showed  by  the  principles  of  Statics^ 
independently  of  any  experiment,  the  relation  between  the 
weights  of  a  lamina  of  matter  bounded  by  right  Unes,  and  a 
parabolic  arc,  and  a  rectilinear  space.  It  has  been  erro- 
neously stated  by  some  that  his  proof  depended  on  actually 
w^hing  the  one  against  the  other ;  but,  on  the  contrary,  the 
demonstration  is  founded  on  the  abstract  principles  of 
Statics,  totally  independent  of  any  tentative  means.  He 
also  gave  a  geometrical  solution  to  the  same  problem. 
Thb  solution  is  memorable  for  being  the  first  complete  one 
which  was  ^ven  for  the  quadrature  of  a  curve. 

Art.  396. 

The  semiciibical  parabola^  which  is  here  proved  to  be  the 
evolute  of  the  common  parabola,  is  remarkable  for  having  been 
the  first  curve  which  was  rectified.  The  discovery  of  tliis 
is  contended  for  by  JVilliam  Neily  an  English  geometer, 
and  Van  Huraety  a  Dutch  mathematician,  who  was  very 
active  in  the  cultivation  of  the  Cartesian  geometry.  They 
each  seem  to  have  a  right  to  the  invention,  as  there  is  every 
reason  to  suppose  that  neither  was  aware  of  the  otlier^s  dis- 
covery. It  seems,  however,  that  the  English  geometer 
has  the  priority  in  publication.  The  method  used  by  Van 
Huraet  merits  notice,  as  it  is  a  general  one  by  which  rec- 
tification is  reduced  to  quadrature. 

Let  APp'  be  the  curve  whose  rectification  is  sought,  and 
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let  PH  be  an  ordinate 
to  any  point  of  the 
axis  AX,  and  ph  ihe 
Qormal,  and  let  m  be 
any  ^ven  right  line,  J 
Assutoe^x  so  that 


and  all  the  ordinates  being  thus  produced,  let  the  curve  a'^ 
be  the  locus  of  the  extremities  of  the  produced  ordinates. 
The  rectangle  under  the  line  ni  and  the  arc  ap  is  equal 
to  the  area  ab^m,  and  therefore  if  the  curve  i!y^  is  susceptible 
of  quadrature,  App*  can  be  rectified. 


Let  FH  =  ^,  and  ^m  =y,  * 


yd^'+ttc* 


(tr 


•/Af-irdx* 


■.-f^dx  =  mfy/dy^  +  dx\ 

One  nde  of  this  equation  is  the  area  aph,  and  the  other  it 
the  rectangle  under  the  arc  ap  and  the  given  line  m.   Hence, 


fVd^  +  d. 

the  equation 

By  this  BubetituU<Hi,  we  find 
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which  is  the  equation  of  a  common  parabola,  the  coordinates 
of  whose  vertex  are 

4 

Hence  the  rectification  of  the  semicubical  parabola  depends 
on  the  quadrature  of  the  common  parabola,  which  can  be 
effected  geometrically. 

If  the  curve  be  the  common  parabola  represented  by  the 
equation 


by  differentiating 


^'  =  «y, 


da:""  p  ' 


v^dy^-fda?*     p*-f4r^ 
dx        ""      P* 
Hence,  by  substituting  this  in  the  general  formula,  we  iSnd 

which  is  the  equation  of  the  hyperbola.  The  rectification 
of  the  ^oro&oZa  therefore  depends  on  the  quadrature  of  the 
hyperbola. 

To  find  the  axes  2a  and  2b  of  the  hyperbola,  let  x  and  y 
success vely  =  (^in  the  above  equation,  and  we  find 

A«  =  m«, 
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407 


Henoe,  if  at  be 
mparaboIOf  and  aj9 
an  Ayp^riob^  wfaofe 
conjugate  or  second 
axis  is  equal  to  the 
parameter  of  the 
parabotOfKiA  whose 
oentre  is  at  a,  the 
rectangle  under  aa', 
and  the  arc  ap  is 
equal  to  the  area 
AA'jni. 


Art.  897. 

The  logarithmic  curve  was  first  proposed  by  James  Gre- 
gory^  the  celebrated  inventor  of  the  reflecting  telescope :  see 
his  work  entitled  Geometric  Pars  Universalii.  Professor 
Leslie  states  that  Gregory,  of  St  Vincent,  was  the  inr 
Tentor.  He  does  not,  however,  give  hb  authority  fiir  tlus 
statement,  nor  does  he  mendon  in  what  work  of  that  geo- 
meter the  invention  is  to  be  found.  Its  leading  properties 
were  very  fully  investigated  by  Huygens.  It  is  of  oon- 
aderaUe  importance  in  its  applications  to  phyacal  sdence, 
particularly  to  the  relations  and  properties  of  elastic  fluids. 
For  example,  mnce  the  den8it3r  of  the  atmosphere  decreases 
geometrically  as  its  hdght  increases  arithmetically,  its 
density  may  be  represented  by  the  ordinate  to  a  logarithmic^ 
the  altitudes  being  measured  ^pon  the  asjmptote. 


Art.  408. 

NicoMSDES,  a  Greek  geometer,  who  lived  about  two  cen- 
turies before  t)ie  CbristiaB  erny  and  shortly  after  the  time  of 

hhS 
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Archimedes,  inveDted  this  curve  for  the  Bolution  of  the 
&mous  proUems  of  the  duplication  of  the  cube  and  the  tri-' 
aectioD  <^  an  an^e.  He  invented  also  an  iDstrument  which 
has  been  called  the  irommd  for  describing  it  by  ctmUniunu 
motion. 

I<et  AB  be  a  Bat  ruler  in  which  there  is  a  groove  en.  At- 
tached to  the  middle  s  of  this  is  another  flat  ruler  bv  per- 
pendicular to  it,  in  which  at  l  there  is  a  fixed  |un,  which  is 
inserted  in  the  groove  of  a  third  ruler  cb,  in  which  there  n 
also  a  fixed  |un  at  x,  which  is  inserted  in  the  groove  CD. 
The  syston  being  thus  adjusted,  let  a  stem  of  any  propoaed 
length  HF  be  attached  to  h,  carrying  a  pencil  at  f,  and  the 
rectangular  rulers  ab  and  ep  being  fixed,  let  ho  be  moved. 


D  that  the  pin  at  k  will  move  in  the  groove  cd,  the  po  at  i 
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oontinuiog  in  the  groove  of  the  moveable  ruler,  the  pencil  at 
p  will  trace  the  superior  conchoid.  And  if  another  pencil 
were  fixed  to  the  moveable  ruler  at  the  same  distance  on  the 
other  side  of  the  pin  k,  it  would  describe  the  inferior 
conchoid. 

To  apply  the  conchoid  to  the  bisection  of  an  angle. 

Let  ABC  be  the  angle  to  be  trisected.  With  the  vertex  b 
of  the  given  angle  as  pok^  and  any  perpendicular  ca  to  one 
of  its  ffldes  BA  as  ruky  and  a  modidtis  av  =  Sbc,  let  a  con^ 
choid  be  described,  and  let  ce  be  drawn  parallel  to  AV 
meeting  the  curve  in  e,  and  draw  be.  Let  bf  be  drawn 
bisecting  the  angle  cbe.  The  angle  abc  will  be  trisected 
by  BT  and  be. 


For  let  ge  be  bisected  at  d,  and  draw  do.  Since  gcd  is  a 
right  angle,  cd  =  de  =  gd^  '.*  cd  =  cb.  Hence  the  angle 
CBD  is  equal  to  cdb,  which  is  equal  to  twice  ced.  But  ced 
is  equal  to  dbv,  therefore,  cbd  is  equal  to  twice  dbv  ;  and 
since  cbd  is  bisected  by  bf,  it  is  pkdn  that  abc  is  trisected 
by  be  and  be. 

To  find  two  geometrical  means  (Jb  and  c)  between  two 
given  Unes  (a  and  d)  by  means  of  the  cancJmd. 

Let  a  rectangle  be  constructed^  the  sides  of  which  are 
equal  to  the  extremes  ab  =  a,  ac  =  d.  On  ab  construct  an 
isosceles  triangle  bda,  the  side  of  which  bd  is  equal  to  half  of 
AC.  Produce  ba  so  that  ae  =  ba,  and  connect  d  and  e,  and 
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a. 


through  B  draw  bi  parallel  to  de.  Through  b  produce  ab^ 
and  with  d  as  pole^  bi  as  rule,  and  bd  as  moduluSf  describe 
a  conchoid  meeting  ab  produced  in  F,  and  draw  fg  inter- 
secting AC  produced  in  h.    Then  bf  =  &»  and  ch  s  c. 

For  once  bi  and  de  are  parallel,  di  :  if  :  :  eb  :  bf,  or 
j>i  I  \d  :  I  9a  :  bf.  Bat  also  on  account  of  the  similar 
triangles,  uc  :  a  ii  d  i  bf,  *•*  hc  =  di.  Since  bda  is  isos- 
celes, the  square  of  df  is  equal  to  the  rectangle  under  af 
and  FB,  together  with  the  square  of  bd.  But  also  the 
square  of  df  is  equal  the  square  of  the  sum  of  hc,  and  half 
of  AC,  or  to  the  rectangle  under  ah  and  hc,  together  with 
the  square  of  half  of  AC  Taking  awaj  this  last  from  both,  it 
follows  that  the  rectangle  under  ah  and  hc  is  equal  to  the 
rectangle  under  af  and  fb.  By  this  and  the  similar  tri- 
angles we  have  the  proportions 


ah 

«  AW    «  •  AX*    m    BF, 

ah 

:  AF  : :  BF  :  hc. 

AH 

•  AF  •  ■  HC  I    AB, 

•/  AC 

:  BF  :  HC  :  AB, 

or  a 

:   b    :    c    :  d. 
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MoNTucLA  in  bis  history  has  fallen  into  an  error  in  ^ving 
the  coostruction  for  the  solution  of  this  problem.  He  cod- 
structs  the  isosceles  triangle  in  an  altitude  equal  to  half  the 
hne  AC. 

The  conchoid  is  the  only  monument  of  the  labours  of 
Nicomedes  which  has  descended  to  us.  In  the  appendix  to 
his  Universal  Arithmetic^  Newton  approves  of  it  highly 
for  the  construction  of  the  roots  of  equations  of  the  third 
and  fourth  cMrder.  For  these  purposes  he  prefers  it  to  the 
means  which  the  lines  of  the  second  order  present. 

The  intercept  of  the  superior  conchoid  between  the  vertex 
and  the  point  of  inflection  is  sometimes  used  in  architecture 
as  the  figure  of  the  shaft  of  the  Corinthian  column. 

The  etymology  of  the  name  conchoid  is  from  the  Greek 
word  xoy;^o^,  a  shell. 

Art.  413. 

DiocLBs,  a  Greek  geometer,  who  lived  in  the  fifth  century 
after  Christ,  was  the  inventor  of  this  curve.  The  occasion 
of  its  invention  was  the  solution  of  the  problem  of  the  inser- 
tion of  two  mean  proportionals.  Pappus  had  previously 
shown  that  this  problem  might  be  solved  by  the  following 
construction.  Let  the  extremes 
AC  and  CB  be  placed  at  right 
angles,  and  with  c  as  centre 
and  the  greater  ca  as  radius, 
describe  a  circle  and  join  db, 
and  produce  it  to  meet  the 
circle  at  e,  and  produce  cb  to 
meet  the  circle  at  f.  Let  a  chord  ag  be  inflected  so  that 
HG  shall  be  bisected  by  of,  and  ci  will  be  the  first  of  the 
two  means. 

Thus  the  solution  of  the  problem  is  madd  to  depend  upon 
the  possibility  of  inflecting  ag  so  as  to  be  bisected  by  of. 
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This  led  Diodes  to  investigate  the  locus  of  the  point  h,  ac 
being  considered  constant  and  cb  variable,  and  which  is 
evidently  equivalent  to  supposing  ak  always  equal  to  ld. 

To  attain  the  object  for  which  the  cissoid  was  invented,  it 
was  still,  however,  necessary  to  be  able  to  describe  this 
curve  mechanically,  and  here  the  inventor  failed.  Newton^ 
however,  gives  a  very  simple  and  el^ant  method  of  effecting^ 
this. 

Produce  the  ajos  da  of  the  curve  until  ae  =  ac,  and 
through  the  centre  draw  ci  perpendicular  to  ab.  Let  an 
indefinite  fixed  ruler  be  placed  upon  ci,  and  let  a  square, 
having  one  leg  gf  equal  to  ajd,  and  the  other  gh  indefinite, 
be  so  moved,  that  the  indefinite  leg  gh  shall  always  pass 
through  E,  and  that  the  extremity  f  of  the  other  1^  shall 
move  along  the  indefinite  ruler  ci ;  if  a  pencil  be  attached 
to  the  middle  point  p  of  gf,  it  will  trace  out  the  cissoid. 
For  the  proof  of  this  see  (626). 


The  quadrature  of  the  cissoid  has  been  inadvertently 
omitted  in  the  text  It  is  easily  effected.  By  the  equation 
of  the  curve  solved  for  y^ 
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.'yds  ■■ 


{2r-xy 

If  the  angle  i>'cA  =  f,  f  =  (1  —  cos.  f)r,  where  r  =  Ac, 
and  \f9rx  —  x*  s  r  tin.  p.    Hence 

otjydx  =  r*(l  —  COS.  ^)»  .  df, 
'.'Syix  =  r*(|?  +  -J.  an.  p  COS.  ?)  —  2  SID.  ^), 
which,  tahen  between  the  limits  ^  =  0  and  f  =  Zr,  gWcs 

^di  =  3r«*, 
which  shows  that  the  area  included  betweea  the  dssoid  and 
its  asymptote  is  equal  to  three  times  the  area  of  the  (urcle, 
whose  radius  is  cb. 

The  name  of  this  curve  is  derived  from  the  Greek  word 
wavs,  ivtf, 

Eutodu»  attributes  to  Diodes  the  solution  of  the  problem 
"  to  divide  a  sphere  by  &  plane  into  two  segments  in  a  given 
ratio  i"  a  problem  which  at  that  time  presented  considerable 
difficulty.  The  solution  g^ven  proves  him  to  have  been  a 
most  able  and  profound  geometer.  It  is  however  subject  to 
the  same  objection  as  moat  of  the  ancient  solutions,  as  he 
employs  two  conic  sections  instead  of  using  one  and  the 
circle.  The  work  irom  which  Eutocius  quotes  the  soludons 
was  entitled  De  Pyriia,  from  which  Montucla  thinks  that 
Diodes  was  probably  an  engbeer. 

Art.  418. 

The  properlies  of  tlus  curve  were  first  cmuidercd  by 
James  Bemouilli,  of  whom  see  note  on  art  130.     It  be- 
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longs  to  a  general  class  of  curves  which  are  investigated  in 
(631)  and  (632). 

Among  the  physical  properUes  of  this  curve,  we  may  ob- 
serve that  a  body  moving  in  it,  by  the  influence  of  a  force 
directed  to  its  centre,  would  be  attracted  by  a  force  varying 
as  the  inverse  seventh  power  of  the  distance,  and  that  its 
velocity  would  bear  to  that  in  a  circle  at  the  same  distance 

the  invariable  ratio  1:^3. 

The  chord  of  the  osculating  drcle  passing  through  the 
pole  is  two-thirds  of  the  distance  of  the  point  of  osculation 
from  the  centre,  and  hence  the  locus  of  the  point  where  the 
osculating  circle  intersects  the  radius  vector  is  the  lemniscata 
represented  by  the  equation 

s^  =  4^*  COS.  2tt;. 

Art  423,  ei  seq. 

The  trigonometrical  curves  took  their  origin  probably 
from  **  the  extension  of  the  meridian  line  by  Edward 
Wright,  who  computed  that  line  by  collecdng  the  successive 
sums  of  the  secants,  which  is  the  same  thing  as  the  area  of 
the  figure  of  secants."*    Hutton,  Math.  Diet.  art.  Figure. 

Under  this  point  of  view,  the  area  of  the  curve  of  sines, 
determines  the  sum  of  all  the  sines  in  the  semicircle  to  be 
equal  to  twice  the  square  of  the  radius. 

This  curve  differs  only  apparently  from  the  companion  of 
the  cycloid.     See  note  on  art.  (497). 

If  the  ordinates  of  the  curve  of  sines  be  increased  or 
diminished  in  the  same  ratio,  the  harmotiic  curve  will  be 
produced.  The  areas  of  these  curves  will  be  evidently  as 
their  ordinates ;  and  tangents  from  the  extremities  of  coin- 
cident ordinates  have  the  same  subtangent.  Taylor  de 
Iiicrevientis, 

If  the  points  of  the  axis  be  endued  with  an  attractive 
|X)wer  which  would  cause  a  material  point  to  move  in  the 
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sinusoidj  the  force  would  vary  as  the  ordinates.  The  curve 
enjoys  this  property  in  common  with  the  logarithmic,  in 
which^  however,  the  force  must  be  repulsive 

If  a  sinuwid  be  described  on  paper,  and  the  paper  wnp^ 
pedon  acylind^,  the  radius  of  whidi  is  equal  to  the  axis  of 
the  curve,  or  to  the  radius  with  respect  to  which  the  curve 
is  constructed,  and  so  that  the  base  of  the  curve  shall  0(^ 
incide  with  the  circumference  of  a  circle  made  by  the  section 
of  the  cylinder  by  a  plane  perpendicular  to  its  axis ;  all  the 
points  of  the  curve  will  lie  in  the  same  plane  intersecting 
the  aus  of  the  cylinder  at  an  angle  of  45^  and  therefore  the 
curve  will  be  coincident  with  the  ellipse  made  by  the  section 
of  that  plane  with  the  cylinder.  The  rectification  of  the 
sinusoid  depends  therefore  on  that  of  the  ellipse,  its  length 
being  equal  to  the  circumference  of  an  ellipse,  of  which  the 
semiconjugate  axb  is  equal  to  the  axis  of  the  &inusoidy  and 
the  semitransverse  axis  to  the  semiconjugate  in  the  ratio  of 

a/ ft  :  1.  This  beautiful  property  is  nearly  evident  firam 
the  consideration  that  the  axis,  which  in  the  original  curve  is 
oonsidored  as  the  circumference  of  a  circle  extended  into  a 
straight  line,  is,  when  wrapped  round  the  cylinder,  restored 
to  its  proper  form,  and  the  sines  of  the  corresponding  arcs 
are  equal  to  the  ordinates,  being  the  sides  of  a  right  angled 
triangle  having  an  acute  angle  of  45^. 

I  am  not  aware  whether  it  has  been  noticed  that  thb  pro- 
perty extends  to  all  Jiannomc  ewves.  This  dass  of  curves 
is  represented  by  the  equation 

y  '=^  ff^  sin.  X. 

If  a  curve  of  this  kind  be  rolled  round  a  cylinder  in  the 
manner  before  described,  it  will  coincide  with  an  elliptical  sec- 
tion of  the  cylinder  by  a  plane  inclined  to  the  axis  at  an  angle 

1 

whose  tangent  is  — .     Thus  the  rectification  of  the  har- 

monic  curves  and  ellipses  depend  on  the  same  principles. 


i 
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Art  480. 

The  eai&st  notice  we  find  of  this  curve  is  in  the  works  of 
DcscABTESy  who  must  be  consdered  as  possessing  all  the 
creft  of  its  inTeiitiiiiL  In  the  investigation  of  the  motion 
of  bo£es  on  incEned  planes,  he  observed,  that  the  part  of 
the  force  of  gravity  which  accelerates  a  body  down  an  in- 
clined plane  caDnot  be  rigorouslj  considered  constant,  inas- 
much as  the  direction  of  the  force  of  gravity  is  continually 
changing,  and  the  direction  of  the  plane  continues  un- 
changed. This  suggested  the  investigation  of  the  figure  of 
a  line  on  which  a  body  would  be  uniformly  accelerated  by 
die  influence  of  an  uniform  force  directed  to  a  fixed  point. 
He  therefore  inferred  the  true  line  of  descent  to  be  a  spiral 
described  round  the  centre  of  the  earth.  Being  aflerwards 
solicited  by  Father  Mersenne  to  give  a  more  explicit  account 
of  what  he  meant,  he  answered  that  the  characteristic  pro- 
perty of  the  curve  was  that  which  has  been  proved  in  (483). 

Upon  this  being  made  known  to  the  mathematicians,  the  pro- 
perties proved  in  arts  (4«31)  and  (437),  and  their  consequences, 
were  immediately  discovered.  But  a  complete  discussion  of  the 
properties  of  this  curve  was  reserved  for  James  Bernodillt. 
This  great  geometer  was  born  at  Easily  27th  Dec.  1654, 
and  died  at  the  age  of  50.     He  was  the  first  to  apply  the 
new  calculus  to  geometrical  investigations,  and  to  bring  it 
into  general  use.    One  of  the  first  curves  which  he  examined 
in  this  manner  was  the  logarithmic  spiral.     He  discovered 
it  to  be  its  own  evolute  and  involute ^  itsown  ca?^^icandpm- 
caustic^  both  by  reflection  and  refraction,  the  focus  of  in- 
cident rays  being  at  the  pole.     His  enthusiastic  admiration 
of  this  curve  may  be  conceived  from  the  following  passage 
from  a  paper  of  his  published  in  the  Leipsic  acts,  and  quoted 
by  Mr.  Peacock  in  his  excellent  collection  of  examples  on 
the  calculus. 

"  Cum  autem  ob  proprietatem  tarn  singularem  tamque 


•i^ 
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admirabilem  mire  mihi  placeat  spira  hsec  mirabilis,  sic  ut 
ejus  oontemplatione  satiari  vix  queam;  cogitavi,  illam  ad 
YBiias  res  symbolice  reprsesentandas  non  inooncinne  adhiberi 
posse.  Quoniam  enim  semper  sibi  ^milem  et  eandem  spiram 
gignit,  utcunque  volvatur,  evolvatur  radi^;  hinc  potent 
esse  vel  sobolis  parentibus  per  omnia  similis  emblema; 
simUlimaJilia  matri.  Vel  (si  rem  aetemae  Veritatis  Fidei 
mysteriis  acoommodare  non  est  prohibitum)  ipdus  aeternse 
generadonis  Filii,  qui*  Patris  veluti  imago,  et  ab  illo  ut 
lumen  a  lumine  emanans,  eidem  oij^oovcrios  existit  qualiscun- 
que  adumbratio.  Aut,  a  mavis,  quia  curva  nostra  mira- 
bilis  in  ipsa  mutatione  semper  sibi  constantissime  manet 
simDis  et  numero  eadem,  potent  esse,  vel  forutudinis  et  con- 
stantiae  in  adversitatibus ;  vel  etiam  camis  nostrae  post  varias 
alterationes  et  tandem  ipsam  quoque  mortem,  ejusdem 
numero  resurrecturs  symbolum;  adeo  quidem,  ut  si  Ar- 
chimedem  imitandi  hodiemum  consuetudo  obtineret,  libenter 
spiram  banc  tumulo  meo  juberem  incidi  cum  Epigraphe : 
Eadem  numero  mutata  resurgo:' 

It  might  be  further  observed,  that  if  a  planet  moved  in  a 
logarkhmic  spired^  the  sun  being  in  the  pole,  the  curve  of  a 
star's  aberration  in  a  plane  parallel  to  the  plane  of  the  orbit 
would  be  also  ^  logarithmic  spiral.  Also,  if  a  body  moving 
in  a  logartihmic  spiral^  the  force  being  at  the  pole,  be 
stopped  at  any  point,  and  allowed  to  descend  towards  the 
pole,  the  locus  of  the  point  at  which  it  will  acquire  the 
velodty  in  the  curve  is  a  logorUhmic  spiral.  See  arts. 
(688)  (665). 

If  the  pole  of  a  logarithmic  spiral  be  a  centre  of  force,  the 
law  of  the  force  necessary  to  retain  a  body  in  the  spiral  is 
the  inverse  cube  of  the  distance. 

Professor  Leslie  has  described  an  instrument  for 
tradng  this  curve  mechanically.  See  his  GSeometry  of  Curve 
lines,  p.  436. 
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If  a  kgarUkmic  spiral  he  described  upon  the  plane  of  a 
great  circle  of  a  sphere  with  the  centre  as  pole^  and  per* 
pendiculars  be  drawn  from  every  point  in  it  to  meet  the 
aorfiwe  of  the  sphere,  the  extremities  of  those  perpendiculars 
will  trace  out  a  laxodromic  curve,  or,  in  other  words^  the 
projection  of  the  hxodromic  curve  on  the  plane  of  the 
equator  is  a  logarithmic  spiral.  The  loxodromic  curve 
is  the  track  of  a  ship  which  continues  sailing  towards 
the  same  point  of  the  compass,  provided  that  pmnt  be 
not  <me  of  the  cardinal  poii^s.  Its  distinctive  pnqxrty 
is  that  it  outs  all  the  meridians  at  the  same  ang^.  The 
properties  of  this  curve  were  fully  investigated  by  James 
BecnouiUi,  being  one  of  those  on  which  the  powers  of  the 
edoulus  were  first  tried. 

The  loxodromic  curve  may  be  looked  upon  as  a  kind  of 
logaritlmiic  9pvnl  described  upon  the  surface  of  the  sphere, 
of  which  ihepolehs  ihepole  of  the  sphere,  and  of  whidi  the 
radiius  vector  is  the  arc  of  a  meridian  intercepted  between 
the  point  and  the  pole. 

The  g^iesis  of  the  logarithmic  spiral  may  be  derived 
from  the  logarithmic.  Let  a  logarithmic  be  represented  by 
the  equation 

y  =  «'. 
With  the  origin  of  co-ordinates  as  centre,  and  a  radius  equal 
to  the  linear  unit,  let  a  circle  be  described,  and  a  tang^at 
to  this  circle  be  drawn  parallel  to  the  asymptote.  Suppose 
this  tangent  a  flexible  string  to  which  the  ordinates^are 
attached,  so  as  to  continue  perpendicular  to  it,  and  let  it  be 
wrapped  round  the  periphery  of  the  circle.  The  ordinates 
still  retaining  the  same  length,  and  still  continuing  to  be 
perpendicular  to  the  string,  will  all  meet  in  the  centre, 
and  the  portions  of  them  which  before  were  intercepted  be- 
tween the  asymptote  and  parallel  tangent  become  radii 
of  the  circle  emanating  from  the  centre,  the  parts  wl^oh  lay 
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above  the  tangents,  being  the  productions  of  the  radii. 
The  values  of  x  become  arcs  of  the  circle  with  the  radius 
unity,  so  thfit,  if  r  be  changed  into  w^  and  y  into  r,  the 
equation  of  the  curve  found  by  the  extremities  of  the  ordi- 
nates  which  have  now  become  radii  vectores  is 

which  is  that  of  the  logarithmic  spiral. 

It  is  plain  that  this  reasoning  is  not  confined  to  the 
logarithmic  spiral.  All  curves  represented  by  equatiims 
related  to  rectangular  co-ordinates  have  corresponding 
spirals,   whose   equations  may  be   derived   in   the  same 


Thus  the  equations 

j^»  =  pr, 

g^ve  two  sprals^ 

r*  =  ptoj 

Too  =:  p, 

called,  for  the  same  reason,  the  parabolic  and  hyperbcKc 
ipirais. 

Or,  as  the  class  of  parabolas  and  hyperbolae  in  general  are 
represented  by  the  equations 

y^o:-  =  p^ 
where  m  and  n  are  positive  integers,  so  the  general  classes 
of  parabolic  and  hyperbolic  spirals  are  included  under  the 
general  equations 

r*  =  pcci**, 

r*a;*=  p. 

Art  445. 

This  spiral  was  first  imagined  by  ConoUy  a  friend  of  Arch^ 
medes.  A  pcint  b^ngsupposed  to  move  uniformly  towards 
the  centre  of  a  drde,  and  at  the  same  time  the  radius  passing 
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through  it  to  revolve  round  the  centre  with  an  uniform 
angular  velocity ;  by  the  combination  of  these  two  (motions, 
the  point  will  describe  the  spiral.  But  Conon  advanced  no 
further  than  merely  to  imagine  its  description.  All  its  pro- 
perties were  discovered  by  JrchimedeSy  and  it  has  been 
hence  called  ilie  spiral  of  Archimedes,  because,  as  Montucla 
says,  ^'  Celui  qui  pen^tre  fort  avant  dans  un  pays  inconnu^ 
m^rite  ^  plus  juste  titre  de  lui  donner  son  nom,  que  celui 
qui  ne  fait  que  le  reconnoitre." 

Archimedes  was  a  native  of  Sicily,  ()om  about  three  cen- 
turies before  Christ.  He  was  the  most  illustrious  of  the 
andents  in  both  geometry  and  mechanics.  Of  the  latter,  as 
a  science,  he  may  be  justly  styled  the  father;  for  until  his 
time  almost  no  general  principles  of  mechanics  were  known. 
Amongst  his  most  remarkable  geometrical  discoveries  may 
be  enumerated  the  relation  between  spheres,  cylinders,  and 
cones ;  the  approximation  to  the  quadrature  of  the  circle  (see 
note  on  art.  376);  his  discoveries  of  the  properties  of  conoids 
and  spheroids,  and  his  quadrature  of  the  parabola.  In  me- 
chanics he  first  established  the  condition  of  equilibrium,  that 
the  weights  must  be  inversely  as  their  distances  from  the 
centre  of  motion,  and  the  properties  of  the  centre  of  gravity, 
and  the  methods  of  finding  it.  His  discoveries  in  Hydrostatics 
were  occasioned  by  the  well  known  circumstance  of  the 
golden  crown  of  Hiero,  in  which  an  alloy  of  silver  was  supr 
posed  to  be  mixed  by  the  artist,  and  which  fact  Archimedes 
discovered  by  weighing  it  in  water,  and  ascertaining  the 
specific  gravity  by  the  loss  of  weight.  When  Syracuse 
was  besieged  by  the  Romans,  he  assisted  the  citizens  in  de- 
fending it  by  the  invention  of  ofiensive  machines,  which 
struck  such  horror  into  the  besiegers,  that  they  were  obliged 
to  discontinue  their  attack,  and  turn  the  siege  into  a  block- 
ade. The  Syracusans  slumbering  in  too  great  security,  left 
part  of  the  walls  unguarded  on  some  occasion,  whereby  the 
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Romans  were  enabled  to  scale  them  and  possess  themselves 
of  the  town,  and  Archimedes  fell  by  the  hand  of  a  Roman 
soldier  in  the  seventy-fifth  year  of  bis  age. 

Art.  454. 

The  hyperbolic  spiral  is  one  of  a  general  class  of  spirals^ 
in  which,  if  a  material  point  were  to  move  attracted  by  a 
force  directed  to  the  pole,  the  law  of  its  variation  would  be 
the  inverse  third  power  of  the  distance.  One  of  the  most 
remarkable  circumstances  attending  the  motion  in  this  curve 
is,  that  the  centripetal  and  centrifugal  forces  are  equal,  and 
therefore  the  paracentric  velocity  is  uniform. 

If  the  earth's  orbit  were  an  hyperbolic  spiral,  the  sun 
being  at  the  pole,  the  curve  of  aberration  of  a  star  in  a  plane 
parallel  to  that  of  the  earth's  orbit  would  be  the  involute  of. 
the  circle. 

Art.  471. 

The  cycloid  has  been  so  remarkable  for  the  dissenaons  it 
has  created  amongst  those  mathematicians  who  discovered 
its  properties,  that  it  has  been  called  the  Helen  of  geometry* 
It  was  first  imagined  by  Galileo^  who  long  sought  its  qua- 
drature without  success.  Upon  this  failure  he  attempted 
to  discover  its  relation  to  the  area  of  the  generating  circle  by 
describing  a  cycloid  and  its  generating  circle  on  a  lamina  of 
matter  of  uniform  thickness,  and  ascertaining  their  weights. 
The  result  of  this  experiment  showed  the  cycloid  to  be 
nearly  but  not  exactly  three  times  the  area  of  the  generating 
circle^  and  finding  several  repetitions  of  the  experiment  agree^ 
be  abandoned  the  inquiry,  concludmg  that  the  raUo  could 
not  be  expressed  by  rational  niunbers.     Thb  drcumstance, 

I  I 
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which  certainly  does  not  reflect  much  honour  on  the 
memory  of  the  great  Italian  philosopher,  has  been  de<^ 
fended  by  the  example  of  Archimedes  in  his  quadrature 
of  the  parabola;  but  this  was  effected  in  a  very  different 
manner.  Archimedes  founded  his  solution  on  the  abstract 
principles  of  equilibrium,  axioms  nearly  as  general  and 
certain  as  those  of  mathematical  science  itself. 

About  the  year  1630  the  same  problem  was'proposed  by 
Mersenne  to  Roberval,  who,  afler  a  period  of  six  years 
spent  in  the  cultivation  of  the  geometry  of  the  Greeks,  and 
particularly  the  works  of  Archimedes,  gave  the  solution  of 
it,  and  proved  the  area  three  times  that  of  the  generating 
circle.  Descartes  being  apprised  by  Mersenne  of  the  dis« 
covery  of  Roberval,  declared  that  any  one  tolerably  skilled 
in  geometry  would  have  solved  the  problem,  and,  on  the 
instant,  himself  gave  a  solution  for  it.  This  was  the  founda- 
tion of  a  quarrel  between  Descartes  and  Roberval. 

Descartes  next  discovered  the  method  of  drawing  tangents 
to  the  cycloid,  and  challenged  the  mathematicians  of  the  day 
to  solve  the  problem,  which  was  effected  by  Fermat,  a  geo- 
meter who  may  be  considered  to  rank  almost  with  Descartes 
himself. 

Subsequently  Pascal  discovered  the  quadrature  of  any 
segment  of  a  cycloid,  and  the  contents  of  the  segments  of 
solids  of  revolution  formed  by  a  cycloid  revolving  round  its 
base  or  axis,  and  their  centres  of  gravity. 

The  rectification  of  the  cycloid  was  discovered  by  Sir 
Christopher  Wren,  who  also  discovered  the  dimensions  of  the 
surfaces  of  solids  of  revolution  of  the  cycloid,  and  the 
centre  of  gravity  of  a  cycloidal  arc. 

The  rectification  of  the  curtate  and  prolate  cycloids  was 
proved  by  Pascal  to  depend  on  the  rectification  of  an 
ellipse. 
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The  evolute  of  the  cycloid  was  discovered  by  Huygensf, 
who  also  discovered  the  remarkable  physical  property  that  a 
cycloidol  pendulum  is  tautochronous.  A  cycloid  is  the 
line  of  swiftest  descent  between  two  points  so  placed,  that 
the  line  which  joins  them  shall  be  neither  verUcal  nor 
horizontal. 

It  is  remarkable,  that  if  a  material  point  describe  a  cycloid 
by  the  attraction  of  a  force  parallel  to  the  axis,  the  law  of 
the  force  is  the  inverse  square  of  the  ordinate;  a  law 
analogous  to  that  of  universal  gravitation.  And  further, 
the  times  of  describing  different  cycloids,  whose  bases  coin- 
cide, observe  the  harmonic  law,  their  squares  being  propor- 
tional to  the  cubes  of  the  axes. 

Art  477. 

The  notation  cos.'^a  signifies  the  angle,  the  cosine  of 
which  is  A.  This  very  convenient  notation  is  the  invention 
of  Mr.  J.  F.  Herschel,  of  Cambridge.  It  is  used  in  the 
valuable  collection  of  examples  on  the  Calculus  of  Finite 
Differences,  lately  published  by  him. 

Art.  497. 

The  discovery  of  this  curve  followed  that  of  the  cycloid. 
Its  properties  were  investigated  by  Roberval,  fVallis, 
Lahueref  and  others.  It  is  the  curve  of  sines  presented 
under  another  point  of  view ;  for  the  equation 

y  ^  r  COB. r  3=  0 

T 


being  put  under  the  form. 


X 


y  ^  r  ^  r  cos.    — , 

and  the  origin  transformed  to  the  middle  point  of  the  axisy 
^ves 
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X 
J^  =  r  COS.  — , 

which  may  be  expressed, 

which  is  the  equation  of  the  curve  of  sines. 

It  is  therefore  a  species  o£  the  more  general  cJass  called 
harmonic  cfirves.     See  note  on  art.  4S2. 

Art.  606. 

The  invention  of  epicycloids  is  due  to  Roemer^  the  Danish 
astronomer,  illustrious  for  the  discovery  of  the  progressive 
motion  of  light  by  observations  on  the  satellites  of  Jupiter, 
He  invented  this  class  of  curves  in  Paris,  about  the  year 
1674,  and  showed  that  an  epicycloid  is  the  proper  figure  for 
the  teeth  of  wheelwork,  so  as  to  prevent  as  much  as  possible 
the  friction  arising  from  their  action.  The  first  who  gave  a 
solution  for  their  rectification  was  Newton,  in  the  first  book 
of  his  Principia.  Their  properties  were  subsequently  in- 
vestigated by  John  Bernouilli.  The  epicycloids  are  re- 
markable for  being  among  the  caustics  of  the  circle.  See 
art.  668. 

Art.  516; 

This  curve  has  a  remarkable  physical  property.  If  a 
material  point  be  supposed  to  move  in  it  attracted  by  a  force 
directed  to  its  cusp,  the  law  of  the  force  will  be  the  inverse 
fourth  power  of  the  distance.  Also,  the  velocity  in  it  bears 
to  the  velocity  in  a  circular  orbit,  at  the  same  distance, 

the  invariable  ratio  V2  :  a/ 3. 

If  a  chord  be  drawn  through  the  cusp  of  the  cardioide,  it 
will  always  be  equal  to  the  axis;  for  in  its  equation,  if 
If  +  tti  be  substituted  for  ec;,  and  the  two  values  of  z  added, 
their  sum  will  be  equal  to  the  axis,  since 
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COS.  fti  =    —  COS;  (*  +  »). 

Also,  if  tangents  be  drawn  through  the  extremities  of  any 
of  these  chords,  they  will  intersect  at  right  angles ;  for  if 
6  and  ^  be  the  angles  under  the  radius  vector  and  tangent, 
we  have  the  condition, 

"  =  -«-' 

and   fl  —  9'  is  obviously  equal  to  the  angle  under  the 
tangents. 

This  curve  derives  its  name  from  the  similitude  of  its 
figure  to  a  heart  » 

Art.  629. 

DinostraiuSy  a  pupil  of  Plato,  applied  this  curve  to  the 
quadrature  of  the  circle  and  the  multisection  of  an  angle. 
Although  the  curve  has  been  distinguished  by  the  name  ol£ 
this  geometer,  there  is  some  reason  to  suppose  its  invention 
was  antecedent  to  his  time.  Proclus  mentions  the  qua- 
dratrix  as  the  inventicm  o(  Hippias.  Now  the  only  ancient 
geometer  of  this  name  was  a  contemporary  of  Socrates,  and 
therefore  prior  to  the  time  of  Dinostratus,  The  mere  cir- 
cumstance of  the  curve  being  named  from  Dinostratus  is  no 
more  a  proof  of  its  being  his  invention  than  the  name  of  the 
spiral  of  Archimedes  proves  it  the  invention  of  that  geo- 
meter. 

Art.  539. 

This  curve  is  named  from  its  inventor  Tshimhausenf  a 
German  mathematician  of  the  seventeenth  century.  He  is 
celebrated  for  having  been  one  of  the  first  to  adopt  and 
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apply  the  modem  inventions  of  the  differential  calculus  and 
the  geometry  of  Descartes.  He  was  also  the  inventor  of 
causiics. 

Art  54i5. 

For  the  origin  of  the  name  of  this  curve,  see  note  on 
art  652. 

Art.  561. 

The  iractrix  has  been  very  erroneously  identified  with 
the  catenary.  See  Hutton^s  Mathematical  Dictionary, 
Iractrix.  The  tractrix  received  its  name  from  a  sup- 
position that  it  is  the  curve  which  would  be  described  by  a 
weight  drawn  on  a  plane  by  a  string  of  a  given  length,  the 
extremity  of  which  is  carried  along  the  directrix.  Euler 
has  shown  that  this  conclunon  is  wrong,  unless  the  mo- 
mentum of  the  weight  which  is  generated  by  its  motion  be 
every  instant  destroyed.  The  real  track  of  the  weight  he 
has  shown  to  be  a  semicycloid  with  its  vertex  downwards. 
See  Euler,  Naoa  Comm,  Petrop,,  1784.  The  tractrix  was 
invented  by  Huygens, 

An  instrument  is  defscribed  by  Professor  Leslie  for  de- 
scribing mechanically  the  tractrix  or  its  involute  the  cate- 
nary. 

Art.  580,  et  seq. 

The  method  of  determining  the  roots  of  equations  was 
probably  suggested  to  Descartes,  who  appears  to  have  been 
the  first  who  used  it,  by  the  method  of  the  ancients  for 
solving  determinate  problems  by  the  intersection  of  geo- 
metric loci,  which  originated  in  the  Platonic  school.  In  his 
Geometrie^  Descartes  constructs  equations  of  the  third  de- 
gree by  multiplying  them  by  jt  =  0,  as  in  art.  585,  and 
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thereby  reduces  them  to  the  fourth  degree,  and  constructs 
them  by  the  intersection  of  the  circle  and  parabola.  He 
also  gives  similar  methods  of  constructing  equations  of 
superior  orders  by  a  curve  of  the  third  degree,  called  the 
parabolic  conchoid  and  the  circle.  Descartes  supposed  that 
the  most  simple  mean  of  constructing  equations  by  the  inter- 
section of  curves  was  to  select  from  the  different  curves 
capable  of  fulfilling  the  required  conditions,  those  whose 
equations  were  of  the  simplest  form.  Newton,  however, 
was  directed  in  his  choice  by  a  different  principle.  He  con« 
aidered  that  the  principle  of  Descartes  would  make  the 
parabola  more  proper  than  the  circle,  since  the  equation 
y*  =  pjr  is  simpler  than  any  form  which  the  equation  of  the 
circle  can  assume.  He  therefore  selected  those  curves  as 
fittest  for  the  purpose  which  were  most  easily  described  by 
'continued  motion.  In  this  respect  he  conceived  the  oonchcnd 
of  Nicomedes  to  be  the  most  proper  for  the  purpose  next  to 
the  circle,  as  the  instrument  by  which  it  is  described  (see 
note  on  art.  408)  is  next  in  simplicity  to  the  compass. 
Newton,  however,  seems  to  have  overlooked  the  instrument 
described  in  the  note  on  art.  298  for  tracing  the  ellipse  by 
continued  motion,  and  which  is  certainly  simpler  than  the 
trammel  of  Nicomedes. 

Art.  588- 

The  resolution  of  (x~  +  a"*)  into  its  factors  was  first  efiected 
by  Cotes,  and  published  in  his  Harmonia  Mensurarum^  in 
the  year  1722,  being  six  years  after  his  death.  In  the  same 
year  the  more  general  theorem  by  which 

a:*^  —  2ar  cos.  p  +  1 

is  resolved  into  its  &ctors  was  published  by  Moivre  in  the 
Philosophical  Transactions,  The  elegant  theorem  expressed 
by  the  equation 
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(cos.  or  +  i/  —  1  sin.  ar)*  =  cos.  mx  +  a^  —  1  >»"•  w*^ 

is  also  the  discovery  otMoivrej  and  that  on  which  the  former 
depends.     It  may  l)e  established  thus :  Let 

y  =  sin.  X,        v  =>  cos.  x, 
•/  dy  =  COS.  ardir,  dv  =  —  sin.  jrdr, 
dj/  =  t;^x,  Jt?  =  —ydx. 


If  the  first  be  multiplied  by  V  —  1,  and  added  to  the 
second^  the  result  is 


dv  +  v'  —  1  rfy  =  {  — y  +  w  —  Ijdx, 


•/  dr  +  ^/  —  1  dy  =  (y  a/  —  1  +  t?)da:  v/  —  1, 


•  •  --zix  v^-l, 


which,  by  integration,  becomes 


log'  {t^  +  v^  -  \y\=  x^/  -  1, 

'.*  V  +  v/  —  1  y  =  ^^"^^ 

No  constant  is  added,  because  when  or  =  0,  y  =  0,  and 
v  =  1.     The  values  of  v  and  y  being  substituted,  we  find 

COS.  X  +  ^^  —  1  sin.  ar=c*        , 
and  therefore  in  general, 

COS.  p  +  v^  —  1  sin.  <p  ^  e^   "~^ ; 
let  ^  =  mo?,  and  we  find 


COS.  fw/r  —  V  —  1  sin.  mx  =  c'^''^    ', 
and  by  raising  the  former  equation  to  the  772th  power, 

(cos.  X  +  v/^^1  sin.  xY  =  ^^"S 


•.•  (cos.  0?  +  V  —  1  sin.  xY  =  COS.  mx  +  -/—  1  sin.  f?w:. 
In  the  whole  range  of  analysis   there  is  probably  no 
formula  which  exhibits  more  simplicity  and  elegance  in  its 
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fomiy  and  extensive  utility  in  its  various  applications,  than 
this.  It  may  be  considered  as  implicitly  involving  the  whole 
science  of  trigonometry.  Although  it  may  be  somewhat 
foreign  to  the  subject  of  the  text^  we  trust  the  student  will 
esOsuse  us  for  ^ving  him  here  a  few  e3camples  of  its  fer- 
tihty. 

By  multiplying  the  equations 

cos.  X  -\-  V  —  1  sin,  X  =  ^'^"'', 

cos.y  +  v'  ""  1  sin.y  =  ^^'^"*, 
we  find 


COS.  X  cos.  f/  —  sm.  X  sin.  y  +  \/  —  1 

(sin.  X  coa.i/  +  sin. y  cos.  x)  =  ^(*+y)^^' ; 
but  we  have  also 

COS.  (or  +  y)  +   V'^^  sin.  (x  +  y)  =  ^('+y)^-\ 


*.•  COS.  X  COS.  y  —  sin.  x  sin.y  +  v  —  1 

(sin.  d:cos.2/+sin.^cos.  ar)=cos.(d:+y)+  v'  — 1  sin.  (xi-y). 
The  real  and  impossible  parts  of  this  equation  must  be  re- 
spectively equal,  and  therefore 

cos.  X  COS.  y  *—  sin.  x  sin.  y  =  cos.  {x  +  y), 
sin.  X  COS.  y  +  sin.y  cos.  x  =  sin.  (x  +  y). 

From  these  equations  may  be  deduced  all  the  other 
formulae  of  trigonometry. 

We  can  find  expressions  for  the  nne  and  cosine  of  an  arc 
in  terms*  of  the  arc  itself  from  the  same  formulae  by  adding 
and  subtracting  the  equations 

cos.  ar  +  a/  —  1  sin.  x  =  ^   "\ 
COS.  or  —   ^/  —  1  sin.  x  =  e^*       ^, 
the  results  of  which  are 
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COS.  X  =  g , 

sin.  X  =  ■ ^:= . 

From  these  beautiful  formulas  may  eanly  be  deduced  the 
series  for  the  sin.  x  and  cos.  x  in  powers  of  x.  EuJer  de- 
rived the  above  expressions  from  comparing  these  series 
with  the  developement  of  e*.  See  Vol.  VII.  Misc.  Berol. 
He  also  deduced  them  from  the  series  for  multiple  arcs.  We 
shall  pursue  the  results  of  this  formula  no  farther,  having 
said  enough  to  excite  the  young  student  to  further  in- 
quiry. 

Art.  692. 

Curves  represented  by  equations,  in  which  the  exponents 
of  the  variables,  or  any  of  them,  are  rational  numbers,  are 
called  by  Leibnitz  irUerscendentalj  as  holding  an  interme- 
diate place  between  algebraic  and  transcendental  curves. 

Art.  593. 

In  the  geometrical  treatises  on  curve  lines  by  Professor 
Leslie,  the  degree  of  a  line  is  determined  by  the  greatest 
number  of  points  in  which  a  right  line  can  intersect  it.. 
This,  however,  is  not  any  criterion  for  the  degree  of  a  curve ; 
for  there  are  many  curves  of  the  fourth  degree,  which  no 
right  line  can  intersect  in  more  than  two  points.  For  ex- 
ample, the  curve  which  is  discussed  in  art.  631,  when  c<b. 
It  is  true,  that  in  this  case  the  curve  has  a  conjugate  point 
through  which  a  line  passing  is  equivalent  to  two  points  of 
intersection ;  but  the  existence  of  conjugate  points  cannot 
be  recognised  geometrically. 

Art.  602. 
The  prind[de  assumed  here,  that  the  equation  found  by 
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eliminating  one  of  the  variables  from  two  equations,  one  of 
the  mth,  and  the  other  of  the  nth  degree,  cannot  exceed  the 
mnth  degree,  maybe  thus  established:  Let  the  two  pro- 
posed equations  be 

x^  +  Aaf*~*  +  Bx"*-^     .    .    •    V  =s  0    (1), 

0?"  +  a'««-»  +  B^af^    ...    V  =  0    (2), 

in  which  the  co-efficients  a,  b,  .  •  .  y  and  a',  b',  •  •  •  v' 

are  functions  of  ^  of  the  following  forms : 

A  =  fly  +  A, 


a'  =  rfy  +  y, 


Now  it  is  evident  that  the  degree  of  the  final  equation 
will  not  be  diminished,  if  these  co-efficients  be  supposed 
only  to  consist  of  that  term  in  each,  which  involves  the 
highest  dimension  of  y.  By  this  condition  the  several  co- 
effidents  are  reduced  to 


•    • 


V  ^pjT, 

A'  =  a'y 


And  the  equations  are  reduced  to  the  fcmns, 
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a:~H-fljp'^*y4-J^**-^«+ca?^y  .  .  .  txy^^  +  vt^^O  (8), 
x""  +ax''-^y+blef^y^-i-dx'^^  .  .  .  <jy*-»+t/y=0  (4). 
These  equations  are  less  general  than  (1)  and  (9) ;  but  as 
far  as  respects  the  final  equation  resulting  from  the  eliminar- 
tion  of  either  of  the  variables,  its  degree  is  not  diminished  by 
the  deficiency  of  the  terms^  including  the  inferior  dimenaons 
of  the  variables. 

Let  (3)  be  divided  by  y^,  and  (4)  by  ^,  and  the  results 
are 


+  r  =  0, 


(7T^«(7r-(r-'(7) 

Conridering  —  as  the  unknown  quantity,  let  the  roots  of 

the  first  equation  r,  /,  r",  .  .  .  and  those  of  the  second 
Pf  P')  i^'i  •  •  •  a^d  they  may  be  expressed 

which  being  multiplied  by  y"*  and  y"  respectively, 

{x  --ry)     (x  -  ry)     (x  —  r^y)  .  .  .   =0, 
{x  -  pj/)     {x  -  p'y)     (x--fy)  ...    =0. 
If  the  values  which  fulfil  the  latter  be  successively  sub- 
stituted in  the  former,  the  results  are 

y^kV  -r)  {p"  f")  (p  -  r")  .  .  .  =  0, 
y^ifJ^r)  (/?'  — r')  (p'- r")  .  .  .  =  0, 
y^(p^'-r)     (f-r^)     (/— r")  .  .  .  =  0. 


And  since  the  number  of  roots  of  the  latter  cannot  exceed 
n,  the  number  of  these  equations  cannot  exceed  n.  Tlie 
product  of  these  equations  is  necessarily  the  equation  which 
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would  result  from  the  elimination  of  x ;  for  it  becomes  =  0 
for  those  roots  which  make  its  several  factors  vanish,  and 
only  for  tho^. 

It  is  obvious  that  the  condition  which  has  been  intro- 
duced affects  the  numerical  values  of  each  system  of  values 
of  J/  and  X  which  fulfil  the  equation,  but  it  does  not  increase 
or  diminish  the  number  of  such  values,  which  is  the  only 
object  of  the  present  inquiry.  This  is  only  a  particular 
case  of  a  much  more  general  algebraical  theorem  respecting 
the  final  equation  found  by  eliminating  {n  —  1)  variables 
by  means  of  n  equations  of  any  proposed  degrees.  What 
has  been  proved  here  is  sufficient  for  the  particular  applica- 
tion of  the  principle  made  in  the  text.  Students  desirous  of  ^ 
inquiring  further  will  find  extensive  information  on  this 
subject  in  Gamier  s  Elemens  cTA/gebre^  Chap.  XXV.  His 
Analyse  Algebriqiie^  Chap.  VIII.  Also  an  Essay  by  M. 
Bret,  published  in  the  Journal  of  the  Polytechnic  School, 
Cah.  15,  Tom.  VIII.  The  extension  of  the  principle  to  an 
equation  involving  any  even  number  of  variables  has  been 
effected  by  M.  Poisson :  see  Journal  de  FEcole  Polytech- 
niqucj  Cah.  11. 

Art.  608. 

Those  who  are  desirous  of  further  information  concerning 
the  general  properties  of  algebraic  curves  are  referred  to 
Cramer,  Int.  i  tAfudyse  de  Lignes  Courbes.  Euler's  Ana^ 
lysis  Infinitorum,  Stiriing  on  Newton's  enumeration  of 
lines  of  the  third  order.  De  Gua,  V  Usage  de  V Analyse^  &c. 
We  conceived  that  entering  further  on  the  subject  in  the 
present  treatise  would  be  swelling  the  volume  without  offer- 
ing any  adequate  advantage. 

Art.  629. 
This  curve  is  called  the  witch.     It  is  the  invention  of  an 
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Italian  lady,  M.  Maria  Gaetana  Agnesi,  a  celebrated  mathe- 
matician. She  is  the  author  of  a  work  on  the  algebraic  and 
transcendental  analysis,  entitled  Analytical  Institutions.  She 
subsequently,  according  to  Montucla,  retired  to  a  convent 

Art.  631. 

These  articles  contain  a  full  investigation  of  the  properties 
of  the  general  class  of  curves,  of  which  the  lemniscata  of 
Bernouilli  is  a  very  particular  case.  I  am  not  aware  whether 
the  properties  of  these  curves  have  been  ever  investigated. 

Art.  633. 

This  curve  was  invented  by  the  celebrated  Cassini,  and  is 
sometimes  called  Cassini's  elhpse. 

Art.  635. 

This  proportion  and  its  applications  were  suggested  to 
me  by  an  arUcle  in  the  works  of  John  Bernouilli.  He  ap- 
plies it  to  show  die  relation  between  the  parabola  and  the 
spiral  of  Archimedes.  John  Bernouilli  derived  the  idea 
from  a  paper  published  by  his  brother  James  in  the  Leipsic 
acts,  in  which  he  supposes  the  axis  of  a  parabola  wrapped 
upon  the  circumference  of  a  circle  and  its  ordinates,  there- 
fore to  converge  towards  the  centre,  and  proposes  to  in- 
vestigate the  spiral  so  produced. 

Art- 636. 

This  question  is  solved  by  Delambre,  by  considering  that 
as  the  sun  in  the  course  of  each  day  describes  a  parallel  of 
dedination,  a  ray  passing  through  the  top  of  the  perpen- 
dicular style  will  describe  a  conical  surface,  the  intersection 
of  which  with  the  horizon  will  be  the  path  of  the  shadow. 
The  method  pven  in  the  text,  however,  seems  more 
analytical. 
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Art.  688. 

la  this  and  the  following  propositions  the  effect  of  the 
projection  of  the  aberraUon  on  the  surface  of  the  sphere  is 
not  taken  into  account.  The  curve  whose  plane  is  parallel 
to  the  eclipUc  being  determined,  its  projection  may  easily  be 
found. 

Art.  646. 

The  equation  of  the  path  of  a  projectile  in  vacuo  may  be 
determined  thus:  Let  the  axes  of  co-ordinates  be  ver- 
tical and  horizontal,  and  the  force  of  gravity  be  repre- 
sented by  2my  the  velocity  it  produces  in  the  unit  of  time. 
This  force  acting  parallel  to  the  axis  of  j^,  and  there  being 
no  force  acting  parallel  to  the  axis  of  Xy  we  have 


d«^ 


=  —  2m, 


d^x 


=  0. 


By  integrating  these 

J^  ::^  c  -- 9.mt  (1),    dx  =  <fdt  (2), 

c  and  d  being  the  arbitrary  constants  introduced  in  the  in- 
tegration. 

By  integrating  a  second  time, 

y  =  ci  '^  mV-y     X  =^  dt 

By  eliminaUng  t  by  these  equations,  we  find 

c  m   ^ 

y  =  "7^  -  ^^' 

which  is  the  equation  of  the  path  of  the  projectile.    Each  of 
the  integrations  has  its  peculiar  dgmfication.    The  value  of 

-^,  determined  ^by  the  first  integration,  expresses  the  ver- 

dx 
tical  velocity,  and  --^  the  horizontal  velocity  of  the  pro- 
jectile.   The  equation  (S)  shows^that  the  horizcmtal  velocity 
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is  uniform,  and  expressed  by  the  constant  c\  The  equation 
(1)  shows  that  the  constant  c  expresses  the  velocity  of  pro- 
jection resolved  in  the  vertical  direction. 

If  H  be  the  height  due  to  the  velocity  of  projection,  that 

velocity  is  3  v^nm.     Hence  we  have 

c  =  9,^/ km  sin.  f, 
c/  =  2  ^yjim  COS.  e. 

By  these  substitutions,  the  equation  of  the  path  of  the 
projectile  assumes  the  form  given  in  the  text 

No  constant  has  been  introduced  in  the  second  integration, 
because  y^  or,  and  /,  are  supposed  to  vanish  together. 

The  subjects  of  this  and  the  next  two  propositions  are 
taken  finom  an  introductory  essay  on  Central  Forces,  pub- 
lished by  the  author  of  the  present  work,  for  the  use  of  the 
students  in  the  university  of  DubUn. 

Art.  65J?,  653. 

These  demonstrations  are  taken  from  Whewe11*s  Me- 
chanics, where  a  very  detailed  account  of  the  various  species 
of  catenaries  is  given. 

The  catenary,  which  has  received  its  name  from  the  pro- 
perty proved  in  this  proposition,  was  first  solved  by  James 
Bernouilli.  Long  before  this,  Galileo  had  directed  liis  at- 
tention to  the  curve  into  which  a  perfectly  flexible  string 
forms  itself,  and  very  inconsiderately,  and  without  any  good 
reasons,  concluded  it  to  be  a  parabola.  A  German  geo- 
meter, Joachim  Jungius^  showed  by  experiment  the  error  of 
Galileo^  and  proved  that  it  was  neither  a  parabola  nor 
hyperbola.  He,  however,  did  not  make  any  attempt  at  tlie 
true  solution  of  the  question.  Four  great  geometers  share 
the  honour  of  its  solution ;  the  two  Bernouillis,  James  and 
John,  Leibnitz,  and  Huygens.  The  remarkable  physical 
properties  of  this  curve  are. 
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1^  Of  all  curves  of  the  same  length  joining  two  given 
points,  the  centre  of  gravity  of  the  caitenary  lies  the  lowest. 
This  property  is  very  apparent  from  the  mechanical  prin- 
ciple, that  every  system  of  particles  of  matter  will  move 
amongst  themselves,  until  they  settle  themselves  into  that 
position  in  which  thrir  centre  of  gravity  will  be  at  the  lowest 
point  which  the  law  of  their  connexion  admits.  This  phy-. 
sical  property  points  out  a  very  remarkable  mathematical 
one,  scil.,  that  of  all  solids  of  revolution  derived  from  a 
curve  of  a  given  length  joining  two  given  points,  that  derived 
from  the  catenary  has  the  greatest  surface. 

2^.  The  catenary  iis  the  figure  in  which  an  infinite  number 
of  voussoirs  should  be  placed,  in  order  to  form  an  arch, 
which  would  sustain  itself  by  its  own  wright« 

If  the  wind  acted  upon  a  sail  by  impact  instead  of  pressure, 
the  curvature  of  the  sail  would  be  that  of  the  catenary. 

James  Bemouilli  f»t>secuted  the  inquiry  further,  and 
assigned  the  form  of  catenaries  on  the  supposition  that  the 
thickness  and  weight  of  the  string  were  different  in  difierent 
parts  of  its  extension,  and  that  it  was  difierently  extendible, 
and  also,  that  the  force  acting  on  difierent  parts  of  it  was 
difierent,  and  varied  according  to  any  proposed  law. 

Art.  664,  655. 

The  subjects  of  these  articles  are  taken  from  Lardner  on 
Central  Forces. 

Art  657. 

This  el^ant  property  of  the  semicubical  parabola  was 
proposed  for  solution  to  the  mathematicians  of  Europe  by 
Leibnitz.     The  solution  was  efi*ected  by  James  BemouillL 
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termined geometrically,  442. 

(24.)  The  condition  under  ^hich 
this  point  is  infinitdy  distant,  14. 

(25.)  The  conditions  under  which 
tlunee  right  lines  will  have  a  oommoo 
point  of  intersection,  15. 

^26.)  To  determine  the  equation  of 
a  ngfat  line  passing  through  a  giTcn 
point,  ibid. 

^270  To  determine  the  equation  of 
a  light  line  passinc  fhtcn^  two  gLycn 
points,  16. 

(28,)  To  determfaie  the  equation  of 
a  right  line  making  given  axk^fm  with 
the  axes  of  oo-ord&ates,  ibid. 

(29.)  To  determine  the  equation  of 
a  right  line  passing  through  a  giTca 
point  and  making  given  angles  with 
the  axes  of  co-ormnates,  16. 

(30.)  To  express  the  angle  under 
two  right  lines  as  a  ftmction  of  tbeb 
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equations,  and  the  angle  of  ordina-  (^^O  The  intersection  of  the  bisec- 
tion, 17*  tors  of  the  angles  detennined,  and  this 

(Sn   to  (36.)     The    changes    the  point  shewn  to  be  the  centre  of  the 

formula  thus  determined  undergoes  in  inscribed  circle,  the  radius  of  which  is 

particular  cases,  ibid.  shewn  to  be  equal  to  twice  the  area 

(37-)  To   determine   the  equation  divided  by  the  perimeter,  27* 

of  a  right  line  inclined  to  a  given  right  (00.)  The  lociis  of  a  point  finom 

line  at  a  given  angle,  18.  which  two  right  lines  drawn  at  given 

(39.)  To  determine  the  equation  of  angles  to  two  lines  given  in  position 

a  right  line  perpendicular  to  a  given  ahall  have  a  given  ratio  determined 

right  line,  19.  to  be  a  right  line,  28. 

(41.)  To  determine  the  equation  of  (01.)  A  parallel  to  the  base  of  a 
a  nght  line  inclined  to  a  given  right  triangle  being  drawn,  and  its  points  of 
line  in  an  angle  equal  to  the  angle  of  intersection  with  the  sides  being  con- 
ordination,  ibid.  nected  with  the  altetnate  extremities  of 

(44.)  To  express  the  length  of  a  the  base,  the  locus  of  the  intersection 

line  joining  two  points,  20.  of  the  connecting  lines  is  the  right 

(45.)  To  express  the  intercept  of  a  line  passing  thiough  the  vertex  and 

given  right   line  between  two  points  middle  point  of  the  base,  ibid, 

situated  on  it,  ibid.  (^*)  '^  parallel  being  drawn  as 

(46.)  To  express   the  distence  be-  before,  the  locus  of  the  intersection  of  « 

tween  any  point  on  a  given  right  line  perpendiculars  to  the  sides  through 

and  the  point  where  it  intersects  on-  its  extremities  shewn  ^to  be  a  ririit 

other  given  right  line,  ibid.  line,  29.                       ' 

(47.)  To  express  the  length  of  a  line  ^63.)  The  locus  of  a   point  ftom 

drawn  from  a  given  point  to  a  given  which  the  sum  of  the  perpendiculars 

right  linc^  and  inclined  to  it  at  a  given  drawn  to  several   given  right  lines 

angle,  21.            J  have  a  given  magi|itude,  is  pioved  to 

(48)  to  (51.)  The  several  varieties  be  a  right  Une,  and  the  equation  of 

of  which  the  formula  thus  detezmined  this  right  line  determinedi  30. 

is  susceptible,  ibid.  (04.1  l^e  area  of  a  polygon  ex- 
pressed ag  a  remarkable  fbnetiaa  of 

SECTION  V.  the  equations  of  its  sides,  31. 

D..^^  '4:^^     i    t  s  J  r            '    i  (00.)  The  solution  of  the  problem 

Pr^osttun^^culaUdfarcxerc^e^  to  inscribe  a  parallelogram  of  a  given 

^  aphea^wnofequattonaqft'^  spcdcs  in  a  givcTtriangle,  32. 

jMTSt  degree.  ^^;j  r^^A^  principle  applied  to  the 

(52.)  The  point  of  intersection  of  in^niption  of  a  square  in  a  triangle,  33. 

perpendiculars  flrom  the  angles  to  the  (09.^  A   right  line  so  determined 

sides  of  a  triangle  detemiined,  ibid.  that  tnc  sum  of  the  perpendiculars 

(54.)  The  point  of  ihttrscction  of  from  several  given  points  on  it  shall 

the  bisectors  of  the  sides  of  a  triangle  have  a  given  magnitude.  ,  This  right 

determined,  23.         :,  line  is  shewn  to  be  a  tangent  to  a  dr. 

(56.)  Tlie  point  of  intersections  of  de,  the  centre  of  which  is  the  centre 

perpendiculars    through    the    middle  of  gravity  of  the  figure  formed  by    « 

points  of  the  sides  determined,  24.^  connecting  ^he  given  points,  and  the 

(57.)  The  radius  of  the*  inscribed  Adiiu  of  which  multiplied   by   the 

circle  proved  equal  to  Hie  product  of  number  of  points  is  the  givoi  magni- 

the  sides  divided  by  four  times  the  tude,  34. 

area,  25.  Note,  445. 

Note,  445. 

(58.)  The  tluw  pomte  of  intersec-  SECTION  VI. 

tion.  I®.    Of  the  perpendiculars  f5rom     ^  - ;.     .        >. .. ,  ..     . 

the  angles  on  the  opfwite  sides  ;  go.  ^^^^  traru^^atumofoo^dtnates. 

Of  the  bisectors  of  the  sides  ;  3*.  Of  (7i.)  The  use  of  the  transformation 

the  perpendiculars  through  tlie  points  of  co-ordinates,  35. 

of  bisection  of  the  sides;  lie  in  dircc-  (72.)  IHie  general  formula  for  trans- 

tum,  20.  formation  of  direction  and  origin,  36. 
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The  changes  thew  undergo  by  par.  SECTION  VIII. 

ticular  conditions,  36.  ^^   ,      ,. 

Of  tht  diameters,    axes,    and  asyrn* 

ptotes  of  lines  of  the  second  degree. 

SECTION  VIL  (90.)  The  locus  of  the  poinU  of  W- 

section  of  a  system  of  parallel  chords 

The  discustUm  of  the  general  equation  determined  to  be  a  right  line,  and  hence 

of  the  second  degree.  ^®  relation  between  the  position  of  a 

diameter  and  its  ordinate!  established, 

(78.)  The  efiect  of  consUnU  of  an  49. 

equation  on  the  poH/loit  and ./^re  of  a  (91.)  The  diameters  of  a  parabola 

line,  37*  proved  to  be  parallel,  50. 

(%0.)  The  solutions  of  the  general  (93.)    The  equation  of  a  diameter 

equation  for  each  variable,  on  the  sup.  through  a  given  point  determined,  51. 

position  that  the  co.efficient8  of  the  (94.)  All  diameters  of  an  'ellipse  or 

squares  of  the  variables  are  finite,  and  hyperbola  intersect  in  one  point  (called 

the  e^t  and  signification  of  the  irra.  the  centre),  the  co.ordhiates  of  which 

tional  parts  of  these  solutions  with  re.  are  determined,  ibid, 

spect  to  the  locus  of  the  equation,  39.  (96.)  If  any  diameter  be  parallel  to 

Note.  The  algebraical  principles  used  the  ordinates  of  another,  the  latter  will 

in  this  section  explained  and  proved,44  5.  be  parallel  to  the  ordinates  of  the  former, 

(81.)  The  determination  of  the  values  52. 

of  X,  which  give  real  values  of  y,  and  (97.)  The  investigation  of  the  axes 

the  values  of  y,  which  give  real  values  and  their  equations   determined.     An 

o(x,  when  S*  —  4ac  >  0,  41.  ellipse  or  hyperbola  proved  to  have  two 

(82.)  A  similar  determination  when  axes  intersecting  at  right  angles,  and  a 

B*  ^  4ac  a  0,  42.  parabola  but  one,  ibid. 

(83.)  A  similar  determination  when  (100.)  The  investigation  of  the  inter- 

B*  —  4ac  <  0, 43.  section  of  the  curve  with  its.  diameter. 

(84.)  The  conditions  under  which  it  A  parabola  proved  to  meet  its  diameter 

is  possible  for  the  irrational  parts  of  the  but  once,  53. 

two  solutions  in  (80)  to  become  b  o,  (101.)  The  t^r/ic»  of  a  diameter,  54. 

ibid.  ( 102.i  A  vertex  of  the  curve,  ibid. 

(85.)  The  curve,  when  b^-4jic>0,  O^O  Those  diameters  of  an  hyper- 
investigated  and  shown  to  be  an  hyper,  bohk  wliich  meet  the  curve  separated 
bola,  except  in  the  case  where  the  roots  from  those  which  do  not  meet  it  by  the 
of  the  quantity  under  the  radical  arc  asymptotes.  The  former  called  trans^ 
real  and  equal,  in  which  case  the  locus  is  verse,  the  latter  second  diameters,  54. 
two  intersecting  right  lines,  44.  (105.)  The  equations  of  the  asym. 

(86.)  This  is  alM>  the  .case  even  if  the  ptotes,  56. 

squares  of  the  variables  be  wanting,  45.  (109.)  All  diameters  of  an  ellipse 

(87.)  The  locus  investigated  when  meet  it  in  two  points,  57. 
B*  •*-  4ac  s  0,  and  shown  to  be  a  para. 

bola  when  either  bo— 2ab,  or  bx— 2cd,  SECTION  IX. 
are  not^-O ;  but  if  both  of  these  »0,  the 

locus  Is  shown  to  be  two  parallel  right  q.^  different  forms  of  the  equations 

lim^  one  nght  Ime,  or  impossible,  ac-  \fii„^  ^f  ^j^^  ^cond  degree  related 

cording  as  D«  -  4 af,  or  K«  -  4cr,  is  ,^  d\fferiit  axes  ofco^dinates, 

>  0,  s  0,  or  <  0, 46.  ^                    •' 

(88.)  The  locus   investigated  when  (1 12.)  The  form  of  the  equation  when 

B>  —  4ac  <  0,  and  shown  to  be  an  el-  the  curve  passes  through  the  origin  of 

Upse  when  the  roots  of  the  quantity  co-ordinates,  58. 

under  the  radical  are  real  and  unequal,  a  (1 13.)    The  form  of  the  equation 

point  when  they  are  real  and  equal,  and  when  a  diameter  and  iu  ordinates  are 

impossible  when   they  are  impossible,  parallel  to  the  axes  of  co.ordinate&.  ib. 

47.  (1 14.)  The  form  when  the  axes  of 

Note.    On  the  invention  and  origin  co-ordinates  are  a  diameter,  and  a  line 

of  lines  of  the  second  degree,  447.  parallel  to  its  ordinates,  59. 
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(119.)  TSie  form  friiei»  the  origia  is  oAhmaemaXtf  kfiil^  tmw^  tnd  the 

tt  the  centrt^  59.  line  joining  the  poiBU  of  coittact,  ilnd. 

(ISO.)  The  form  fpfaen  other  uom  k        (159.)  The  locui  of  the  intenectkm 

ptndlfll  to>  an  MjiBptote,  6(X  of  tangenu  through  the  extremities  of  m 

(198.)  Hie  iorm  when  the  taes  of  chord  passing  throigh  a  given  point  is  a 

eo-osdteatesOTe  a  wyikmrn  of  eoi^vgate  right  line  parallel  to  the  ordinates  of  a 

JJaMitos,  6U  ^aateler  passing   through   the  given 

(isa)  The  geotnl  aquitioii  of  the  pofait,  70. 
dMK  eS.  (161.)  The  lines  jobtog  the  points 


of  oootael  of  taa^ppnta  draim  firon  the 

'     SECTION  X  points  of  a  flight  fine  givoi  in  position 

^^^^            ..         ^                      '      ^,  mtenect  mch  other  mtm  fixed  TpriaU^l* 

^the  ^puUwiu  qf  iam^cmU,  normM$,  ^|^)  ThejHK^Msrtw-  of  ammeter, 

(133.)  The  general  equation  of  a  The  panvMter  a  thhnd  proportional  to 

mgtnt  to  a  line  of  the  second  degree  the  disnseter  and  its  oonjngate,  ibid, 

passfa^  through  a  given  pofart  fat  any  Notei    On  Ae  names  eUiftt^  hffper* 

position,  63.  Mi,  andjKiraMls,  4&U 

Note.    The   Ctotesian  methods  of  (163.)  The  principal  parameter,  ib. 

drawing  tangents,  449.  (164.)  Tbe/on«,  ih. 

<1S3.)  The  form  which  this  auunes '  The  distance  of  the  ibous  from  the 

when  the  point  is  on  the  curves  64.  vertex,  72. 

fl94.^  The  fiorwta/,  ibid.  The  square  of  the  distance  of  the 

(1S5.)  The  equation  of  the  normal,  focus  from  the  oentie  is  equal  to  the 

65.  difierence  of  tlie  squares  of  the  semi* 

(136.)  The  tmkiangmtt  ibid.  axes  in  an  elHpseb  ttad  tiie  sum  of  the 

(137.)  The  subnormal,  itmL  squares  of  the  semiaxes  in  an  h}*perbola. 

1^  distance  of  the  focus  of  m  parabola 

SECTTION  XL  from  the  vertex  is  a  fourth  of  the  prin« 

qfthegtneralpij^qfUncioflhe  "^^^^^'i^ije^fir, -73. 

second  degree.  ^,gg  j  ^he  equations  of  tiie  diiectrix. 

(138.)  Ifseeeralpahrs  of  intersecting  An  ellipse  and  hypeibola  have  two  di. 

i^t  lines  paralld  to  two  right  lines  rectrices  equaUy  distant  from  the  centre, 

gtfen  in  position  meet  a  line  (rf*  the  so-  and  a  parabola  but  one,  ib. 
eond  degree,  the  rectangles  under  their 

asgmcnts  fotercepted  between  the  se-  SECTION  XIL 

vc«d  pointsof  intersection,  and  the  cor.  _.                      ^.«     »,           ,, 

respoil^ng  po'mU  of  occurse  witii  Uie  The  properttet  9f^^^^  ^^  ^VP^r. 

curve,  will  be  in  a  constant  ratio,  66.  ^^* 

(139),  et  seq.  Consequences  of  this  (167.)  An  dlipse  or  hjperiiola  being 

theorem,  67.  expressed  by  an  equation  related  to  its 

(154.)  The  equation  of  a  right  line  axes  as  sxec  of  co-ordinates,  to  express 

joining  tiie  points  of  contact  of  two  tan-  the  lei^tfas  of  any  semidiameter  and  its 

gents  drawn  from  a  given  point,  69.  semicomugate  in  terms  of  the  co^rdt. 

Note^  45a  nates  of  its  vertex,  7 A. 

(155.)  The  line  joining  tiie  points  of  (168.)  In  an  e%8e,  the  smn  -of  the 

contact  is  an  ordinate  to  the  ffiameter  squares  of  any  system  of  conjugate  dia. 

passing  through  the  point  of  intersection  meters  is  equal  to  the  sum  of  the  squares 

ef  the  tangents,  6a  of  the  axes;  and  in  an  byperbok  the 

(156.)  The  locus  of  the  interseetion  fiffeienee  ef  the  squares  is  equal  to  the 

of  tangents  through  the  estiemities  of  a  diffissenee  of  the  squares  of  ihe  axes, 

chosd  paiaUel  to  a  line  given  in  po-  75. 

skion,  is  Hm  diameter  to  which  that  Note^451. 

chord  is  an  orfisateb  ibid.  (169.)  An  equilateral  hyperbola,  75. 

(157.)  Every  aecant  drawn  from  the  (170.)  Inclinations  of  conjugate  dia> 

point  of  intersection  of  two  tangents,  meters  to  the  axes,  ib. 

and  meeting  the  cnrvt  in  two  points,  is  (173.)  The  pdJar  equation  of  an  eL 
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Hpte  or  (ijrpOTbola,  Um  pole  being  the 
centre^  76. 

(174^)  Diamettn  equally  inclined  to 
tlie  ^i  am  equals  ih> 

(175.)  The  greateit  and  least  dia. 

melcn,  7T* 

(177.)  The  avfmptotee  are  the  dia* 
gonalf  of  the  rectangle  fonned  by  perpeiu 
dicolan  to  the  axes  paiaing  through  their 
Terticef ,  ib. 

(179.)  Equal  eoq)ugate  diameten 
analogous  to  aqnnp^ptM.  78.' 

(185.)  To  deternune  the  eoqjugate 
diameters  which  contain  the  greatest  and 
least  reotangisk  79. 

(186.)  To  find  the  limiU  of  the  sum 
or  difierenee  of  conjugate  diameters, 
ibid. 

(187),  et  seq.  Equations  of  the  taa^ 
gent»  subtangent,  Bormal*  and  sub- 
nonnalf  relatnrely  to  a  system  of  eoB« 
Jugate  diameters  as  axes  of  co-ordinataSf 
80. 

(189.)  Note.  Geometrical  method 
of  drawing  a  tangent  to  a  Una  of  the 
second  degree^  458. 

(19S.)  Any  semidiameter  is  a  mean 
proportional  between  the  parts  of  the 
tangent  which  is  ^parallel  to  it,  inter<* 
eepted  between  the  points  of  eontact, 
and  any  system  of  coq)ugale  diametera* 
82. 

(193.)  The  trianglfls  formed  by  or- 
dinatea  to  any-diameter  from  the  eztre. 
mities  of  a  sjrstem  of  conjugate  dia» 
meters,  and  the  iotereepts  between  them 
and  the  centre  are  equal,  ib. 

( 1 94.)  If  on  the  axes  of  an  elKpse  at 
diameters  circles  be  described,  that  on 
the  transverse  axis  will  be  entirely  out- 
side the  dUpse,  touching  it  at  the  ex- 
tremities  of  this  axis  |  that  on  the  con. 
jugate  axis  will  be  entirely  within  the 
ellipse,  touching  it  at  the  extsemities 
of  the  conjugate  axis,  83. 

(196.)  The  projection  of  a  circle  is 
an  ellipse^  84. 

Note.  On  the  application  of  this 
prop,  to  the  phases  of  a  planet,  452. 

(197.)  Angles  In  a  semiellipse  on 
the  transverse  axia  are  obtuse^  and  on 
the  conjugate  axis  acute^  84. 

(198.)  The  UmiU  of  an  angle  in- 
scribed in  a  semiellipse,  ibid. 

(199.)  The  sides  of  an  angle  In. 
scribed  in  a  seroieliipse  (called  tupplr^ 
ntrtttal  ehordt)^  are  parallel  to  coqiu* 
gate  diameters,  85. 


(900),  et  seq.  Remarkable  conse- 
quences  of  this  theorem,  Shu  «. 

(904.)  The  most  oblique  eoojugate 
diameters  of  an  ellipse  are  the  equal  coRff. 
Jugate  diameters.  The  general  value  of 
the  angle  under  a  fjrstem  of  eQi\|ugat« 
diameters,  86. 

(205.)  Note,  452. 

(206.)  The  rectangle  under  the  nor« 
mal  and  transverse  axes  is  equal  to  the 
rectangle  under  the  eoojugate  axis  and 
samicoqjugate  diameter,  87. 

(207.)  Parallelograms  formed  by 
tangents  through  the  vertiees  of  eon- 
Jugate  diameters  are  all  equal  to  each 
other,  ib. 

Note.  452. 

(S08.)  Expression  for  the  distanop  of 
any  point  in  an  ellipse  or  hyperixihi 
from  the  focus,  88. 

(900.)  In  an  dlipse  the  sum  of  the 
distances  of  any  pcint  from  the  fi>d, 
and  in  an  hyperbola  the  diflferenor  of 
these  distances  is  equal  to  the  transverse 
axis,  89. 

Note.  On  the  ovals  of  Descartes. 
Their  ootical  property,  4^3. 

(911.)  Mechanical  description  of  an 
dlipse  and  hyperbo]a»  89. 

(219.)  ThepoUtf  equation,  the  pole 
bdng  the  focus,  9a 

Note,  454. 

(213.)  The  rectangle  under  the  di* 
stances  of  any  point  £rom  the  foci  is 
equal  to  the  square  of  the  aemiGonJugate 
^ameter,  90. 

(214.)  Expressions  for  the  perpea* 
diouiars  from  the  Ibei  on  a  tangent, 
91. 

(2 IS.)  The  nptangle  under  theee 
perpendiculars  equal  to  the  square  of 
the  semiconiugate  axis,  ib. 

Note.  On  the  value  of  the  peipen« 
dicular  from  the  focua  and  the  asym- 
ptote, 454. 

(216.)  The  perpendiculars  are  pro- 
portional to  the  distances  of  the  point  of 
contact  from  the  foci,  9 1 . 

(917.)  The  focal  radU  vectofts 
equally  inclined  to  the  tangent,  92. 

(218),  et  seq.  BrnnsikaUe  coase. 
qucnoes  of  this,  91. 

(299.)  A  pamlld  to  Uw  fscal  vmAot 
drawn  from  the  centre  to  nwet  the  tan- 
gent is  equal  to  the  seroitransverse  axis, 
93. 

(223.)  The  loeus  of  tiae  interseetioa 
of  a  tangent  with  a  peipcad|cular.toit 
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(2ee.)    The  polar  equation  of  the  (289.)  A  aimilar  invettigttion  appliec) 

circle,  112.  to  the  parabola,  1214. 

(367.)  A  secant  of  a  circle  passes  (S90),etaeq.  The  locus  of  the^centre 

through  a  fixed  point,  to  find  the  locus  of  the  circle  inscribed  under  the  focal 

of  the  point  which  diyides  it  in  a  given  radii  yectoret  of  an  ellipse  and  hyperbola, 
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(268.)  The  locus  of  a  point  from  (292.)  Oiyen  the  focns  and  a  tangent 

which  lines  being  drawn  to  several  given  of  a  parabola,  the  locus  of  the  vertex  is 

points,  the  sum  of  the  squares  being  a  circle,  129* 

given,  is  a  circle,  113.  ( 293. )  Given  the  vertex  and  tangent, 

(269.)  The  locus  of  a  point,  from  the  locus  of  the  focus  is  a  parabola,  I3U. 
which  lines  being  drawn  inclined  at  (294.)  Given  a  diameter  of  a  para- 
given  angles  to  the  sides  of  a  given  bola  and  the  distance  and  its  parameter, 
rectilinear  figure,  the  sum  of  their  squares  the  locus  of  the  focus  is  a  circle,  13 1 . 
being  given,  is  a  line  of  the  second  de-  (?95.)  Given  the  point  where  a  para- 
gree,  ib.  bola  intersects  a  given  diameter,  and  also 

(270.)  Two  right  lines  being  drawn  the  parameter  of  that  diameter,  the  locus 

from  a  point  at  given  angles  to  two  of  the  vertex  of  the  curve  is  an  dlipse^ 

given  right  lines,  so  that  the  rectangle  ibid. 

under  them  shall  be  given,  the  locus  of  (296),  et  seq.  Given  the  diameter  of 

that  point  is  a  line  of  the  second  degree,  a  parabola  and  a  tangent  through  its 

114.  vertex,  the  loci  of  the  vertex  and  focus 

(271.)  Given  the  base  and  difierence  are  right  lines,  132. 

of  base  angles  of  a  triangle,  the  locus  of  (298.)  A  right  line  of  a  given  length 

the  vertex  is  an  hyperbola,  115.  is  terminated  in  the  sides  of  a  given 

(274.)  Given  the  base  and  product  of  angle,  the  locus  of  a  given  point  upon 

tangents  of  base  angles,  the  locus  of  it  i  s  an  ellipse,  ib. 

vertex  is  an  ellipse  or  hyperbola,  1 1 6.  Note.  On  the  eUiptic  compasses,  454. 

(275.)  Given  the  base  and  sum  of  the  (299.)  A  right  line  passes  tbnHigh  a 

tangents,  the  locus  is  a  parabola,  ib.  given  point,  and  is  terminated  in  the 

(276.)  Given  the  base  and  difference  sides  of  a  given  angle,  the  locus  of  a 

of  tangents,  the  locus  is  an  hyperbola,  point  which  divides  it  in  a  given  ratio  is 

117.  an  hyperbola,  133. 

(277.)  The  locus  of  a  point  from  (300.)  To  find  a  curve  of  such  a  na. 

which  perpendiculars  to  the  tides  of  a  ture,  that  the  intercept  of  a  parallel  to 

given  angle  shall  contun  a  given  area,  the  axis  of  x  between  the  radius  vector 

is  an  hyperbola,  1 1 8.  and  a  parallel  to  the  axis  of  y  shall  have 

(278.)  The  locus  of  the  centre  of  a  a  constant  magnitude,  134. 

circle  touching  a  given  line  and  passing  (SOI.)  A   right    line  being    drawn 

through  a  given  point,  is  a  parabola,  ib.  through  a  given  point  intersecting  the 

( 279.)  The  locus  of  the  centre  of  a  sides  of  a  given  angle,  a  part  is  assumed 

circle  touching  a  given  right  line  and  a  from  the  given  point  equal-  to  the  part 

given  circle,  is  a  parabola,  119.           i  intercept^  between  the  sides  of   the 

(280.)  The  locus  of  the  centre  of  a  angle,  to  determine  the  locus  of  its  ex- 

circle  which  touches  two  given  circles,  tremity,  1 35. 

is  an  hyperbola,  ib.  (302.)    Similar  lines  of  the  second 

(281.)  The  locus  of  the  intersection  degree  having  a  comipon  axis  and  ver- 

of  tangents  to  a  parabola  which  inter-  tex,  Avide  secants  through  the  vertex 

sect  at  a  given  angle,  is  an  hyperbola,  proportionally,  136. 

ibid.                     _  Note,  455. 

Note,  454.        '  (303.)  Two  similar  ellipses  or  hy. 

(282.)  The  locus  of  the  intersection  perbols  have  a  common  centre  and  co- 

of  tangents  to  an  ellipse  or  hyperbola  incident  axes,  and  through  the  vertex  of 

inclined  to  the  axes  at  angles,  the  pro-  the  smaller  a  tangent  is  drawn  inter- 

duct  of  whose  tangents  is  given  in  an  secting  the  other;  any  two  chords  of  the 

ellipse  or  hyperbola,  121.  greater  passing  through  the  point  where 

(283),  et  seq.  Particular  applications  this  axis  meets  it,  and  equiUly  inclined 

of  the  preceding,  12'?.  to  this  tangent  are  together  equal  to  two 


50*  CONTENTS. 

from  the  focui,  if  the  circle  described  (246.)  In  general  the  rectangle  under 

upon  the  tmnverae  taia,  93.  the  sc^gmcnts  of  a  secant  through  the 

(824.)  The  rectangle  under  the  di.  focus  is  equal  to  the  rectangle  under  the 

•tances  of  the  fbeus  and  directrix  from  whole  secant  and  a  fourth  of  the  prin- 

the  centre  is  equal  to  the  square  of  the  cipal  parameter,  102. 

semitransverse  axis,  94.  (249.)  The  distances  of  a  point  on  a 

(S27.)  The  distances  of  a  point  on  parabola  from  the  focus  and  directrix  are 

the  cunre  from  the  focus  and  directrix  equaU  103. 

are  in  a  constant  ratio,  ib.  (250.)  Mechanical  description  of  a 

Note^  454.  parabola,  ib. 

(228.)  The  directrix  is  the  locus  of  (251.)  Expression  for  perpendicular 

the  extremity  of  the  polar  subtangent»  from  the  focus  on  the  tangent,  104. 

95.  (^5'i.)  This  perpendicular  is  a  mean 
(S?9.)  The  limit  of  the  position  of  proportional  between  the  distances   at 

the  tangent  to  an  hyperbola,  the  point  of  the  point  of  contact  and  vertex  from  the 

contact  being  indenmtely  removed,  is  focus,  ib. 

the  asymptote,  ib.  (253.)  The  vertical  tangent  is   the 

(230),  et  seq.  Consequences  of  this,  locus  of  the  intersection  of  this  i)erpen- 

96.  dicular  with  the  tangent,  ib. 

(233.)  The  part  of  a  tangent  inter.  (254.)  The  intercept  of  the  axis  be- 

cepted  between  the  asymptotes  is  equal  tween  the  tangent  and  focus  is  equal  to 

to  the  diameter  to  which  it  is  parallel,  the  distance  of  the  point  of  contact  from 

ibid.  the  focus,  105. 

(234.)  The  parts  of  a  secant  inter.  (255.)  The  diameter  and  focal  vector 

cepted  between   an  hyperbola  and  its  are  equally  inclined  to  the  tangent,  106. 

asymptotes  are  equal,  97.  (256.)    Remarkable  consequence  of 

(235.)  A  right  line  being  intercepted  this,  ib. 

between  the  as}'mptotes,  the  rectangle  (257.)  The  distance  of  a  point  from 

under  the  segments  of  it  made  by  the  the  focus  is  equal  to  a  perpendicular  to 

curve  is  equal  to  the  square  of  the  pa-  the  axis  intercepted  between  the  axis 

rallel  semidiameter,  ib.  and  focal  tangent,  ib. 

(236.)  The  intercept  of  a  parallel  to  Note,  454. 

the  asym|)tote  between  any  point  on  the  (958.)  Tiie  relation  between  the  prin. 

curve  and  (he  directrix  is  equal  to  the  cipal  parameter  and  the  (larainetor    of 

distance  of  that  point  from  ihc  focus,  98.  any  given  diameter,  10". 

(237.)  The  asyinpfotos  of  an  equi-  SECTION  XIV. 

lateral  hyperbola  are  rectangular,  ib.  ,.    . ,           ,    .         ..         /.  . 

(238.)  l»arallels  to   each  asymptote  Prc^^cmn  rclativttohm'i  fthc  sfcmul 

being  drawn  to  meet  the  other,  the  pa-  '^''''T  f'^^irabvc  if  the  rrcccUn^ 

rallclogram  so  formed  is  of  a  constant  priftctplts. 

magnitude,  ib.  (260.)  Given  the  base  and  vertical 

^239.)  The  subtangent  relatively  to  angle  of  a  triangle,  to  Hnd  the  locus  of 

the  asymptotes,  99.  the  vertex,  108. 

(26J.)  Given  the  base  and  ratio  of 

SECTION  XIII.  sides,  to  find  the   locus  of  the   vcr. 

tex.  109. 

Of  the  parabola.  (.^62.)  Given  the  base  and  sum   of 

(240.)  A  parabola  is  the  h'mit  of  an  squares  of  sides,  to  find  the  locus  of  the 

dlipse  or  hyperbola,  the  parameter  and  vertex,  ib. 

focus  of  which  beJng  given,  the  trans-  (263.)  Given  the  base  and  vertical 

Twae  axis  is  JDcreiMd  without  limit,  99.  angle,  to  find  the  locus  of  the  intersection 

(241  )b  et  teq.  JSquitions  of  tangent,  of  the  perpendiculars,  110. 

Bormalr  nabCuigail^    ind    aubnormal,  (264.)  Given  the  base  and  vertical 

100.  angle,  to  find  the  locus  of  the  intersection 

(S48.)  IfTifiiHrfiiii  ht  Iht  distanoe  of  of  the  bisectors  of  the  sides,  ib. 

rf  >  point  froia  th«  <bBH»  lOh  (265.)  Given  the  base  and  vertical 

f>Mb                 rMitfiaa^  tbeibcufl  ugle,  to  find  the  locus  of  the  centre  of 

inieribed  circle,  111. 
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(366.)  The  poUr  equitioa  of  the 
circle,  112. 

('i67.)  A  lecint  of  a  circle  paaei 
through  •  fixed  point,  to  find  the  locus 
of  the  point  which  divides  it  in  a  giTcn 
ratio,  ib. 

(268.)  The  locut  of  a  point  from 
which  lines  being  drawn  to  serenl  giren    of  a  panbch.  ike  - 
pointi,  the  turn  of  the  squarei  being    a  circle,  I^ 
given,  is  a  circle,  113.  -     '• 

(S69.)  The  locus  of  a  point,  from 
which  lines  beioff  dnwa  incifiied  i: 
given  angles  to  ihe  sides  of  a  grvea 
lecii^near  figure,  the  sum  of  tbcir  squires 
being  given,  is  a  line  of  the  second  de- 
gree, lb. 

(270.)  Two  right  lines  besog  dnwa 
from  a  point  at  given  angles  to  tw9 
given  right  lines,  so  that  tbe  recaazle 
under  them  shall  be  gireo,  tbe  locus  of 
that  point  if  a  line  of  tbe  second  degree, 
114. 

(271.)  Given  tbe  base  and  didemce 
of  base  angles  of  a  triangle,  tbe  locus  of 
the  vertex  is  an  bvperbolat  1  i  5. 

(274.)  Given  the  base  abd  produr.  rf 
tangents  of  base  angles,  the  brai  :-f 
vertex  is  an  ellipse  or  hyperboU.  1 1  ^. 

(275.)  Given  the  base  asdssB  ti'jtt 
tangents,  the  locus  is  a  panbcla,  iL 

(276.)  Given  the  base  asd  dJeieLu 
of  tangents,  the  locus  is  as  br:«:t«:a. 
117. 

(277.)  The  locus  of  a  jw=:  frm 
whic/i  peqyendicnJars  lo  tbe  n^s  :c  i 
given  angle  sball  ooouhi  a  ^>c5  L-a. 
is  an  hyperbola,  I '.>. 

(278.)  Tbe  loros  cf  tbe  Kzr:n  ti  i 
circle  touching  a  giren  line  sad  tasbji^ 
through  a  given  point,  is  a  paiai^.a.  z. 
(279.)  Tbe  locus  of  the  ee=ve  :<r  & 
circle  touching  a  giren  rigiz  i±«  lac  a 
given  circle,  is  a  parabcLs,  J .'  :*.  _ 

(2ea)  Tbe  locu  of  ibe  c^t-*  .:  t  li^:^ 
circle  which  touchea  twd  ^t-  tr-^-v.  v^' 
is  aa  bypeiMa,  ik  "\  • 


w 


(29i.    Cr.TfS.'^ 
tbelocasof  tbelxviit  a 

.  Grrez  a  ninwnr'  ^  a 

d  dK  AsoEZCf  vnL  -a 

tbe  iwia  pf  me  ix\a  a  l  tcths.  1 1 

-  ll^a.   G.*«B.  -.K  ^nr  pusie  a 

bcva  izrzzM!!^  a  £  ■&  sauxms:  sssic  ^^x^ 

i&e  qgrmrag  x*  "^x.  n*iiing  m*  a^xn 
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a  pcnbcaia  mt  l 
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J5»?-   A  riri-'^  iTK  vf  \  s* ^ 

if  t£r=jaBS£  :x  tih  sib^  7  i  f-^-.i 
trc'if,  -.lit  i»-i«  rf  a  r"*s  1:30:  uit 
r :  i  LI  t^Tsat,  xu 

SvA,  C*i  IK  eBrrcr  r: 
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f^«^:r  Twsr-  mt  a 
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(281.;  The  locM  of  tie  — jcv- r-     fcj-V 1      *"  .1  .  '    ' 

ofungenti  to  apwaboS*wi*:-L  --^    ^ -^-^^ -*;_--  - 

sect  at  a  given  angle,  ii  u  i-r^icr.ci    ;rvy-^.«-.        *  '  '"'        ^   '""' 


ibid. 

Noteb454. 

(282.)  The  locas  of  cse  \z:js 
of  tngmts  to  ID  cDpte  cr  x 

iocliDed  to  the  axes  a:  *--.s^ _ 

duct  of  whose  tasges-j  a  rT«  ^7^ 
einptcorh5Tebob.l51. 
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ehonit  9f  Um  fmaller  ellipte  ptnllel  to 
them  and  pining  through  the  vertex, 
138. 

(S04.)  Three  unequal  circles  being 
givcDf  if  to  every  two  of  Ukem  common 
tangents  be  drawn,  the  three  points  of 
intersection  of  the  tangents  to  each  pair 
of  cindes  will  lie  in  3ie  sum  straight 
line»  139. 

(305.)  Two  circies  being  given,  a  tan- 
gent to  one  of  them  intersects  the  other, 
the  locus  of  the  intersection  of  tangents 
te  the  second  passing  through  the  points 
of  intersectioay  is  a  line  of  the  second 
degree,  140. 

(306.)  To  find  the  equation  of  a  line 
ef  the  second  degree  touching  the  three 
«des  of  a  given  triangle^  Ul. 

(307.)  To  determine  the  locus  of  its 
centre^  142. 

(308.)  To  inscribe  an  ellipse  or  hy- 
perbola in  a  triangle  so  as  to  touch  its 
base  at  the  middle  point,  and  also  to 
toudi  one  of  the  sidej  at  a  given  point, 
144. 

(309.)  The  locus  of  the  centre  of  an 
ellipse  or  hyperbola  inscribed  in  a  tri- 
angle,  and  touching  one  side  of  a  £^ven 
point,  ii  a  right  line,  ib. 

(310.)  Given  the  base  of  a  triangle, 
one  of  the  base  angles  being  double  the 
other,  the  locus  of  the  vertex  is  an  hy- 
perbola, 145. 

(3 11.)  Given  in  msgoitude  and  po- 
sition the  vertical  angle  of  a  triangle; 
whose  area  is  also  given,  the  locus  of  a 
point  which  divides  the  opposite  side  in 
a  given  ratio,  is  an  hypeibola,  146. 

(312.)  The  locus  of  the  extremity  of 
a  portioo,  assumed  upon  the  sine  of  an 
arc  equal  to  the  sum  or  difference  of  its 
chord  and  versed  sin^  is  a  parabola,  ib. 

(313.*)  The  ordinate  to  the  axis  of  a 
line  of  the  second  degree  being  produced 
until  the  part  produced  equals  the  di- 
stance of  the  point  where  it  meets  the 
curve  from  the  focus,  the  locus  of  the 
extiemity  of  the  produced  psrt  is  a  Une 
of  the  second  degree^  I47» 

(314.)  The  locus  of  the  middle  point 
of  the  normal  is  a  line  of  the  second  de- 
gree, 149. 

(315.)  A  line  being  inflected  from 
the  origin  on  the  ordinate  of  a  right 
line  equal  to  that  ordinate,  the  locus  of 
the  point  when  it  meets  it  is  a  line  of  the 
second  degree,  150. 

(316.)  A  line  being  inflected  from 


the  centre  of  an  ellipse  upon  an  ordinate 
to  the  axis  equal  to  that  ordinate,  tlie 
locus  of  the  point  where  it  meets  it  is  an 
dUpae,  151. 

SECTION  XV. 

0/  the  applicaikm  qf  the  d\ffbreHtial 
and  integral  calculut  to  curvet. 

(318.)  General  method  of  deteiminiag 
a  tangent  to  a  ourve^  15^ 

Note.  On  the  difi&rpnt  methods  of 
tangents.  Roberval's  method;  exam- 
ples of  it  applied  to  lines  of  the  second 
degree  and  the  cydoid,  455. 

(323),  et  seq.  General  forraulse  for 
the  subtangent,  nonnal,  and  subnonnal, 
155. 

(326),  et  seq.  Ftfrmulse  Amt  passing 
from  rectangular  to  polar  co-ordinates, 
and  vice  versa,  156. 

(3?7.)  The  angle  under  the  radius 
vector  and  tangent,  1 57. 

(328.)  Notie  on  polar  subtangent, 458. 

(329.)  Method  of  rectiflcation,  158. 

(330.)  Method  of  quadrature,  159. 

(331.)  Of  osculathig  circles  and  evo- 
lutes,  ibid. 

Note,  438. 

(333.)  Centre  and  radius  of  osculating 
circle,  162. 

(337.)Note^458. 

(338.)  Evolute  determined,  164. 

Note,  459. 

(340.)  Normal  of  the  curve  is  the 
tangent  to  the  evolute,  165, 

(342.)  Radius  of  osculaUng  circle 
equal  to  the  arc  of  the  evolute^  ib. 

(344.)  The  evolute  of  every  algc- 
braic  curve  rectifiable,  166. 

(345.)  Method  of  determining  asym- 
ptotes,  167.> 

SECTION  XVI. 

Of  the  general  principkf  of  contact 
and  osculation. 

(347.)  Conditions  which  determine 
the  degrees  of  contact,  168. 

(352.)  Contact  of  the  nth  order,  1 72. 

(354.)  Order  of  osculation  determined 
by  the  number  of  constants,  1 73. 

SE(n'ION  XVII. 

Of  the  singular  points  of  curves. 

(363.)  Point  of  inflection,  175. 

(364.)  Note,  ^59. 

(368.)  Multiple  points,  177. 
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Note.  On  the  detenniiiation  of  nwl- 
tiple  points,  459. 

(37a)  DoiMe,  triple  pohitt,  &c  178. 

(372.)  Cusps  of  the  first  and  second 
kind»ibi 

(374.)  Conjugate  pouts,  ib. 

.Note.  On  the  or^n  of  conjugate 
points,  462. 

SECTION  XVIII. 

QT  the  rectificatUm^  gtutdraturtp  and 
curvature  of  lines  if  the  second  de^ 
gree. 

(S75.)  The  rectification  of  the  circle, 
179. 

(376.)  The  quadmture  of  (be  drde, 
181. 

Note.  On  the  quadrature  of  the 
circle,  463. 

(378.)  The  quadrature  of  the  dfipae, 
ibid. 

Note,  463. 

(SesK.)  The  quadrature  of  the  hyper- 
bda,183. 

(386.)  The  quadrature  of  the  para^ 
bola,  184. 

Note.  This  quadrature  discovered 
by  Archimedes,  464. 

<387.)  The  osculating  circle  to  a 
point  In  an  eUipee  or  hjrpnboU,  1 84. 

(390.)  The  oscuUtmg  circle  to  a 
point  in  the  parabola,  185. 

(893.)  The  evohite  of  the  dlipse  or 
hyperbola,  186. 

(396.)  The  erohtte  of  the  parabola, 
188. 

Note.  Van  Huraet's  rectification  of 
this  curves  and  the  application  of  this 
method  to  the  parabola  and  hyperbola, 
464. 

SECTION  XIX. 

Of  the  properties  of  the  hgarithmic^ 
conchoid^  cissoid,  and  other  curves ^ 
both  algebraic  and  transcendrntoL 

(397.)  Tbeiogarithmic  189. 

Note  Inventor  and  physica!  pro- 
perty of  this  curve,  467. 

(898.)  Equidistant  values  of  y  in 
geometrical  progression,  190. 

(400.)  The  nds  of  r  an  asymptote^ 
ibid. 

(401.)  The  tangent  and  subtangent, 
19K 

(408.)  The  oseubting  circle  and  point 
of  greateat  CMnralure»  iUd. 


(405.)  The  qnadrature  of  this  curve, 
192. 

(40e.)  The  conchoid  of  Nicoroedes, 
193. 

Note.  Ofththivetttion  of  this  curve. 
Description  of  the  trammel  of  Nico« 
modes,  an  Inatwajcnt  for  describing  it 
by  coBtfaiuoai  motion.  The  triseetion  of 
an  angles  and  the  insertion  of  two  mean 
proportionals  by  this  curve,  467. 

(410.)  The  tangent  and  singiilar 
points,  194. 

(412.)  The  cissoid  of  Dieeles,  196. 

Note.  Of  the  invention  of  this  curve. 
An  instrument  for  describing  It  by  con- 
tinuous motion  invented  by  Newton. 
The  quadrature  of  the  cissoid.  Other 
inventions  of  Diodes,  471. 

(414.)  Of  the  figure  of  the  cissoid  and 
its  tangent,  197. 

(418.)  The  lemniscmta  of  James  Ber- 
nooilH,  198. 

Note.  Physical  properties  of  this 
curve,  473. 

(421.)  Its  figure  and  quadrature, 
200. 

(422.)  The  curve  of  sines,  its  figure 
and  quadrature,  20a 

Note.  Of  the  invention  of  these 
curves.  Of  harmonic  curves,  and  thdr 
connexion  with  trigonometrical  curvet. 
The  rectification  of  harmonic  curves  re- 
duced to  that  of  the  ellipse,  474. 

(427.)  The  curve  of  tangents,  its 
figure  and  quadrature^  208. 

(429.)  The  curve  of  seconU,  904. 

(430.)  The  logarithmic  spiral,  205. 

Note.  Of  the  inventioo  of  this  curve 
and  its  several  properties.  Its  physical 
properties.  Instrument  for  describing  it. 
Its  relation  to  the  loxodromic  curve. 
Its  genesis  derivable  from  the  logarithm 
mic.  This  method  generalised  and 
shown  to  apply  to  curves  in  general, 
476. 

(431.)  Equidistant  radii  vectores  in 
geometrical  progreesion,  205. 

(434.)  Tangent  and  polar  subtangent, 
ibid. 

(437.)  lu  raptification  and  quadra- 
ture, S06. 

(441.)  Its  osculating  drdc  and  evD« 
lute,  208. 

(445.)  The  spiral  of  Archifnedes,909. 

Note.  Of  the  invention  of  this  curve 
by  Conon.  Its  properties  discovered  by 
Archimedes.  Of  the  other  discoveries 
of  Archimedes,  479. 
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(447.)  EqiiidifUnt  nuUi  vectoKt  in 
arithmetical  progression,  209. 

(448),  et  seq.  Its  taiig«nt  and  qua- 
drature, 210. 

(45S.)  General  dasi  cf  spbilt  of 
which  this  is  a  spedes,  Sll* 

(454.)  Hyperbolic  tpbal,  ibUL 

Note.    Physical  wopertiea,  481. 

(456\  et  seq.  Ito  aiyiupUHe  and 
tangent,  312. 

(460),  et  seq.  Its  polar  subtangent 
and  quadrature,  213. 

(464.)  The  lituus,  its  asymptote  and 
tangent,  214. 

(471.)  or  cycloids,  215. 

Note.  Of  the  inventors  of  these 
curves,  481. 

(472),  et  seq.  The  prolate,  curtate, 
and  common  cycloids,  216. 

(477.)  The  intercept  of  the  ordinate 
to  the  axis  between  the  generating  circle 
and  cycloid,  bears  a  given  ratio  to  the 
corresponding  arc  of  the  generating 
circle,  218. 

Note.  On  the  notation  cos.  -.i^,  483. 

(479.)  The  tangent  and  figure  of  the 
cycloid,  219. 

(481.)  Geometrical  methods  of  draw- 
ing tangents,  normals,  &c.  220. 

f487.)  The  quadrature  rectification 
and  evolute  of  the  cycloid,  222. 

(496.)  Remarkable  relation  between 
the  common  cycloid  and  the  involute  of 
the  generating  circle,  225. 

(497.)  The  companion  of  the  cycloid, 
ibid. 

Note.  This  curve  identical  with  the 
sinusoid,  4B3. 

(502),  et  .seq.  The  tangent  figure  and 
quadrature  of  this  curve,  226. 

(505.)  General  equation  of  cycloidol 
curves,  228. 

(506.)  Of  epitrochords  and  epicy- 
cloids, ibid. 

Note.  The  inventor  of  epicycloids, 
484. 

(510),  et  acq.  Tangent,  rectification 
and  evolute  of  these  «urve«,  23 1 . 

(516.)  Of  the  cardioide,  236. 

Note.    Physical  properties,  484. 

(520.)  The  tangent,  quadrature,  rec- 
tification and  evolute  of  this  curve, 
238. 

(529.)  The  quadratrix  of  Dinostra- 
tus,  24U. 

Note.  On  the  inventor  of  this  curve, 
485. 

(3.S0),  ct  seq.  The  properties  from 


which  this  cunre  derifes  its  name, 
242. 

(538.)  The  mnltisectum  of  an  angle 
by  this  curve,  244. 

(539.)  The  qudratrix  of  Tshira- 
hausen,  ibid. 

Note.  On  the  inventor  of  this  curve, 
485. 

(541),  et  seq.  The  figure  and  qua- 
dration  of  this  curves  245. 

(544.)  The  multisection  of  an  angle 
by  iU  247. 

(545.)  The  catenary,  Ibid. 

Note,  486. 

(547>,  et  soq.  lu  tangent  and  rectifi. 
cation,  249. 

(551),  et  soq.  I^  osculating  circle 
and  evolute,  251. 

(554.)  Its  quadrature^  252. 

{555,)  The  involute  of  the  circle^  its 
tangent  and  quadrature,  252. 

(561.)  Its  rectification  and  polar  sub- 
tangent,  254. 

(566.)  Remarkable  reUtion  between 
this  curve  and  the  spiral  of  Archimedes, 
255. 

(567.)  Of  the  tractrix  and  equitan- 
gendal  curves,  ibid. 

Note,  486. 

(569),  et  seq.  The  tangent,  figure, 
and  quadrature  of  the  tractrix,  256. 

(572),  et  seq.  The  rectification  and 
evolute  of  the  tractrix,  258. 

(576.)  The  syntractrix,  261. 

sEcrrioN  XX. 

The  luiturc  and  properties  af*tfi€  roofg 
of  equations  illustrated  by  the  gco~ 
7uctry  of  curves. 

(  580. )  General  method  of  construct  - 
ing  the  value  of  y  for  any  given  value 
of  J,  265. 

Note,  486. 

If  two  numbers,  substituted  for  x  \i\ 
any  equation  produce  results  witli  op- 
posite signs,  there  must  be  an  odd  num  • 
ber  of  real  roots  between  them,  and  at 
least  there  must  be  one,  268. 

If  two  numbers,  substituted  for  j-  in 
any  equation  give  results  affected  with 
the  same  sign,  there  must  be  either  no 
real  root  or  an  even  number  of  real  roots 
between  them,  ibid. 

If  two  numbers,  whose  difference  is 
less  than  the  least  difference  of  two  con- 
secutive roots  of  an  equation,  substituted 
for  X  in  tlie  equation,  give  results  aflected 
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with  diflferciit  nAgOMt  one  aud  only  one 
real  root  lies  between  tbem ;  and  if  they 
give  results  aflected  with  the  same  sign 
DO  real  root  lies  between  them*  '269. 

If  two  numbers,  wkich  include  be- 
tween tbem  an  even  number  of  real  and 
equal  roots,  be  substituted  for  x  in  any 
equaUon,  they  will  give  results  affected 
with  the  same  sign,  270, 

If  two  numbers,  which  include  be- 
tween them  an  odd  number  of  real  and 
equal  roots*  bo  substituted  for  x,  they 
will  give  rcsulu  with  different  signs, 
ibid. 

If  numbers  greater  than  the  greatest 
root  of  an  equation,  whether  positive  or 
negative,  be  substituted  for  x,  they  will 
continually  give  results  with  the  same 
sign,  271. 

Equations  of  an  even  order  have  either 
an  even  number  of  real  roots  or  none, 
iUd. 

Equations  of  an  odd  order  have  al- 
ways an  odd  number  of  real  roots,  272. 

Impossible  roots  exist  by  pairs,  ibid. 

Every  equation  which  wants  the  last 
term  has  a  root  a  u,  ibid. 

An  equation  of  an  even  order,  with 
the  last  term  negative,  has  at  least  two 
real  roots  with  different  signs,  ibid. 

By  changing  the  value  of  the  last  term 
of  an  equation,  real  roots  passing  through 
equality  become  impossible,  and  vice 
vers^  273. 

The  equation  of  limits  and  its  pro- 
perties, 274. 

(581.)  Method  of  constructing  the 
roots  of  equations  by  the  intersection  of 
curves,  275. 

(582.)  Constructions  for  the  roots  of 
a  quadratic  equation,  276. 

(583.)  Constructions  for  the  roots  of 
an  equation  of  the  third  degree,  278. 

(585.)  To  find  a  cube  which  shall 
bear  a  given  ratio  to  a  given  cube,  285. 

(586.)  To  find  two  mean  propor- 
tionals, 286. 

(587.)  The  trisection  of  an  angles 
ibid. 

(588.)  The  resolution  of  (x*«  ±  a***) 
into  its  simple  factors,  288. 

Note,  487. 

SECTION  XXI. 

Of  ihe  general  properties  of  algebraic 
curves. 

(Ml  J.)  Division  of  curves  into  alge- 
braic and  uanscendental,  295. 


Curves  classed  by  the  degrees  of 
their  equations,  296. 

Note,  490. 

(595.)  The  analytical  parcUlclogram 
of  Newton,  298. 

The  analytical  triangle  of  De  Chia, 
299. 

(596.)  The  number  of  terms  in  a 
general  equation,  300. 

(597.)  How  far  the  angle  of  ordina- 
tion afi^ts  the  curve,  ibid* 

(598.)  Complex  currea,  SOI. 

(600.)  An  algebraic  curve  of  the  ft th 

degree  may  be  drawn  through  — 

points,  304. 

(601.)  The  greatest  number  of  points 
in  which  a  right  line  can  meet  an  alge- 
braic curve  is  expressed  by  the  exponent 
of  its  order,  305. 

(602.)  Two  algebraic  curves  of  the 
mth  and  nth  order  can  only  intersect  in 
mn  points,  306. 

Note.  On  the  dt^ree  of  a  final 
equation,  490. 

(606.)  If  two  right  lines  parallel  to 
two  right  lines  given  in  position  inter- 
sect a  curve  of  the  nih  order,  the  con- 
tinued products  of  their  segments  inter- 
cepted between  their  point  of  intersection 
and  the  curve  will  be  in  a  constant  ratio, 
309. 

(607.)  Diameters  in  general,  310. 

Curvilinear  diameters,  3 1 2. 

An  absolute  diameter,  ibid. 

Counter  dianictors,  ibid. 

Centres  in  g(*neral,  313. 

(608.)  Classification  of  lints  of  the 
third  order,  314. 

Note,  493. 

SECTION  XXII. 

Geometrical  problems,  illustrative  if 
the  application  of  the  preceding 
parts  tf  algebraic  geotnetry, 

(609.)  Given  the  base  of  a  triangle 
and  the  ratio  of  the  rectangle  under  the 
sides  to  the  ^ifercnce  of  their  squares 
to  determine  the  locus  of  the  vertex, 
315. 

(610.)  Two  right  lines,  each  passing 
through  a  given  point,  intersect  in  such 
a  manner  as  to  intercept  between  them 
a  given  magnitude  of  a  right  line  given 
in  position  to  find  the  curve  traced  by 
their  intersection,  316. 
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(61  f .)  Given  tbe  baie  and  locui  of  curve  whone  subUngent  vanes  as  the 

vertex  of  a  triangle^  to  inveftigate  the  rectangle  under  ki  co-ordinatea,  3.H2. 

loci  of  the  points  where  the  inscribed  (624.)  To  find  the  equation  of  a  curve 

square  meets  its  side^  and  also  that  of  whose  area  equals  twice  the  rectangle 

the  centre  of  the  inscribed  square,  317.  under  its  co-ordinatesi  ib. 

(612.)  A  given  right  angled  triangle  (625.)  To  find  the  spiral  whose  area 

is  so  moved,  that  the  vertex  of  the  right  is  proportional  to  the  logarithm  of  the 

angles  and  one  extremity  of  the  hypo-  radius  vector,  333. 

tenuse,  describe  right  lines  perpendi.  (626.)  Of  two  right  angles  one  is 

colar  to  eaeh  other,  and  given  in  posi-  given  in  pontion,  and  the  other  is  so 

tion ;  to  find  the  nature  of  the  curve  de>  moved  that  while  one  of  its  sides  hater- 

scribed  by  the  other  extremity  of  tfie  oecu  a  side  of  the  lUed  uagl^  at  a  given 

hypotenuse,  319.  point,  the  intercept  of  the  other  side  be- 

(613.)  To  determine  the  curve  in  tween  its  vertex  and  the  other  nde  of  the 

wliich  the  sine  of  the  angle  of  projection  fixed  angle  shall  be  of  a  ghren  magni. 

varies  inversely  as  the  square  of  the  ra^  tude^  to  determine  the  curve  traced  fay 

dius  vector  (equilateral  hyperbola)^  ibid,  the  middlepoint  of  this  intercept,  ib. 

(614)  To  find  the  locus  of  a  point  (627.)  To  find  the  locus  of  the  inter, 

from  which  several  right  lines  being  section  of  a  tangent  to  a  given  drrle, 

drawn  to  several  given  points,  the  sum  and  a  line  perpendietilar  to  it  passing 

of  their  2mth  powers  will  be  given,  m  through  a  given  point  on  the  circle,  934. 

being  supposed  a  positive  hateger,  321*  (628.)  Two  equal  parabolas  bemg 

(615.)  To  find  the  locus  of  a  point,  placed  in  the  same  plane,  and  so  as  to  > 

the  diflj^ence  of  the  2mth  powers  of  touch  at  their  vertices,  let  one  of  there 

whose  distances  from  two  given  points  be  supposed  to  roll  upon  the  other,  to 

is  given,  m  being  supposed  a  positive  find  the  loci  of  its  focus  and  vertex,  3S5. 

integer,  ibid.  (629.)  The  ordinate  to  the  diameter 

(616.)  To  find  the  locus  of  a  point  of  a  circle  being  produced,  until  the  rec- 

from  which  the  sum  of  the  mth  powers  tangle  under  the  whole  produced  ordi- 

of  right  lines  drawn  at  given  angles  to  se-  nate^  and  the  absdss,  shall  be  equal  to 

veral  given  right  lines  shall  be  given,  tn  the  rectangle  under  the  original  onfinate 

being  supposed  a  positive  integer,  322.  and  diameter,  to  investigate  the  locus  of 

(617.)  To  find  the  equation    of  a  its  extremity,  336. 

curve  of  a  given  species  passing  through  Note.  On  the  name  and  inventor  of 

any  proposed  number  of  given  points,  this  curve,  493. 

:J23.  (630.)  To  investigate  the  figure  of 

(618.)  To  investigate  the  figure  and  the  curve,  whose  equation  is  x^  —  a^j:* 

area  of  a  curve  represented  by  the  equa-  —  hKx^  +  o'6»  — .  <^y  =■  0,  339. 

tion  a^y^  —  /Ai'  —  16a4  =  0,  327.  (631.)  To  find  the  locus  of  the  inter- 

(619.)  To  investigate  the  figure  and  section  of  the  tangent  to  an  ellipse,  with 

(juadrature  of  the  curve  represented  by  a  perpendicular  to  it  passing  through 

tlic  equation  x^  —  efla^  +  a^i/^  =  0,  the  centre.  340. 

328.  Note,  494. 

(620.)  The  ordinate  to  the  axis  of  a  (^32.)  To  determine  the  locus  of  the 
cycloid  being  produced  until  it  becomes  intersection  of  the  Ungent  to  an  hyper- 
equal  to  the  cycloidal  arc  intercepted  bola,  and  a  perpendicular  to  it  through 
between  it  and  the  vertex;  to  find  the  the  centre,  345, 
locus  of  its  extremity,  329.  (633.)  Given  the  base  and  rectangle 

(621.)  A  circle  and  a  right  line  inter-  under  the  sides  of  a  triangle,  to  deter- 

secting  it,  are  given  in  position,  the  part  mine  the  locus  of  the  vertex,  347. 

of  A  radius,  or  produced  radius,  inter-  Note,  494. 

ccpted  between  the  circle  and  right  line,  (634.)  Given  the  base  and  area  of  a 

is  divided  in  a  given  ratio,  to  determine  triangle,  to  find  the  locus  of  the  centre  of 

the  locus  of  the  point  of  division,  330.  the  mscribed  circle,  349. 

(622.)  To  investigate  the  figure  and  (635.)  Two  given  curves,  one  re- 

quadraturc  of  the  curve  represented  by  ferrcd  to  rectangular,  and  the  other  to 

aOy  _  j'y  —  tf3  a  0,  331.  polar  co*ordinates,  are  so  related  that 

(623.)  To  find  the  equation  of  the  the  ordinates  of  the  one  are  equal  t^the 


CONXr.NTS.  511 

torretpondiiig  radii  vectoretiufihc  other,  cities,  to  find  the  loci  of  their  vertices 

f  to  detcrniiuu  the  conditions  by  which  the  and  focii  370. 

•i|ii«tion  of  either  of  these  curves  nay        (648.)  Given  the  velocity  direction  of 

be  found  from  that  of  the  other,  S53.  a  projectile  to  Und  the  point  where  it  wXL 

Note»  494.  meet  a  given  place,  and  alio  the  time  of 

flight,  ib.     • 

SECTION  XXIII.  (649.)  Given  the  velocity  of  projection 

»  .1        ff    ^    -•     ^^i         1.  to  find  the  angle  of  projection,  at  which 

PropotiiioHt  illuttraUve  (fthe  »PpUciu  ^  ^mu,c^  of  the  point  where  the  pro. 

iUm  oflhc  precvdwff  part  of  Algc-  .^j,^  ^^^  ^  ^^^  p,^.  shall  be  a 

^Z^'PT^i^''^  '"*  '■'"■''""  ^''^'  ^   maximum,  371. 

Physical  Sclcnct.  .g^^,^  rj,^  ^^  ^j^  ^,,^  ^  rt,p  empty 

{QAG»)  A  right  line  of  a  given  length  foci   of  the  orbits  of   several  planets 

being  erected  perpendicular  to  on  hori-  having  a  common  pmnt  of  intersection, 

zontal  plane,  to  And  the  nature  of  the  and  at  that  point  having  the  same  velo- 

curve  traced  out  by  the  extremity  of  its  city,  374. 
shadow,  360.  ^65 1 .)  To  investigate  the  figure  of  the 

Not^  494.  earth  from  the  horizontal  parallax  of  the 

(637.)  To  find  the  curve  traced  by  the  moon  accurately  observed  in  diflerent 

vertex  of  the  earth*s  conical  shadow,  36 1 .  latitudes,  375. 

(636.)  If  a  body  revolves  In  any  pro-        {<^5*I»)  A  perfectly  flexible  and  inc. 

posed  curve,  to  find  the  curve  of  a  fixed  lasUc  chain  of  uniform  density  and  thick. 

.  itar*8  aberration  as  seen  from  this  body,  ness  being  suspended  from   two  fixed 

362.  points,  to  find  the  curve  into  which  it 

Note,  495.  will  form  itself  by  the  efliect  of  its  own 

(639.)  The  orbit  being  a  line  of  the  weight,  376. 
second  degree  with  the  centre  of  force        Note,  496. 

at  the  focus,  to  find  the  curve  of  aberra-        (653.)  A  flexible  and  clastic  chain  is 

tion,  363.  attached  to  two  fixed  points,  to  find  the 

(640.)  The  orbit  bdng  an  ellipse  or  curve  into  which  it  will  form  itself  by  its 

h3rperbola,  with  the  centre  of  force  at  its  own  gravity,  377. 
centre,  to  find  the  curve  of  aberration,        (654.)  A  given  orbit  is  described  by  a 

365.  body  round  a  given  point  as  centre  of 

(641 .)  The  orbit  being  a  parabola,  the  force,  and  firom  any  point  in  it  a  body  is 

force  acting  along  the  diameters,  to  find  prqiected  with  the  velocity  in  the  orbit 

the  curve  of  aberration,  ib.  in  a  cUrection  immediately  opposed  to  the 

(642.)  The  orbit  of  the  planet  being  action  of  the  force,  to  find  the  locus  of 

supposed  a  circle,  with  the  sun  in  the  the  point  at  which  it  shall  cease  to  recede 

circumference,  to  find  the  curve  of  aber.  from  the  orbit,  379. 
ration,  366.  Note,  497. 

(643.)  The  orbit  of  a  comet  being        (655.)   A  given  orbit    is  described 

supposed  parabolic,  to  find  the  place  of  round  a  given  point  as  centre  of  force, 

perihelion  from  two  distances  from  the  and  a  body  being  placed  at  any  point  in 

sun,  and  the  included  angle,  ib.  the  orbit,  is  moved  by  the  action,  and  in 

(644.)  The  parabolic  orbiu  of  several  the  direction  of  the  force,  until  it  ac. 

comets  having  a  common^  tangent,  to  quires  the  velocity  it  would  have  in  the 

find  the  locus  of  the  perihelia,  367.  orbit,  to  find  the  locus  of  the  point  at 

(645.)  The  parabolic  orbits  of  several  which  this  velocity  shall  be  acquired, 

comets  intersecting  at  the  same  point,  380. 
to  find  the  locus  of  the  perihelia,  368.  (656.)  A  material  point  is  moved  fay 

(646.)  Projectiles  being  thrown  from  its  own  weight  on  a  curve,  the  p^w  of 

a  given  point  with  the  same  velocity  in  which  is  vertical,  to  determine  the  per. 

diflerent  directions,  to  find  the  loci  of  the  pcndicukir  pressure  on  the  curves  383. 
vertices,  and  foci  of  the  parabolsc  de.        (657.)  To  determine  a  curve  such, 

scribed  by  them,  ib.  that  a  material  point  constrained  to  move 

Note,  495.  m  it  by  the  force  of  gravity  will  descend 

(647.)Severalprojectilcsbeing  thrown  with  an  uniform  velocity,  388. 
in  the  same  direction  with  diflmat  velo-        Note,  497. 


512  CONTENTS. 

(658.)  A  right  line  fixed  at  a  poiut  in  (664.)  To  find  the  imi^  of  a  straight 

au  horizontal  plane  is  so  fixed  as  to  re-  line  in  a  lens,  418. 

volve  in  a  vertical  plane^  to  determine  (665.)  To  find  a  refracting  curve  such, 

the  locus  of  a  point  in  it  such,  that  the  that  parallel  homogeneous  rays  incident 

time  of  deaoent  from  it  to  the  fixed  point  on  it,  shall  be  aU  refracted  to  the  aame 

shall  be  the  s^e  at  all  elevations,  the  point,  ibid. 

firiedon  bdng  supposed  proportional  to  (666.)  To  determine  the  caustic  by  re- 

tbe  pressure^  389.  flection  of  a  given  curve,  419. 

(659.)  Two  weights  are  connected  by  (667.)  To  find  the  caustic  of  the  cir- 

a  string  wluch  passes  over  a  fixed  pulley;  de,  the  radiant  being  on  the  drcuni- 

one  hangs  vertically,  the  other  is  sup-  ference,  420. 

ported  upon  a  curve,  the  plane  of  which  (^G6B.)  Tu  fiu  J  tho  caustic  of  the  cir- 

b  Tcrtical,  to  find  the  point  on  the  curve  de,  the  rays  being  parallel,  491 . 

at  which  the  weights  will  be  in  equilibrio,  (669.)  To  find  the  caustic  of  the  cy. 

^1.  cloid,   the  rays  bdng  paraDcjl   to  the 

(660.)  To  find  the  centre  of  gravity  axis,  428. 

of  a  plane  curve,  S9S.  (670.)  To  find  the  caustic  of  the  loga- 

(661.)  To  investigate  the  centres  of  rithmic  spiral,  the  radiant  being  at  the 

gyration  and  percussion,  or  oscillation  of  pole»  434. 
a  plane  curve,  403. 

(662.)  A  vessel  sails  between  two  SECTION  XXIV. 

light-houses,  to  find  the  track  she  roust  p 

describe  so  as  to  receive  an  equal  quan-  r'raxtt. 

tity  of  light  from  each,  416.  This  section  contains  a  collection  of 

(663.)  To  find  the  image  of  a  straight  questions  without  solutions,  adapted  for 

line  in  a  spherical  reflector,  4 1 7.  general  exercise. 


THK  END. 
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